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PREFACE TO THE THIRD EDITION. 


Some time after the publication of an Octavo Edition of Euclid’s 
Elements with Geometrical Exercises, &c., designed for the use of Aca- 
demical Students; at the request of some schoolmasters of eminence, a 
duodecimo Edition of the Six Books was put forth on the same plan for the 
use of Schools. Soon after its appearance, Professor Christie, the Secretary 
of the Royal Society, in the Preface to his Treatise on Descriptive Geometry 
for the use of the Royal Military Academy, was pleased to notice these 
works in the following terms :—‘‘ When the greater Portion of this Part of 
the Course was printed, and had for some time been in use in the Acad- 
emy, a new Edition of Euclid’s Elements, by Mr. Robert Potts, M. A., of 
Trinity College, Cambridge, which is likely to.supersede most others, to the 
extent, at least, of the Six Books, was published. From the manner of 
arranging the Demonstrations, this edition has the advantages of the sym- 
bolical form, and it is at the same time free from the manifold objections to 
which that form is open. The duodecimo edition of this Work, comprising 
only the first Six Books of Euclid, with Deductions from them, having been 
introduced at this Institution as a text-Zook, now renders any other Treatise 
on Plane Geometry unnecessary in our course of Mathematics.” 

For the very favourable reception which both Editions have met with, 
the Editor’s grateful acknowledgements are due. It has been his desire in 
putting forth a revised Edition of the School Euclid, to render the work in 
some degree more worthy of the fayour which the former editions have 
received. In the present Edition several errors and oversights have been 
corrected, and some additions made to the notes: the questions on each 
book have been considerably augmented and a better arrangement of the 
Geometrical Exercises has been attempted: and lastly, some hints and re- 
marks on them have been given to assist the learner. The additions made 
to the present Edition amount to more than fifty pages, and it is hoped 
that they will render the work more useful to the learner. 

And here an occasion may be taken to quote the opinions of some able 
men respecting the use and importance of the Mathematical Sciences. 

On the subject of Education in its most extensive sense, an ancient wri- 
ter “directs the aspirant after excellence to commence with the Science of 
Moral Culture; to proceed next to Logic; next to Mathematics; next to 
Physics; and lastly, to Theology.” Another writer on Education would 
‘ place Mathematics before Logic, which (he remarks) ‘‘seems the preferable 
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course: for by practising itself in the former, the mind becomes stored with 
distinctions; the faculties of constancy and firmness are established; and its 
rule is always to distinguish between cavilling and investigation—between 
close reasoning and cross reasoning ; for the contrary of all which habits, 
those are for the most part noted, who apply themselves to Logic without 
studying in some department of Mathematics; taking noise and wrangling 
for proficiency, and thinking refutation accomplished by the instancing of a 
doubt. This will explain the inscription placed by Plato over the door of 
his house: ‘ Whoso knows not Geometry, let him not enter here.’ On the 
precedence of Moral Culture, however, to all the other Sciences, the ac- 
knowledgement is general, and the agreement entire.” The same writer 
recommends the study of the Mathematics, for the cure of “compound igno- 
rance.” ‘‘Of this,” he proceeds to say, ‘the essence is opinion not 
agreeable to fact; and it necessarily involves another opinion, namely, that 
we are already possessed of knowledge. So that besides not knowing, we 
know not that we know not; and hence its designation of compound igno- 
rance. In like manner, as of many chronic complaints, and established 
maladies, no cure can be effected by physicians of the body: of this, no 
cure can be effected by physicians of the mind: for with a pre-supposal of 
knowledge in our own regard, the pursuit and acquirement of further 
knowledge is not to be looked for. The approximate cure, and one from 
which in the main much benefit may be anticipated, is to engage the patient 
in the study of measures (Geometry, computation, &c.); for in such pursuits 
the true and the false are separated by the clearest interval, and no room is 
left for the intrusions of fancy. From these the mind may discover the de- 
light of certainty ; and when, on returning to his own opinions, it finds in 
them no such sort of repose and gratification, it may discover their erro- 
neous character, its ignorance may become simple, and a capacity for the 
acquirement of truth and virtue be obtained.” 

Lord Bacon, the founder of Inductive Philosophy, was not insensible of 
the high importance of the Mathematical Sciences, as appears in the fol- 
lowing passage from his work on “The Advancement of Learning.” 

“The Mathematics are either pure or mixed. To the pure Mathematics 
are those sciences belonging which handle quantity determinate, merely 
severed from any axioms of natural philosophy; and these are two, Geom- 
etry, and Arithmetic; the one handling quantity continued, and the other 
dissevered. Mixed hath for subject some axioms or parts of natural philos. 
ophy, and considereth quantity determined, as it is auxiliary and incident 
unto them. For many parts of nature can neither be invented with sufficient 
subtlety, nor demonstrated with sufficient perspicuity, nor accommodated unto 
use with sufficient dexterity, without the aid and intervening of the Mathe- 
matics; of which sort are perspective, music, astronomy, cosmography, 
architecture, enginery, and divers others, 
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“In the Mathematics I can report no deficience, except it be that men do 
not sufficiently understand the excellent use of the pure Mathematics, in 
that they do remedy and cure many defects in the wit and faculties intel- 
lectual. For, if the wit be dull, they sharpen it; if too wandering, they fix 
it; if too inherent in the sense, they abstract it. So that as tennis is a 
game of no use in itself, but of great use in respect that it maketh a quick 
eye, and a body ready to put itself into all postures; so in the Mathematics, 
that use which is collateral and intervenient, is no less worthy than that 
which is principal and intended. And as for the mixed Mathematics, I may 
only make this prediction, that there eaanot fail to be more kinds of them, 
as nature grows further disclosed.” 

How truly has this prediction been fulfilled in the subsequent advance- 
ment of the Mixed Sciences, aud in the applications of the pure Mathematics 
to Natural Philosophy! 

Dr. Whewell, in his ‘Thoughts on the Study of Mathematics,” has 
maintained, that mathematical studies judiciously pursued, form one of the 
most effective means of developing and cultivating the reason: and that 
“the object of a liberal education is to develope the whole mental system 
of man ;—to make his speculutive inferences coincide with his practical con- 
victions ;—to enable him to render a reason for the belief that isin him, and 
not to leave him in the condition of Solomon’s sluggard, who is wiser in his 
own conceit than seven men that can render a reason.” And in his more 
recent work entitled, “ Of a Liberal Education, &c.” he has more fully shewn 
the importance of Geometry as one of the most effectual instruments of 
intellectual education. In page 55 he thus proceeds:—‘“ But besides the 
value of Mathematical Studies in Education, as a perfect example and com- 
plete exercise of demonstrative reasoning; Mathematical Truths have this 
additional recommendation, that they have always been referred to, by each 
successive generation of thoughtful and cultivated men, as examples of truth 
and of demonstration; and have thus become standard points of reference, 
among cultivated men, whenever they speak of truth, knowledge, or proof. 
Thus Mathematics has not only a disciplinal but an historical interest. This 
is peculiarly the case with those portions of Mathematics which we have 
mentioned. We find geometrical proof adduced in illustration of the nature 
of reasoning, in the earliest speculations on this subject, the Dialogues of 
Plato; we find geometrical proof one of the main subjects of discussion in 
some of the most recent of such speculations, as those of Dugald Stewart 
and his contemporaries. The recollection of the truths of Elementary 
Geometry has, in all ages, given a meaning and a reality to the best attempts 
to explain man’s power of arriving at truth. Other branches of Mathematics 
have, in like manner, become recognized examples, among educated men, 
of man’s powers of attaining truth.” 

Dr. Pemberton, in the preface to his view of Sir Isaac Newton’s Dis- 
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coveries, makes mention of the circumstance, “ that Newton used to speak 
with regret of his mistake, at the beginning of his Mathematical Studies, in 
having applied himself to the works of Descartes and other Algebraical wri- 
ters, before he had considered the Elements of Euclid with the attention 
they deserve.” 

To these we may subjoin the opinion of Mr. John Stuart Mill, which he 
has recorded in his invaluable System of Logic, (Vol. 1. p. 180,) in the fol- 
lowing terms :—‘ The value of Mathematical instruction as a preparation for 
those more difficult investigations, (physiology, society, government, Xc.,) 
consists in the applicability not of its doctrines, but of its method. Mathe- 
maties will ever remain the most perfect type of the Deductive Method in 
general; and the applications of Mathematics to the simpler branches of 
physics, furnish the only school in which philosophers can effectually learn 
the most difficult and important portion of their art, the employment of the 
laws of simpler phenomena for explaining and predicting those of the more 
complex. These grounds are quite sufficient for deeming mathematical 
training an indispensable basis of real scientific education, and regarding, 
with Plato, one who is &yewuérpnros, as wanting in one of the most essential 
qualifications for the successful cultivation of the higher branches of phi- 
losophy.” 

In addition to these authorities it may be remarked, that the new Regu- 
lations which were confirmed by a Grace of the Senate on the 11th of May, 
1846, assign to Geometry and to Geometrical methods, a more important 
place in the Examinations both for Honors and for the Ordinary Degree in 
this University. 

Trinity CoLiEeaer, BOP, 
March 1, 1850. 


This Edition (the fifth) has been augmented by about fifty pages of addi. 
tional Notes, Questions, and Geometrical Exercises. 
Trinity CoLLEGE, a 
November 5, 1859. 
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BOOK I. 
DEFINITIONS. 
I. 
A pornt is that which has no parts, or which has no magnitude 
tt 
A line is length without breadth. 
mM. 
The extremities of a line are points. 
BY: 
A straight line is that which lies evenly between its extreme points. 
V. 
A superficies is that which has only length and breadth. 
VI. 
The extremities of a superficies are lines. 
VII. 


A plane superficies is that in which any two points being taken, the 

straight line between them lies wholly in that superticies. 
VEE 

A plana angle is the inclination of two lines to each other in a 

plane, which meet together, but are not in the same straight line. 
IX 

A plane rectilineal angle is the inclination of two straight lines to 

one another, which meet together, but are not in the same straight line. 
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N.B. If there be only one angle at a point, it may be expressed dy 
a letter placed at that point, as the angle at #: but when several angles 
are at one point B, either of them is expressed by three letters, of which 
the letter that is at the vertex of the angle, that is, at the point in which 
the straight lines that contain the angle meet one another, is put between 
the other two letters, and one of these two is somewhere upon one of 
these straight lines, and the other upon the other line. Thus the angle 
which is contained by the straight lines 4B, CB, is named the angle ALC, 
or CBA; that which is contained by AB, DB, is named the angle ABD, 
or DBA; and that which is contained by DB, CB, is called the angle 
DBC, or CBD. 


: 
When astraight line standing on another straight line, makes the 
adjacent angles equal to one another, each of these angles is called a 


right angle; and the straight line which stands on the other is called 
a perpendicular to it. 


XI. 
An obtuse angle is that which is greater than a right angle. 


XII. 
An acute angle is that which is less than a right angle, 


XII. 


A term or boundary is the extremity of any thing. 


XIV. 
A figure is that which is enclosed by one or more boundaries 


Go 


DEFINITIONS. 


2 


A circle is a plane figure contained by one line, which is called the 
circumference, and is such that all straight lines drawn from a certain 
point within the figure to the circumierence, are equal to one another. 


XVI 
And this point is called the center of the circle. 


SOV: 


A diameter of a circle is a straight line drawn through the cen- 
ter, and terminated both ways by the circumference. 


/ 


ea 


SOV EE: 


A semicircle is the figure contained by a diameter and the part 
of the circumference cut off by the diameter. 


ate 


XIX, 
The center of a semicircle is the same with that of the circle. 
XX. 
Rectilineal figures are those which are contained by straight lines, 
XXTI. 
Trilateral figures, or triangles, by three straight lines. 
XXII. 
Quadrilateral, by four straight lines. 
XXII. 
Multilateral figures, or polygons, by more than four straight lines, 
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XXIV. 


Of three-sided figures, an equilateral triangle is that which has 
three equal sides. 


XXV. 
An isosceles triangle is that which has two sides equal. 


XXVI. 
A scalene triangle is that which has three unequal sides. 


ann 


XXVII. 
A right-angled triangle is that which has a right angle. 


ae 


yn | 
XXVIII. 
An obtuse-angled triangle is that which has an obtuse angle. 


~ 


mae 
XXIX., 


An acute-angled triangle is that which has three acute angles. 


Za 


XXX. 


Of quadrilateral or four-sided figures, a square has all its sides 
equal and all its angles right angles. 


_ 


DEFINITIONS, 3) 


XXXII. 
An oblong is that which has all its angles right angles, but has _ 


not all its sides equal. 


XXXII. 
A rhombus has all its sides equal, but its angles are not right angles, 


I ek 
oe 


XXXII. 
A rhomboid has its opposite sides equal to each other, but all its 


eides are not equal, nor its angles right angles. 
— 
\ 


XXXIV. 
All other four-sided figures besides these, are called Trapeziums. 


XXXY. 


Parallel straight lines are such as are in the same plane, and which 
being produced ever so far both ways, do not meet. 


&: 


A parallelogram is a four-sided figure, of which the opposite sides 
are parallel: and the diameter, or the diagonal is the straight line 
joining two of its opposite angles. 


POSTULATES. 


if 
Let it be granted that astraight line may be drawn from any one 
point to any other point. 
it. 
That a terminated straight line may be produced to any length 
in a straight line. 
Il. 


And that a circle may be described from any center, at any dis- 
tance from that center. 
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AXIOMS. 
i 
Tarves which are equal to the same thing are equal to one another, 
Il. 
If equals be added to equals, the wholes are equal. 
II. 
If equals be taken from equals, the remainders are equal. 
iy. 
If equals be added to unequals, the wholes are unequal. 
Ls 
If equals be taken from unequals, the remainders are unequal. 
VI. 
Things which are double of the same, are equal to one another, 
VI. 
Things which are halves of the same, are equal to one another. 
VU. 


Magnitudes which coincide with one another, that is, which exactly 
fill the same space, are equal to one another. 


IX. 
The whole is greater than its part. 


X. 
Two straight lines cannot enclose a space. 


XI. 
All right angles are equal to one another. 


XII. 


If a straight line meets two straight lines, so as to make the two 
interior angles on the same side of it taken together less than two 
right angles; these straight lines being continually produced, shall at 
length meet upon that side on which are the angles which are less 
than two right angles, 
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PROPOSITION I. PROBLEM. 
Lo describe an equilateral triangle upon a given finite straight line. 


Let AB be the given straight line. 
It is required to describe an equilateral triangle upon AB. 


Se 


From the center A, at the distance AB, describe the circle BCD; 
‘post. 3.) 
fr on the center 7, at the distance BA, describe the circle ACE; 
and from (, one of the points in which the circles cut one another, 
draw the straight lines CA, CB to the points A, B. (post. 1.) 
Then ABC shall be an equilateral triangle. 
Because the point A is the center of the circle BOD, 
therefore AC is equal to AB; (def. 15.) 
and because the point B is the center of the circle ACE, 
therefore BC is equal to AL; 
but it has been proved that AC is equal to AB; 
therefore AC, BC are each of them equal to AB; 
but things which are equal to the same thing are equal to one another; 
therefore A Cis equal to BC; (ax. 1.) 
wherefore 42, BDC, CA are equal to one another: 
and the triangle A BC is therefore equilateral, 
and it is described upon the given straight line 4B. 
Which was required to be done. 


PROPOSITION II. PROBLEM. 


From a given point, to draw a straight line equal to a given straight line. 


Let A be the given point, and BC the given straight line. 
It is required to draw from the point 4, a straight line equal to BC, 


From the point A to 2 draw the straight line AB; (post. 1.) 
upon AB describe the equilateral triangle ABD, Gk) 
and produce the straight lines DA, DB to Land F; (post. 2.) 
from the center B, at the distance "BO, describe the circle CGH, 
(post. 8.) cutting D/’ in the point G; 
and from the center D at the distance DG, describe the circle GK, 
cutting AZ in the point L. 
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Then the straight line AZ shall be equal to BC. 
Because the point B is the center of the circle CGH, 
therefore BC is equal to BG; (def. 15.) 
and because J is the center of the circle GAZ, 
therefore DZ is equal to DG, 
and DA, DB parts of them are equal; (1. 1.) 
therefore the remainder AZ is equal to the remainder BG; (ax. 3.) 
but it has been shewn that BC is equal to BG, 
wherefore AZ and BC are each of them equal to BG; 
and things that are equal to the same thing are equal to one another ; 
therefore the straight line AZ is equal to BC. (ax. 1. 
Wherefore from the given point A, a straight line AZ has been 
drawn equal to the given straight line BC. Which was to be done. 


PROPOSITION III. PROBLEM. 
From the greater of two given straight lines to ent off a part equal to the less. 
Let AB and C be the two given straight lines, of which AB is the 
greater. 


It is required to cut off from AB the greater, a part equal to C, the 
less. 


Dd 


iB 


F 


From the point A draw the straight line 4D i ong to C; (7. 2.) 
and from the center A, at the distance AJ, describe the circle DEF 
(post. 3.) cutting AB in the point & 
Then AF shall be equal to C. 
Because A is the center of the circle DEF, 
therefore AF is equal to AD; (def. 15.) 
but the straight line Cis equal to AD; (constr.) ; 
whence AF and C are each of them equal to AD); 
wherefore the straight line A is equal to C. (ax. 1.) 
And therefore from A # the greater of two straight lines, a part AZ’ 
has been cut off equal to C, the less. Which was to be done, 


PROPOSITION TV. THEOREM. 


Tf two triangles have two sides of the one equal to two sides of the other, 
each to cach, and have likewise the angles contained by those sides equal to 
each other; they shall likewise have their bases or third sides equal, and 
the two triangles shall be equal, and their other angles shall be equal, each 
to each, viz. those to which the equal sides are opposite, 


Let ABC, DEF be two triangles, which have the two sides AP, 
AC equal to the two sides DE, DF, each to each, viz. AB to DE, 
and A(’to DF, and the included angle BAC equal to the included 
angle LDL. 
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Then shall the base BC be equal to the base #7’; and the triangle 
ABC to the triangle DZ’; and the other angles to which the equal 
sides are opposite shall be equal, each to each, viz. the angle ABC to 
the angle DF; and the angle ACB to the angle DFE. 

A D 


B C ECR 


For, if the triangle ABC be applied to the triangle DF, 
so that the point A may be on J, and the straight line ABon DE; 
then the point @ shall coincide with the point £ 
because AB is equal to DE; 
and AB coinciding with D£, 
the straight line AC shall fall on DF, 
because the angle BAC is equal to the angle HDF; 
therefore also the point ( shall coincide with the point 7% 
because AC is equal to DF; 
but the point B was shewn to coincide with the point 7; 
wherefore the base BC shall coincide with the base //’; 
because the point B coinciding with /, and C with F, 
if the base BC do not coincide with the base /F, the two straight lines 
BCand #F would enclose a space, which is impossible. (ax. 10.) 
Therefore the base BC does coincide with //, and is equal to it; 
and the whole triangle APC coincides with the whole triangle 
DEF, and is equal to it; 
also the remaining angles of one triangle coincide with the remain- 
ing angles of the other, and are equal to them, 
viz. the angle ABC to the angle DEF, 
and the angle ACB to DFE. 
Therefore, if two triangles have two sides of the one equal to two 
sides, &e. Which was to be demonstrated. 


PROPOSITION V. THEOREM. 

The angles at the base of an isosceles triangle are equal to each other ; 
and if the equal sides be produced, the angles on the other side of the base 
shall be equal. ; 

Let ABC be an isosceles triangle of which the side A Bis equal to AG 
and let the equal sides 4B, AC be produced to D and Z. 
Then the angle ABC shall be equal to the angle ACB, 
and the angle DBC to the angle ECB. 

In BD take any point F; 
from AF the greater, cut off AG equal to AF the less, (1. 3.) 
and join /O, GB. 

Because AF'is equal to AG, (constr.) and AB to AQ; (hyp.) 
the two sides /'A, AC are equal to the two GA, AB, each to each; 
and they contain the angle “AG common to the two triangles 
AlfC, A GB; 

1 


10 ’ 
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A 
side 
a G 
D yr 


therefore the base /’C is equal to the base @B, (1. 4.) 
and the triangle A/C is equal to the triangle AGB, 
also the remaining angles of the one are equal to the remaining angles 
of the other, each to each, to which the equal sides are opposite ; 
viz. the angle ACF to the angle ABG, 
and the angle A/C to the angle AGB, 
And because the whole A/’is equal to the whole AG, J 
of which the parts AB, AC, are equal; 
therefore the remainder BF’ is equal to the remainder (G'; (ax. 3.) 
and FC has been proved to be equal to GB; 
hence, because the two sides BF, /C are equal to the two CG, GB, 
each to each ; - 
and the angle B/C has been proved to be equal to the angle C@B, 
also the base BC is common to the two triangles BFC, CGB; 
wherefore these triangles are equal, (1. 4.) 
and their remaining angles, each to each, to which the equal sides 
are opposite ; 
therefore the angle /'BC is equal to the angle GCB, 
and the angle BCF' to the angle CBG. 
And, since it has been demonstrated, 
that the whole angle ABG is equal to the whole ACF, 
the parts of which, the angles CB@, BCF are also equal; 
therefore the remaining angle A LC is equal totheremaining angle ACB, 
which are the angles at the base of the triangle ABU; 
and it has also been proved, 
that the angle “BC is equal to the angle GCR, 
which are the angles upon the other side of the base. 
* Therefore the angles at the base, &e. Q.k.p. 
Hence an equilateral triangle is also equiangular. 


PROPOSITION VI. THEOREM. 

Tf two angles of a triangle be equal to each other ; the sides also which 
subtend, or are opposite to, the equal angles, shall be equal to one another. 
Let ABC be atriangle having the angle ABC equal to the angle ACB, 

Then the side AZ shall be equal to the side AC, 
A 
D 


Oor. 
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For, if AB be not equal to AC, 
one of them is greater than the other. 
If possible, let AB be greater than AC; ; 
and from BA cut off BD equal to CA the less, (1. 3.) and join DC. 
: Then, in the triangles DBC, ABC, 
because DB is equal to AC, and BC is common to both triangles, 
the two sides DB, BC are equal to the two sides AC, CB, each to each; 
and the angle DBC is equal to the angle ACB; (hyp.) 
therefore the base DC is equal to the base AB, (1. 4.) 
and the triangle DLC is equal to the triangle ABC, 
the less equal to the greater, which is absurd. (ax. 9.) 
Therefore AB is not unequal to AC, that is, AB is equal to AC. 
Wherefore, if two angles, &c. Q.r.p. 
Cor. Hence an equiangular triangle is also equilateral. 


PROPOSITION VII. THEOREM. 

Upon the same base, and on the same side of it, there cannot be two 
triangles that have their sides which are terminated in one extremity of the 
base, equal to one another, and likewise those which are terminated in the 
other extremity. 

If it be possible, on the same base 4B, and upon the same side of 
it, let there be two triangles A CB, ADB, which have their sides C/A, 
DA, terminated in the extremity A of the base, equal to one another, 
and likewise their sides CB, D#, that are terminated in D. 

Cc D 


\ 


A B 
Join CD.’ 
First. When the vertex of each of the triangles is without the 
other triangle. 
Because AC is equal to AD in the triangle 4 CD, 
therefore the angle ADO is equal to the angle ACD, (1. 5.) 
but the angle ACD is greater than the angle BCD; (ax. 9.) 
therefore also the angle ADC is greater than BCD; 
much more therefore is the angle BC greater than BCD. 
Again, because the side BC is equal to BY in the triangle BCD, (hyp.) 
therefore the angle BDC is equal to the angle BCD; (1. 5.) 
but the angle BDO was proved greater than the angle BCD, 
hence the angle BD Cis both equal to, and greater than the angle BCD; 
which is impossible. 
Secondly. Let the vertex D of the triangle ADB fall within the 


triangle 4 CD. ” 
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Produce AC to #, and AD to F, and join CD. 
Then because AC is equal to AD in the triangle ACD, 
therefore the angles CD, FDC upon the other side of the base CD, 
are equal to one another; (1. 5.) 
but the angle #C'D is greater than the angle BOD; (ax. 9.) 
therefore also the angle “DC is greater than the angle BCD; 
much more then is the angle BDC greater than the angle BCD. 
Again, because BC is equal to LD in the triangle BCD; 
therefore the angle BDC is equal to the angle BCD. (1. 5.) 
but the angle BDC has been proved greater than BCD, 
wherefore the angle BDC is both equal to, and greater than the 
angle BCD; which is impossible. 
Thirdly. The case in which the vertex of one triangle is upon a 
side of the other, needs no demonstration. 
Therefore, upon the same base and on the same side of it, &c. Q.E.p. 


PROPOSITION VIII. THEOREM. 

If two triangles have two sides of the one equal to two sides of the other, 
each to each, and have likewise their bases equal; the angle which is con- 
tained by the two sides of the one shall be equal to the angle contained by the 
two sides equal to them, of the other. 

Let ABC, DEF be two triangles, having the two sides AB, AC, 
equal to the two sides DP, DF, each to each, viz. AB to DE, and 
AC to DF, and also the base BC equal to the base LF. 

A DP 


ee “\ 
B 6) E F 
Then the angle BAC shall be equal to the angle EDF, 
For, if the triangle ABC be applied to DEF, 
so that the point B be on Z, and the straight line BC on EF; 
then becanse BC is equal to LF. (hyp.) 
therefore the point C shall coincide with the point F; 
wherefore BC coinciding with EF. 
BA and AC shall coincide with ED, DF: 
for, ifthe base BO coincide with the base LF, but the sides BA, AC, 
do not coincide with the sides YD, DF, but have a different situation 
as LG, GF: 
then, upon the same base, and upon the same side of it, there can 
be two triangles which have their sides which are terminated in one 
extremity of the base, equal to one another, and likewise those sides 
which are terminated in the other extremity; but this is impos- 
sible. (1. 7.) 
Therefore, if the base BC coincide with the base BF, 
the sides BA, AC cannot but coincide with the sides LD, DP; 

wherefore likewise the angle BAC coincides with the angle BDF 
and is equal to it. (ax. 8.) ‘i 

Therefore if two triangles have two sides, &e.  Q.n.p. 
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PROPOSITION IX. PROBLEM. 
To bisect a given rectilineal angle, that is, to divide it into two equal angles. 


Let BAC be the given rectilineal angle. 
It is required to bisect it. 


In ABP take any point D; 
from AC cut off AZ equal to AD, (1. 3.) and join DE; 
on the side of D# remote from A, 
describe the equilateral triangle DEF (1. 1), and join AF. 
Then the straight line A#’ shall bisect the angle BAC. 
Because AD is equal to AZ, (constr. ) 
and A/’is common to the two tr iangles DAF, EAF; 
thetwosides DA, AF, areequalto the two sides EA, AF each to each ; 
and the base Df’ is equal to the base HF’ (constr.) 
therefore the angle DA/ is equal to the angle HAF. (1. 8.) 
Wherefore the angle BAC is bisected by the straight line AM qQ.n.F. 


PROPOSITION X. PROBLEM. 


To bisect a given finite straight line, that is, to divide it into two equal 
parts. 
Let AB be the given straight line. 
Tt is required to divide AZ into two equal parts. 
Upon AB describe the equilateral triangle ABC; (1. 1.) 


AN 


and bisect the angle ACB by the straight line CD meeting AB in the 
point D. (1. 9.) 
Then AB Shall be cut into two equal parts in the point D. 
Because AC is equal to CB, (constr.) 
and (CD is common to the two triangles ACD, BCD: 
the two sides AC, CD are equal to the two BC, CD, each to each; 
and the angle ACD is equal to BCD; (constr.) 
- therefore the base AD is equal to the base BD. (1. 4.) 
Wherefore the straight line AZ is divided into two equal parts in 
the point D. Q.E.F. 
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PROPOSITION XI. PROBLEM. 


To draw a straight line at right angles to a given straight line, from a 
given point in the same. 

Let AB be the given straight line, and Ca given point in it. 

It is required to draw a straight line from the point C at right 
angles to AB. 


F 
ofp B 
»D GC 


In AC take any point D, and make CF equal to CD; (1. 8.) 
upon DF describe the equilateral triangle DZF (1. 1), and join CF. 
Then CF drawn from the point C shall be at right angles to ADB: 
Because DC is equal to LC, and /'U is common to the two triangles 

DOF, ECF; 
the twosides DC, CF’ are equal to the two sides 2C, CF, each to each; 
and the base )/’ is equal to the base //’; (constr.) 
therefore the angle DC/’ is equal to the angle LCF: (1. 8.) 
and these two angles are adjacent angles. 

But when the two adjacent angles which one straight line makes 
with another straight line, are equal to one another, each of them is 
called a right angle: (def. 10.) 

therefore each of the angles DCF, FCF is a right angle. 

Wherefore from the given point C, in the given straight line AB, 
FC has been drawn at right angles to AB. Q.E.r. 

Cor. By help of this problem, it may be demonstrated that two 
straight lines cannot have a common segment. 

If it be possible, let the segment AL be common to the two 
straight lines ABC, ABD. 


E 


D 


A B CG 
From the point 2, draw BF at right angles to AP; (1. 11.) 
then because ABC is a straight line, 
therefore the angle ABE is equal to the angle EBC; (def. 10.) 
Similarly, because ABD is a straight line, 
therefore the angle ABE is equal to the angle EBD; 

: but the angle ABZ is equal to the angle EBC, 
wherefore the angle HED is equal to the angle LBC, (ax. 1.) 
the less equal to the greater angle, which is impossible. 
Therefore two straight lines cannot have a common segment. 


PROPOSITION XII. PROBLEM. 


To draw a straight line perpendicular toa given straight line of wn- 
limited length, from a given point without it, 
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Let 4B be the given straight line, which may be produced any 
length both ways, and let C be a point without it. 

It is required to draw a straight line perpendicular to AZ from 
the point (. 


Upon the other side of AB take any point D, 
and from the center 0, at the distance OD, describe the circle 2G/ 
meeting AP, produced if necessary, in /’and G: (post. 3.) 
bisect #'G in H (a. 10.) and join CH. 

Then the straight line CH drawn from the given point C, shall 

be perpendicular to the given straight line AB. 
Join FC, and CG. 
Because F'H is equal to HG, (constr.) 
and HC is common to the triangles FHC, GH(O; 
the two sides PH, HC, are equal to the two GH, HC, each to each; 
and the base (F' is equal to the base (G@; (def. 15.) 
therefore the angle FHC is equal to the angle GHC; (a. 8.) 
and these are adjacent angles. 

But when astraight line standing on another straight line, makes 
the adjacent angles equal to one, another, each of them is a right 
angle, and the straight line which stands upon the other is called a 
perpendicular to it. (def. 10.) 

Therefore from the given point C, a perpendicular CH has been 
drawn to the given straight line AB. Q.z.F. 


PROPOSITION XIII. THEOREM. 


The angles which one straight line makes with another upon one side of 
it, are either two right angles, or are together equal to two right angles. 


Let the straight line 4B make with CD, upon one side of it, the 
angles CBA, ABD. 
-Then these shall be either two right angles, 
or, shall be together, equal to two right angles. 


A E 


Dy BB © D B C 


For if the angle CBA be equal to the angle ABD, 
each of them is a right angle. (def. 10.) 
But if the angle CBA be not equal to the angle ABD, 
from the point B draw BF at right angles to CD. (1. 11.) 
Then the angles OBL, LBD are two right angles. (def. 10.) 


1S EUCLID’S ELEMENTS. 


And because the angle CBF is equal to the angles CBA, ABE, 
add the angle LBD to each of these equals ; 
therefore the angles CBZ, LBD are equal to the three angles CBA, 
ABE, EBD. (ax. 2.) 
Again, because the angle DBA isequal to the two angles DBE, EBA, 
add to each of these equals the angle ABC; 
therefore the angles DBA, ALC are equal to the three angles DBZ, 
EBA, ABC. 
But the angles CBZ, LBD have been proved equal to the same 
three angles; 
and things which are equal to the same thing are equal to one another; 
therefore the angles CBZ, EBD are equal to the angles DBA, ABC; 
but the angles CBE, EBD are two right angles; 
therefore the angles DBA, AL Care together equal totworight angles. 
(ax. 1.) q 
Wherefore, when a straight line, &c. Q.£.p. 


PROPOSITION XIV. THEOREM. 


Tf at a point in a straight line, two other straight lines, upon the opposite 
sides of it, make the adjacent angles together equal to two right angles ; then 
these two straight lines shall be in one and the same straight line. 


At the point B in the straight line AB, let the two straight lines 
BC, BP wpon the opposite sides of AB, make the adjacent angles 
ABC, ABD together equal to tw6 right angles. 

Then LDP shall be in the same straight line with BC. 


For, if BD be not in the same straight line with BC, 
If possible, let B/ be in the same straight line with it, 
Then because AP meets the straight line CBF; 
therefore the adjacent angles CBA, ABLE are equal totwo right angles; 
(1. 13.) 
but the angles CBA, ABD are equal to two right angles; (hyp.) 
therefore the angles CBA, ABZ are equal to the angles CBA, ABD; 
(ax. 1.) 
‘take away from these equals the common angle CBA, 
therefore the remaining angle ABZ is equal to the remaining angle 
ABD; (ax. 8.) 
the less angle equal to the greater, which is impossible: 
therefore BF is not in the same straight line with BC. 

And in the same manner it may be demonstrated, that no other 
can be in the same straight line with it but BD, which therefore is 
in the same straight line with BC, 

Wherefore, if at a point, &e. Qe, 
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PROPOSITION XV. THEOREM. 


If two straight lines eut one another, the vertical, or opposite angles 
shalt be equal. 


Let the two straight lines 4B, OD cut one another in the point Z. 
Then the angle A/C shall be equal to the angle DEB, and the 
angle CZB to the angle AED. 


BAY B 
E - 


D 

Because the straight line 4A # makes with CD at the point Z, the 
adjacent angles CHA, ALD; 

these angles are together equal to two right angles. (1. 13.) 

Again, because thestraight line D# makes with AS atthe point £, 
the adjacent angles ALD, DEB; 

these angles also are equal to two right angles; 
but the angles CHA, AHD have been shewn to be equal to two 
right angles ; , 
wherefore the angles CHA, AED are equal to theangles AED, DEB; 
take away from each the common angle AZD, 
and the remaining angle C/A is equal to the remaining angle DEB. 
axe) 

In the same manner it may be demonstrated, that the angle CEB 
is equal to the angle A/D. 

Therefore, if two straight lines cut one another, &c.  Q.5.p. 

Cor. 1. From this it is manifest, that, if two straight lines cut 
each other, the angles which they make at the point where they cut, 
are together equal to four right angles. 

Cor. 2. And consequently that all the angles made by any num- 
ber of lines meeting in one point, are together equal to four right 
angles, 


PROPOSITION XVI. THEOREM. 
Tf one side of a triangle be produced, the exterior angle is greater than 
either of the interior opposite angles. 


Let ABC be a triangle, and let the side BC be produced to D. 
Then the exterior angle ACD shall be greater than either of the 
interior opposite angles CBA or BAC. 


Bisect AC in E, (1. 10.) and join BE: ay 
produce BL to F, making HF equal to BEL, (1. 3.) and join /'C, 
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Because AF is equal to CU, and BE to EF; (constr.) 
the two sides AZ, EB are equal to the two CE, ZF, each to each, in 
the triangles ABE, CFE; 
and the angle AZZ is equal to the angle CZF, 
- because they are opposite vertical angles; (1. 15.) 
therefore the base AZ is equal to the base CF, (1. 4.) 
and the triangle AB to the triangle CZF, 
and the remaining angles of one triangle to the remaining angles of 
the other, each to each, to which the equal sides are opposite ; 
wherefore the angle BAF is equal to the angle LCF; 
but the angle LCD or ACD is greater than the angle ECF; 
therefore the angle ACD is greater than the angle BAZ or BAC. 
In the same manner, if the side BC be bisected, and AC be pro- 
duced to G; it may be demonstrated that the angle BCG, that is, 
the angle ACD, (1. 15.) is greater than the angle ABC. 
Therefore, if one side of a triangle, &c. Q.E.D. 


PROPOSITION XVI. THEOREM. 
Any two angles of a triangle are together less than two right angles. 


. Let ABC be any triangle. 
Then any two of its angles together shall be less than two right angles. 


A 


B Cc D 
Produce any side BC to D. 
Then because ACD is the exterior angle of the triangle ABC; 
therefore the angle ACY is greater than the interior and opposite 
angle ABC; (1. 16.) 
to each of these unequals add the angle ACB; 
: ae the angles ACD, ACB are greater than the angles ABC, 
TB; 
but the angles ACD, ACB are equal to two right angles; (1. 18.) 
therefore the angles ABC, ACB are less than two right angles. 
Tn like manner it may be demonstrated, 
that the angles BAC, ACB are less than two right angles, 
as also the angles CAB, ABC. 
Therefore any two angles of a triangle, &e.  Q.x.D. 


PROPOSITION XVII. THEOREM. 


The greater side of every triangle is opposite to the greater angle. 


Let ABC be a triangle, of which the side AC is greater than the 
side AB, 
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Then the angle APC shall be greater than the angle ACB, 


Since the side A@ is greater than the side ABP, (hyp.) 
make AD equal to AB, (1. 3.) and join BD. 
Then, because AD is equal to AB, in the triangle ABD, 
therefore the angle ABD is equal to the angle ADB, (ag B. )- 
but because the side CD of the tri angle BDC is pr oduced to a 
therefore the exterior angle AV JZ is greater than the interior and 
opposite angle DCB: (i il6:) 
but the angle ADB has been proved equal to the angle ABD, 
therefore the angle ABD is greater than the angle. DOB; 
wherefore much more isthe angle ALC greater than the angle A OB. 
Therefore the eveater side, Ge. Qua; 


PROPOSITION XIX. THEOREM. 


The greater angle of every triangle is subtended by the greater side, or, 
has the greater side opposite to it. 


Let ABC be a triangle of which the angle ABC is greater than 
the angle BCA. 
Then the side AC shall be greater than the side AB. 


lane 


For, if AC? be not ee than AB, 
AC must either be equal to, or less than AB* 
if AC were equal to AB, 
then the angle ABC would be equal to the angle ACB; (1. 5.) 
but it is not equal; (hyp.) 
therefore the side AC is not equal to AD. 
Again, if AC were less than AB, 
then the angle ABO would be less than the angle ACB; (1. 18.) 
but it is not less, (hyp.) 
therefore the side AC is not less than AB; 
and AC has been shewn to be not equal to AB; 
therefore AC is greater than AB. 
Wherefore the greater angle, &c. Q.E.D. 


PROPOSITION XX. THEOREM. 
Any two sides of a triangle are together greater than the third side. 


Let ABC be a triangle. 
Then any two sides of it together shall be greater than the third side, 
viz. the sides BA, AC greater than the side BC; 
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AB, BC greater than AC; 
and BC, CA greater than AB, 


D 
an - 
B C 


Produce the side BA to the point D, 

make A/ equal to AC, (1. ®) and join DC. 

Then because AJ is equal to AC,-(constr.) 
therefore the angle ACJ is equal to the angle ADC; (1. 5.) 
but the angle BUD is greater than the angle ACD; (ax. 9.) 

therefore also the angle BCV/ is greater than the angle ADC. 
And because in the triangle DBC, 
the angle BCL is greater than the angle BDC, 
and that the greater angle is subtended by the greater side; (1. 19.) 
therefore the side )P is greater than the side BC; 
but DB is equal to BA and AC, 
therefore the sides BA and A@ are greater than BC. 
In the same manner it may be demonstrated, 
that the sides AB, BC are greater than CA; 
also that BC, CA are greater than AB. 
Therefore any two sides, &c. Q.E.D. \y 


PROPOSITION XXI. THEOREM. 


Tf from the ends of a side of a triangle, there be drawn two straight 
lines to a point within the triangle ; these shall be less than the other two 
sides of the triangle, but shall contain a greater angle. 


Let ABC be a triangle, and from the points B, C, the ends of the 
side BC, let the two straight lines BD, CD be drawn to a point ) 
within the triangle. 

Then BD and DC shall be less than BA and AC the other two 
sides of the triangle, 
but shall contain an angle BDC greater than the angle BAC. 
A 


—— 


Produce BD to meet the side AC in FL. 
Becaus, two sides of a triangle are greater than the third side, (1. 20.) 
therefore the two sides BA, AF of the triangle ABL are greater 
than BE; 


to each of these unequals add 2C; 
therefore the sides BA, AC are greater than BE, FC. (ax. 4.) 
Again, because the two sides CH, BD of the triangle CED are 
greater than DQ; (1, 20.) 
add DB to each of these unequals ; 
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therefore the sides OH, HB are greater than CD, DB. (ax. 4.) 
But it has been shewn that BA, AC are greater than BH, LU; 
much more then are BA, AC greater than BD, DC. 
Again, because the exterior angle of a triangle is greater than 
the interior and opposite angle; (1. 16.) 
therefore the exterior angle LYC of the triangle CD is greater 
than the interior and opposite angle CED ; 
for the same reason, the exterior angle CHD of the triangle 
ABF is greater than the interior aud opposite angle BAC; 
and it has been demonstrated, 
that the angle LDC is greater than the angle CEB; 
much more therefore is the angle BDC greater than the angle BAC. 
Therefore, if from the ends of the side, &c.  Q.E.p. 


PROPOSITION XXII. PROBLEM. 


To make a triangle of which the sides shall be equal to three given straight 
lines, bat any two whatever of these must be greater than the third. 


Let A, B, C be the three given straight lines, 
of which any two whatever are greater than the third, (a. 20.) 
namely, A and & greater than (; 
A and ( greater than B; 
and 6 and ( greater than A. 
It is required to make a triangle of which the sides shall be equal 
to A, B, C, each to each. 


K 
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Take a straight line DZ terminated at the point D, but unlimited 
towards £, 
make DF equal to A, FG equal to B, and GH equal to C; (1. 3.) 
from the center F, at the distance /’D, describe the circle DAL; 
ost. 3.) 
z from the center G, at the distance GH, describe the circle HLX; 
from A where the circles cut each other draw AV, AG to the points 
BG; 
’ Then the triangle A/G shall have its sides equal to the three 
straight lines A, B,C. 
Because the point /’is the center of the circle DAL, 
therefore FD is equal to FA; (def. 15.) 
but /D is equal to the straight line A ; 
therefore FA is equal to A. 
Again, because G is the center of the circle AKL; 
therefore GA is equal to GA, (def. 15.) 
but GZ is equal to C; 
therefore also GA is equal to (; (ax. 1.) 
and #@ is equal to B; 
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therefore the three straight lines A/, /'G, GA, are respectively 
equal to the three A, B, C: 

and therefore the triangle 1 /’@ has its three sides A 7, FG, GA, 
equal to the three given straight lines A, B,C. @.E.F. 


PROPOSITION XXII. PROBLEM. 


At a given point in a given straight line, to make a reetilineal angle 
equal to a given rectilineal angle. 
Let AB be the given straight line, and A the given point in it, 
and DCE the given rectilineal angle. 
It is required, at the given point A in the given straight line AB, to 
make an angle that shall be equal to the given rectilineal angle DCL. 


Cc A 


1D) 
F 
D 


B 


In CD, CE, take any points D, £, and join DE; 
on AB, make the triangle A/G, the sides of which shall be equal 
to the three straight lines CD, DE, EC, so that AF’ be equal te CY, 
AG to CE, and FG to DE. (1. 22.) 
Then the angle “AG shall be equal to the angle DCE. 
Because /'A, AG are equal to DC, CE, each to each, 
and the base /’@ is equal to the base DF; 
therefore the angle /'AG is equal to the angle DCE. (1. 8.) 
Wherefore, at the given point A in the given straight line AB, the 
angle /'A @ is made equal to the given rectilineal angle DCE. Q.8.¥. 


PROPOSITION XXIV, THEOREM. 


If two triangles have two sides of the one equal to two sides of the other, 
cach to each, but the angle contained by the two sides of one of them greater 
than the angle contained by the two sides equal to them, of the other ; the 


base of that which has the greater angle, shall be greater than the base of the 
other. ‘ 


Let ABC, DEF be two triangles, which have the two sides A B, 
A, equal to the two DE, DF, each to each, namely, 4B equal to 
DE, and AC to DF; but the angle BAC greater than the angle LDF, 

Then the base BC shall be greater than the base £7. 
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Of the two sides DZ, DF, let DE be not greater than DF, 
at the point D, in the line D#, and on the same side of it as DP, 
make the angle LD@ equal to the angle BAC; (1. 23.) 
make DG equal to DF or AC, (1. 3.) and join LG, GL. 
Then, because DZ is equal to AL, and DG to AC, 
the two sides DE, DG are equal to the two AB, AC, each to each, 
and the angle /D@ is equal to the angle BAC; 
therefore the base #G@ is equal to the base BC. (1. 4.) 
And because DG is equal to Y/’ in the triangle DIG, 
therefore the angle D/’G is equal to the angle DGF;; (1. 5.) 
but the angle DG F'is greater than the angle HGF; (ax. 9.) 
therefore the angle D/G is also greater than the angle 2G/; 
much more therefore is the angle /’G greater than the angle #GL. 
And because in the titiangle #/’G, the angle “FG is greater than 
the angle 2GL, 
and that the greater angle is subtended by the greater side; (1. 19.) 
therefore the side “@ is greater than the side LV; 
but “G@ was proved equal to BC; 
therefore BC is greater than HF. 
Wherefore, if two triangles, &c. Q.5.D. 


PROPOSITION XXV. THEOREM. 


If two triangles have two sides of the one equal to two sides of the other, 
each to each, but the base of one greater than the base of the other ; the angle 
contained by the sides of the one which has the greater base, shall be greater 
than the angle contained by the sides, equal to them, of the other. 


Let ABC, DEF be two triangles which have the twosides A B, AC, 
equal to the two sides DE, DF, each to each, namely, 4B equal to 
DE, and AC to DF; but the base BC greater than the base FF. 

Then the angle GAC shall be greater than the angle HDF. 


a D 
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For, if the angle BAC be not greater than the angle EDF, 
it must either be equal to it, or less than it. 
If the angle BAC were equal to the angle EDF, 
then the base LC would be equal to the base LF’; (1. 4.) 
but it is not equal, (hyp.) 
therefore the anzle BAC is not equal to the angle LDP. 
Again, if the angle BAC were less than the angle PDF, 
then the base BC would be less than the base 7’; (1. 24.) 
but it is not less, (hyp.) 
therefore the angle BAC is not less than the angle EDF; 
and it has been shewn, that the angle BA Cis not equal to the angle EDF; 
therefore the angle BAC is greater than the angle LDF, 
Wherefore, if two triangles, &c. Q.E.D. 
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PROPOSITION XXVL THEOREM. 


Tf two triangles have two angles of the one equal to two angles of the 
other, each to each, and one side equal to one side, viz. either the sides adja- 
cent to the equal angles in each, or the sides opposite to them; then shall the 
other sides be equal, each to each, and also the third angle of the one equal ' 
to the third angle of the other. 


Let ABC, DEF be two triangles which have the angles ABC, 
BCA, equal to the angles DEF, EFD, each to each, namely, ABC 
to DEF, and BCA to EFD; also one side equal to one side. 

First, let those sides be equal which are adjacent to the angles 
that are equal in the two triangles, namely, BC to EF. 

Then the other sides shall be equal, each to each, namely, A/; to 
DE, and AC to DF, and the third angle BAC to the thirdangle LDF. 


A D 


aX 


B Cc E F 


For, if AB be not equal to DE, 
one of them must be greater than the other. 
If possible, let AB be greater than DL, 
make BG equal to LD, (1. 8.) and join GC. 
Then in the two triangles GBC, DEP, 
because GP is equal to DE, and BC to BF. (hyp.) 
the two sides (2, BC are equal to the two DL, FF, each to each; 
and the angle GBC is equal to the angle DHF ; 
therefore the base GC is equal to the base DF, (1, 4.) 
and the triangle GBC to the triangle DEF, 
and the other angles to the other angles, each to each, to which 
the equal sides are opposite ; 
therefore the angle GCB is equal to the angle DFF; 
but the angle ACB is, by the hypothesis, equal to the angle DPF; 
wherefore also the angle G CB is equal to the angle ACB; (ax. 1.) 
the less angle equal to the greater, which is impossible ; 
therefore APB is not unequal to DL, 
that is, ABis equal to DL. 
Hence, in the triangles ABG, DEF; 
because AZ is equal to DE, and BC to EF, (hyp.) 
and the angle ABC is equal to the angle DEF; (hyp.) 
therefore the base AC is equal to the base DF, (1. 4.) 
and the third angle BAC to the third angle EDF. 
Secondly, let the sides which are opposite to one of the equal angles 
in each triangle be equal to one another, namely, AB equal to DE, * 
Then in this case likewise the other sidesshall be equal, A 0 to DF, 
and BC to EF, and also the third angle BA C'to the third angle - 
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For if BC be not equal to LF, . 


ane of them must be greater than the other. 
If possible, let BC be greater than 7; 
make BH equal to AF} (1. 3.) and join A. 
Then in the two triangles AGH, DEF, 
because AB is equal to DH, and BH to EF, 
and the angle ABH to the angle DEF; (hyp.) 
therefore the base A/7is equal to the base DF; (1. 4.) 
and the triangle Af to the triangle DEF, 
and vlc other angles to the other angles, each to each, to which the 
equal sides are opposite ; 
therefore the angle BHA is equal to the angle HFD; 
but the angle HF'D is equal to the angle BCA; (hyp.) 
therefore the angle BHA is equal to the angle BCA, (ax. 1.) 
that is, the exterior angle BHA of the triangle AH, is 
equal to its interior and opposite angle BCA; 
which is impossible; (1. 16.) 
wherefore BC is. not unequal to LF, 
that is, BC is equal to HE. 
Hence, in the triangles ABC, DEF; 
because AP is equal to DF, and BC to EF, (hyp.) 
and the included angle 4 BC is equal tothe included angle YZ; (hyp.) 
therefore the base A@( is equal to the base DF; (1. 4.) 
and the third angle BAC to the third angle ZDL£. 
Wherefore, if two triangles, &c. Q.E.D. 


PROPOSITION XXVII. THEOREM. 
Tf a straight line falling on two other straight lines, make the alternate 
angles equal to each other ; these two straight lines shall be parallel. 
Let the straight line #F, which falls upon the two straight lines 
AB, CD, make the alternate angles AL, LFD, equal to one another. 
Then AB shall be parallel to CD. 


For, if AB be not parallel to CD, 
then ABand CD being produced will meet, either towards A and C, 


or towards B and PD. 
* Let AB, CD be produced and meet, if possible, towards B and D, 


in the point G, 
then G/F is a triangle. 
2 
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And because a side GZ of the triangle GF is produced to A, 
therefore its exterior angle A//’is greater than the interior and 
opposite angle HG; (1. 16.) 
but the angle A/F is equal to the angle FFG; (hyp.) 
therefore the angle AHF is greater than, and equal to, the angle 
ELFG@; which is impossible. 
* Therefore AB, CD being produced, do not meet towards B, D, 
In like manner, it may be demonstrated, that they do not meet 
when produced towards A, C. 

But those straight lines in the same plane, which meet neither way, 
though produced ever so far, are parallel to one another; (def. 85.) 
therefore AB is parallel to CD. 

Wherefore, if a straight line, &c. Q.n.p. 


PROPOSITION XXVIII. THEOREM. 


Tf a straight line falling : -e two other straight lines, make the exterior 
angle equal to the interior an | and upon the same side of the line; or 
make the interior angles upon the same side together equal to two right 


angles ; the two straight lines shall be parallel to one another. 


Let the straight line #7, which falls upon the two straight lines 
AB, UD, make the exterior angle LGB equal to the interior and 
opposite angle GHD), upon the same side of the line #/’; or make 
the two interior angles BGH, GHD on the same side together equal 
to two right angles. 


Then AB shall be parallel to CD, 
E 


Becanse the angle L@P is equal to the angle Gi7D, (hyp.) 
and the angle “GB is equal to the angle AGH, (1. 15.) 
therefore the angle A@Z is equal to the angle GHD; (ax. 1.) 
and they are alternate angles, 
therefore A# is parallel to CD. (1. 27.) 
Again, because the angles BG, GHD are together equal to two 
rigit angles, (hyp.) 
and that the angles AGH, BGH are also together equal to two 
right angles; (1. 13.) 
therefore the angles AGH, BGI are equal to the angles BCH, 
GHD; (ax. 1.) 
take away from these equals, the common angle BG TZ; 
therefore the remaining angle A (ZZ is equal to the remaining angle 
GILD ; (ax. 3.) 
and they are alternate angles; 
therefore AB is parallel to CD. (1. 27.) 
Wherefore, if a straight line, &. @.e.p, 
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PROPOSITION XXIX. THEOREM. 


Tf a straight line fall upon two parallel straight lines, it makes the alter- 
nate angles equal to one another ; and the exterior angle equal to the interior 
and opposite upon the same side; and likewise the two interior angles upon 
the same side together equal to two right angles. 


Let the straight line #F fall upon the parallel straight lines 4.2, CD. 
Then the alternate angles AGH, GHD shall be equal to one another, 
the exterior angle #G'B shall be equal to the interior and opposite 
angle GHD upon the same side of the line #?’; 
and the two interior angles BGH, GHD upon the same side of HF 
shall be together equal to two right angles. 


E 


First. For, if the angle AGH be not equal to the alternate angle 
GHD, one of them must be greater than the other ; 
if possible, let 4A GZ be greater than GHD, 
then because the angle 4 G//is greater than the angle GHD, 
add to each of these unequals the angle BGA; 
therefore the angles AGH, BGH are greater than the angles BEH, 
GHD ; (ax. 4.) 
but the angles AGH, BGZ are equal to two right angles; (1. 13.) 
therefore the angles BGH, GHD are less than two right angles; 
but those straight lines, which with another straight line falling upon 
them, make the two interior angles on the same side less than two 
right angles, will meet together if continually produced; (ax. 12.) 
therefore the straight lines 45, CD, if produced far enough, will 
meet towards B, D; 
but they never meet, since they are parallel by the hypothesis; 
therefore the angle 4G is not unequal to the angle GHD, 
that is, the angle A GZ is equal to the alternate angle GHD. 
Secondly, because the angle 4 @Z is equal to the angle LGB, (1. 15.) 
and the angle A@Z is equal to the angle GHD, 
therefore the exterior angle #GB is equal to the interior and oppo- 
site angle GHD, on the same side of the line. 
Thirdly. Because the angle GB is equal to the angle GHD, 
add to each of them the angle BGH; 
therefore the angles 2@B, BGH are equal to the angles BGH, GHD; 
(ax. 2.) 
but LGB. BGLH are equal to two right angles; (1. 13.) 
therefore also the two interior angles BGH, GHD on the same side 
of the line are equal to two right angles. (ax. 1.) 
Wherefore, if a straight line, &e.  Q.E.D. 
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PROPOSITION XXX. THEOREM. 


Straight lines which are parallel to the same straight line are parallel ta 
each other. 


Let the straight lines AB, CD, be each of them parallel to EF. 
Then shall 4B be also pars allel to CD. 


Let the straight line GHK eut AB, EF, CD. 
@ Then because GHKX cuts the parallel straight ‘Tines AB, EF, in 
ie: 

therefore the angle AG// is equal to the alternate angle G/F. (1.29.) 

_ Again, because GHA cuts the parallel straight lines £7, CD, in 
i SEY 
therefore the exterior angle GHF is equal to the interior angle 7D; 

and it was shewn that the angle A@// is equal to the angle GH/’; 

therefore the angle AG// is equal to the angle GAD; 
and these are alternate angles ; 
therefore AB is parallel to CD. (1. 27.) 
Wherefore, straight lines which are parallel, &c.  Q.n.p. 


PROPOSITION XXXI. PROBLEM. 


To draw a straight line through a given point parallel to a given straight 
line. 

Let A be the given point, and BC the given straight line. 

It is required to draw, through the point A, a straight line par- 
allel to the straight line BC. 


B D Cc 


In the line PC take any point D, and join AD, 
at the point A in the straight line AD, 
make the angle AF equal to the angle ADC, (1. 23.) on the oppo- 
site side of AD; 
and produce the straight line LA to /. 
Then /#/' shall be parallel to BC. 
Because the straight line A) meets the two straight lines 27, BC, 
and makes the alternate angles FAD, ADC, equal to one another, 
therefore L/'is parallel to BCL (1. 27.) © 
Wherefore, through the given point A, has been drawn a straight 
line LAF parallel to the given straight line BC. Qn. 
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PROPOSITION XXXII. THEOREM. 


If a side of any triangle be produced, the exterior angle is equal to the 
two interior and opposite angles ; and the three interior angles of every tri- 
angle are together equal to two right angles. 


Let ABC bea triangle, and let one of its sides BC be produced to D. 

Then the exterior angle ACD shall be equal to the two interior 
and opposite angles CAB, ABO: 

and the three interior angles ABC, BCA, CAB shall be equal to 
two right angles. 


B C D 
Through the point C draw CE parallel to the side BA. (1. 51.) 
Then because CZ is parallel to BA, and AC meets them, 
therefore the angle A CZ is equal to the alternate angle BAC. (1. 29.) 
Again, because CF is parallel to AB, and BD falls upon them, 
therefore the exterior angle CD is equal to the interior and op- 
posite angle ABC; (1. 29.) 
but the angle ACH was shewn to be equal to the angle BAC: 
therefore the whole exterior angle 4 CD is equal to the two in- 
terior and opposite angles CAB, ABO. (ax. 2.) 
Again, because the angle A CV is equal to the two angles ABC, BA 0; 
to each of these equals add the angle ACB, 
therefore the angles ACD and A OB are equal to the three angles 
ABC, BAC, and ACB; (ax. 2) 
but the angles ACD, ACB are equal to two right angles, Ga. 18.) 
therefore also the angles ABO, BAC, ACB are equal to two right 
angles. (a@.1,) 
Wherefore, if a side of any triangle be produced, &. Q.E.D. » 
Cor. 1. All the interior angles of any rectilineal figure together ' 
with four right angles, are equal to twice as many right angles as 
the figure has sides. 


For any rectilineal figure ABCDE can be divided into as many 
triangles as the figure has sides, by drawing straight lines from a 
point / within the figure to each of its angles. 

Then, because the three interior angles of a triangle are equal to 
two right angles, and there are as many triangles as the figure has sides, 

therefore all the angles of these triangles are equal to twice as 

many right angles as the figure has sides; 

but the same angles of these triangles are equal to the interior 

angles of the figure together with the angles at the point FP: 
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and the angles at the point /, which is the common vertex of all 
the triangles, are equal to four right angles, (1. 15. Cor. 2.) 
therefore the same angles of these triangles are equal to the 
angles of the figure together with four right angles ; 
but it has been proved that the angles of the triangles are equal 
to twice as many right angles as the figure has sides; 
therefore all the angles of the figure together with four right angles, 
are equal to twice as many right angles as the figure has sides, 
Cor. 2. All the exterior angles of any rectilineal figure, made by 
producing the sides successively in the same direction, are together 
equal to four right angles. 


A 


D B 


Since every interior angle ABC with its adjacent exterior angle 
ABD, is equal to two right angles, (1. 13.) 

therefore all the interior angles, together with all the exterior 
angles, are equal to twice as inany right angles as the figure has sides ; 

but it has been proved by the foregoing corollary, that all the 
interior angles together with four right angles are equal to twice as 
many right angles as the figure has sides ; 

therefore all the interior angles together with all the exterior an- 
gles, are equal to all the interior angles and four right angles, (ax. 1.) 

take from these equals all the interior angles, 

therefore all the exterior angles of the figure are equal to four 

right angles. (ax. 3.) 


PROPOSITION XXXII. THEOREM. 


The straight lines which join the extremities of two equal and parallel 
straight lines towards the same parts, are also themselves equal and parallel. 


Let AB, CD be equal and parallel straight lines, 
and joined towards the same parts by the straight lines AC, BD, 
Then AC, BD shall be equal and parallel. 


wa 


Join BC. 
Then because AP is parallel to CD, and BC meets them, 
therefore the angle ABC is equal to the alternate angle BOD ; (1. 29.) 
and because A isequal to CD, and BC common to the two triangles 
ABC, DCB; the two sides AB, BO, are equal to the two DO, CB, each 
to each, and the angle 4 BC was proved to be equal to the angle BOD: 
therefore the base AC is equal to the base BD, (1. 4.) 
and the triangle ABC to the triangle BOD, 
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and the other angles to the other angles, each to each, to which the 
equal sides are opposite ; 
therefore the angle ACB is equal to the angle CBD. 

And because the straight line BC meets the two straight lines AC, 
BD, and makes the alternate angles A CB, CBD equal to one another; 
therefore AC is parallel to BD; (1. 27.) 
and AC was shewn to be equal to BD. 

Therefore, straight lines which, &c. Q.E.p. 


PROPOSITION XXXIV. THEOREM. 


The opposite sides and angles of a parallelogram are equal to one another, 
and the diameter bisects it, that is, divides it into two equal parts. 


Let ACDB be a parallelogram, of which BC is a diameter. 
Then the opposite sides and angles of the figure shall be equal 
to one another; and the diameter LC shall bisect it. 


A B 


ve 
D 
Because AB is parallel to CD, and BC meets them, 
therefore the angle ABC is equal to the alternate angle BCD. (1. 29.) 
~ And because AC is parallel to BD, and BC meets them, 
therefore the angle A CB is equal to the alternate angle CBD. (1. 29.) 
Hence in the two triangles ABC, CBD, 
because the two angles ABC, BCA in the one, are equal to the two 
angles BCD, CBD in the other, each to each; 
and one side BC, which is adjacent to their equal angles, common to 
the two triangles. 
therefore their other sides are equal, each to each, and the third angle 
of the one to the third angle of the other, (1. 26.) 
namely, the side AB to the side CD, and AC to BD, and the 
angle BAC to the angle BDC. 
And because the angle ABC is equal to the angle BCD, 
and the angle CBD to the angle ACB, 
therefore the whole angle ALD is equal to the whole angle ACD; 
ax. 2.) 
wa the angle BAC has been shewn to be equal to BDO; 
therefore the opposite sides and angles of a parallelogram are equal to 
one another. 
Also the diameter BC bisects it. 
For since AB is equal to CD, and BC common, the two sides AB, 
PC, are equal to the two DC, CB, each to each, 
and the angle A BC has been proved tc be equal to the angle BCD; 
therefore the triangle 4 BC is equal to the triangle BCD; (1. 4.) and 
the diameter BC divides the parallelogram A CDS into two equal parts. 
Q.E.D. 
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PROPOSITION XXXV. THEOREM. 


Parallelograms upon the same base, and between the same parallels, are 
equal to one another. 


Let the parallelograms ABCD, EBCF be upon the same base 
BC, and between the same parallels AF, BC. 


Then the parallelogram ACD shall be equal to the parallelo- 
gram DBCT. 


\ dD F AE DPF Vy 
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If the sides AD, DF of the parallelograms ABCD, DBCT, op- 
posite to the base BC, be terminated in the same point D; 
then it is ptain that each of the parallelograms is double of the tri- 
angle BDC; (1. 34.) 
and therefore the parallelogram ABCD is equal to the parallelogram 
DBCF. (ax. 6.) 
But if the sides 4D, /F, opposite to the base BC, be not termi- 
nated in the same point ; 
Then, because ABCD is a parallelogram, 
therefore AD is equal to BC; (1. 34.) 
and for a similar reason, #7’ is equal to BC; 
wherefore AD is equal to BF; (ax. 1.) 
and DF is common; 
therefore the whole, or the remainder AF, is equal to the whole, 
or the remainder )/’; (ax. 2 or 3.) 
and AB is equal to DO; (1. 24.) 
hence in the triangles FAB, FDC, 
because /'D is equal to HA, and DC to AB, 
and the exterior angle “DC is equal to the interior and opposite angle 
EAB; (1. 29.) 
therefore the base /’'C is equal to the base FR, (1. 4.) 
and the triangle /DC is equal to the triangle LAP. 
From the trapezium ABCF take the triangle FDC, 
and from the same trapezium take the triangle LAL, 
and the remainders are equal, (ax. 3.) 
therefore the parallelogram A BCD is equal tothe ae EBCF. 
Therefore, parallelograms upon the same, &e. Q.E.D. 


PROPOSITION XXXVI THEOREM. 


Parallelograms upon equal bases and between the same parallels, are 
equal to one another, 


Let ABCD, EF GIT be parallelograms upon equal bases BO, PC, 
and between the same parallels A//, BG. 


Then the parailelogram ABCD shall be equal to the parallelo- 
cram LFGT, ye 
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Join BE, CH, 
Then because BC is equal to /’G, (hyp.) and F@ to EA, (1. 34.) 
therefore BC is equal to HH; (ax. 1.) 
and these lines are parallels, and joined towards the same parts by 
the straight lines BDH, CH; 
but straight lines which join the extremities of equal and parallel 
straight lines towards the same parts, are themselves equal and par- 
allel; (. 33.) 
therefore BE, CH are both equal and parallel ; 
wherefore “BCH is a parallelogram. (def. A.) 
And because the parallelograms ABCD, EBCH, are upon the 
same base BC, and between the same parallels BC, AH; 
therefore the parallelogram ABCD is equal to the parallelogram 
EBCH, (1. 35.) 
For the same reason, the parallelogram L/'GZ is equal to the 
parallelogram HBCH ; 
therefor e, the par: allelogr am ABCD is equal to the parallelogram 
HGH. (amex 1.) 
Therefore, parallelograms upon equal, hon Q.E.D. 


PROPOSITION XXXVI. THEOREM. 
Triangles upon the same base and between the same parallels, are equal 
to one another. 
Let the triangles ABC, DBC be upon the same base BC, 
and between the sanie parallels AD, BC. 
Then the triangle 440 shall be equal to the triangle DBC. 


E A.D F 


B 
Produce AD both ways to the points &, F; 
through B draw LEH parallel to CA, (1. 31.) 
and through (draw CF parallel to BD. 
Then each of the figures “BCA, DBCF is a parallelogram ; 
and HBCA is equal to DBOCF, (1. 35.) because they are upon ths 
same base BC, and between the same parallels BC, LF. 

And because the diameter ABP bisects the parallelogram HBCA, 
therefore the triangle A BC is half of the parallelogram EBOA; (1.84. ) 
also because the diameter DO bisects the parallelogram DBOF. 
therefore the triangle DBC is half of the parallelogram DBECE, 
but the halves of equal things are equal; (ax. 7.) 
therefore the triangle A/C is equal to the triangle DBC, 
Wherefore, triangles, &c. Q.E.D. 

Q* 
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PROPOSITION XXXVIII. THEOREM. 
Tricngles upon equal bases and between the same parallels, are equal to 
one another. 
Let the triangles ABC, DEF be upon equal bases BC, EF, and 
between the same parallels BF, AD. 
Then the triangle ABC shall be equal to the triangle DEF. 
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Produce AD both ways to the points G, 7; 
through B draw BE parallel to CA, (1. 31.) 
and through / draw FH parallel to BD. 

Then each of the figures GBCA, DEFI is a parallelogram ; 
and they are equal to one another, (1. 36.) nD? 
because they are upon equal bases BO, FI, *) 

and between the same parallels BF, GH. 

And because the diameter AZ bisects the parallelogram GBCA, 
therefore the triangle A ZC is the half of the parallelogram GBCA ; 
(1. 34.) 

also, because the diameter DF bisects the parallelogram DEFH, 
tnerefore the triangle VF is the half of the parallelogram DEFZ ; 
but the halves of equal things are equal; (ax. 7.) 
therefore the triangle APC is equal to the triangle DEF. 
Wherefore, triangles upon equal bases, &c.  Q.8.D. 


PROPOSITION XXXIX. THEOREM. 


Equal triangles upon the same base and upon the same side of it, are be- 
tween the same parallels. 


Let the equal triangles ABC, DBC be upon the same base BC 


and upon the same side of it. 
Then the triangles A BC, DBC shall be between the same parallels. 


, 


Join AD; then AD shall be parallel to BC. 
For if AD be not parallel to BC, 
if possible, throngh the point A, draw AZ parallel to BC, (1. 81.) 
meeting BD), or BD produced, in /, and join LC. 
Then the triangle ABC is equal to the triangle EBC, (+. 87.) 
because they are upon the same base BC, 
and between the same parallels BC, AP: 
but the triangle AC is equal to the triangle DBC; (hyp.) 
therefore the triangle DLC is equal to the triangle LLC, 
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the greater triangle equal to the less, which is impossible : 
theretore Ais not parallel to BC. 
In the sams manner it can be demonstrated, 
that no other line drawn from A but AD is parallel to BC; 
AD is therefore parallel to BC. 
Wherefore, equal triangles upon, &e.  Q.E.D. 


PROPOSITION XL. THEOREM. 
Equal triangles upon equal bases in the same straight line, and toward. 
the same parts, are between the same parallels. 
Let the equal triangles ABC, DEF be upon equal bases BC, HF: 
m the same straight line BF, and towards the same parts. 
Then they shall be between the same parallels. 
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Join AD; then AD shall be parallel to BF 
For if AD be not parallel to BF, 
if possible, through A draw AG parallel to BF, (1. 81.) 
meeting “D, or HD produced in G, and join GF. 
Then the triangle 4 BC is equal to the triangle GZF, (1. 88.) 
because they are upon equal bases BC, LF, 
and between the same parallels BF, AG; 
but the triangle ABC is equal to the triangle DEF’; (hyp.) 
therefore the triangle DF’ is equal to the triangle GE'F, (ax. 1.) 
the greater triangle equal to the less, which is impossible : 
therefore AG is not parallel to BL. 
And in the same manner it can be demonstrated, 
that there is no other line drawn from A parallel to it but AD; 
AD is therefore parallel to BF. 
Wherefore, equal triangles upon, &c. Q.£.D. 


PROPOSITION XLI. THEOREM. 
Tf a parallelogram and a triangle be wpon the same base, and between th. 
same parallels ; the parallelogram shall be double of the triangle. 
Let the parallelogram ABCD, and the triangle EBC be upon the 
same base LC, and between the same parallels BC, AZ. 
Then the parallelogram ACD shall be double of the triangle EBC. 
A DE 


Join AQ, 
Then the triangle ABO is equal to the triangle HBO, (1. 37.) 
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because they are upon the same base BC, and between the same 
parallels BO, AL. 
But the parallelogram ABCD is double of the triangle ABC, 
because the diameter AC bisects it; (1. 84.) 
wherefore 4 BC is also double of the triangle LBC. 
Therefore, if a parallelogram and a triangle, &c. Q.E.D. 


PROPOSITION XLII. PROBLEM. 


To describe a parallelogram that shall be equal to a given triangle, and 
have one of its angles equal to a given rectilineal angle. 


Let ABC be the given triangle, and D the given rectilineal angle. 
It is required to describe a parallelogram that shall be equal to 
the given triangle ALC, and have one of its angles equal to D. 
A 3 Oh 


JX & 


Bisect BO in F, (1. 10.) and join AF; 
at the point / in the straight line £C, 
make the angle CZF’ equal to the angle D; (1. 28.) 
through (draw C@ parallel to #F, and through A draw AFG 
parallel to BC, (1. 31.) meeting LF in F, and C@ in @ 
Then the figure CFG is a parallelogram. (def. A.) 
And because the triangles ABE, AC are on the equal bases 
BE, EC, and between the same parallels BC, AG ; 
they are therefore equal to one another; (1. 88.) 
and the triangle ABC is double of the triangle AEC ; 
but the parallelogram /’ECG@ is double of the triangle AZO, (1. 41.) 
because they are upon the same base £0, and between the samy 
parallels LC, AG ; 
therefore the parallelogram /'2-CG is equal to the triangle A BC, (ax.6.) 
and it has one of its angles CZF equal to the given angle D. 
Wherefore, a parallelogram ECG has been described equal to 
the given triangle ABC, and having one of its angles CZF’ equal to 
the given angle D, Q.E.¥. 


» 
PROPOSITION XLUI. THEOREM. 


The complements of the parallelograms, which are about the diameter of 
any parallelogram, are equal to one another. 


Let ABCD be a parallelogram, of which the diameter is.AC: and 
PH, GF the parallelograms about A C, that is, through which A C passes: 
also BA, AY the other parallelograms which make up the whole 
figure ABCD, which are therefore called the complements. 
Then the complement BA shall be equal to the complement AD. 


ee) 
~ 
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Because ABCD is a parallelogram, and AC its diameter, 
therefore the triangle 4 4C is equal to the triangle ADC, (1. 34.) 
Again, because YA HA is a parallelogram, and 4/ its diameter, 
therefore the triangle AX is equal to the triangle AH’; (1. 34.) 
and for the same reason, the triangle 4 @ Cis equal to the triangle AFC. 
Wherefore the two triangles ALA, AGC are equal to the two 
triangles AWK, KFC, (ax. 2.) 
but the whole triangle ALC is equal to the whole triangle ADC; 
therefore the remaining complement LY is equal to the remaining 
complement AD. (ax. 3.) 
Wherefore the complements, &c. Q.2.D. 


PROPOSITION XLIV. PROBLEM. 

To a given straight line to apply a parallelogram, which shall be equal 
to a given triangle, and have one of its angles equal to a given rectilineal 
angle. 

Let AB be the given straight line, and ( the given triangle, and 
D the given rectilineal angle. 

It is required to apply to the straight line AP, a parallelogram 
equal to the triangle (, and having an angle equal to the angle D. 


ae 


Make the parallelogram BEFG equal to the triangle (, 
and having the angle HBG equal to the angle D, (1. 42.) 
so that BH be in the same straight line with AL; 
produce #4 to H, 
through A draw AZ parallel to BG or LF, (1. 31.) and join 7B. 
Then because the straight line ZF falls upon the parallels 477, LF, 
therefore the angles AH/, H/F are together equal to two right 
angles; (1. 29.) 
. wherefore the angles BHF, HEF are less than two right angles: 
but straight lines which with another straight line, make the two 
interior angles upon the same side less than two right angles, do 
meet if produced far enough: (ax. 12.) 
therefore 7B, FF shall meet if produced ; 
let them be produced and meet in A, 
through A draw AL parallel to LA or FH, 
and produce HA, GB to meet AL in the points LZ, M. 
Then HLAF is a parallelogram, of which the diameter is HE ; 
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and AG@, MZ, are the parallelograms about HX ; 
also LB, BF are the complements ; 

therefore the complement Z/ is equal to the complement BF’; (1. 48.) 

but the complement LY’ is equal to the triangle C; (constr.) 

wherefore LZ is equal to the triangle (. 

And because the angle GBF is equal to the angle ABM, (1. 15.) 
and likewise to the angle )); (constr.) 

therefore the angle ALM is equal to the angle D. (ax. 1.) 

Therefore to the given straight line 44, the parallelogram LB 
has been applied, equal to the triangle C, and having the angle 
ABM equal to the given angle D. Q.E.F. 


PROPOSITION XLV. PROBLEM. 
To describe a parallelogram equal to a given reetilineal figure, and hav- 
ing an angle equal to a given rectilineal angle. 
Let ABCD be the given rectilineal figure, and / the given recti- 
lineal angle. 
It is required to describe a parallelogram th: t shall be equal to 
the figure ABCD, and having an angle equal to the given angle Z. 


P Di 8 PG 
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Join DP. 
Describe the parallelogram // equal to the triangle ADB, and 
having the angle “AZ equal to the angle /; (1. 42.) 
to the straight Hine @//, apply the parallelogram GV equal to the 
triangle DBC, having the angle GHJM equal to the angle 2. 


(1. 44.) 

Then the figure FA MZ shall be the parallelogram required. 
Because each of the angles “AH, GHM, is equal to the angle £, 
therefore the angle “AH is equal to the angle GHM; 
add to each of these equals the angle AWG; 
therefore the angles “A/T, KHG are equal to the angles AHG@, GHM; 
but FAH, KHG are equal to two right angles; (1. 29.) 
therefore also AHG, GM are equal to two right angles ; 

and because at the point //, in the straight line @//, the twe 
straight lines A’, /7M, upon the opposite sides of it, make the ad- 
jacent angles AH7G, GHM equal to two right angles, 

therefore /7A’ is in the same straight line with 7M. (1. 14.) 

And because the line 7@ meets the parallels AM, FC, 

therefore the angle M//@ is equal to the alternate angle 7G/’; (1.29.) 
add to each of these equals the angle i GL ; ' 
therefore the angles MG, H@L are equal to the angles 747, HCL; 
but the angles W//@, 7@L are equal to two right angles; (1. 29.) 
therefore also the angles 7@F, 7@L are equal to two right angles, 
and therefore /’@ is in the same straight line with GZ. (1. 14.) 
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And because AF’ is parallel to HG, and HG to ML, 
therefore A/’is parallel to WL; (1. 30.) 
and #'L has been proved par allel to AM, 
wheretore the figure A WZ is a par allelogram ; 
and since the par allelogram HF is equal to the tr ‘jangle ABD, 
and the parallelogram GM to the triangle BD Or 
therefore the whole parallelogram HFZI/ is equal to the whole 
rectilineal figure ABCD. 

Therefore the parallelogram AH/ZJ has been described equal to 
the given rectilineal figure ALCD, having the angle “AW equal to 
the given angle #. Q.z.F. 

Cor. From this it is manifest how, to a given straight line, to apply 
a parallelogram which shall have an angle equal to a given rectilineal 
angle, and shall be equal to a given rectilineal figure; viz. by applying 
to the given straight line a parallelogram equal to the first triangle 
ABD, (1. 44.) and having an angle equal to the given angle. 


PROPOSITION XLVI. PROBLEM. 
To describe a square upon a given straight line. 


Let AB be the given straight line. 


A B 
It is required to describe a square upon AB. 
From the point A draw AC at right angles to AB; (1. 11.) 
make A/D equal to “AB: (1. 8.) 
through the point D draw DF parallel to AB: (1. 81.) 
and through B, draw BE parallel to AD, meeting DE in B; 
therefore ABi'D is a par allelogr am ; 
whence AB is equal to DZ, and AD to BE: (1. 34.) 
but AD is equal to AB, 
herefore the four lines AB, BE, LD, DA are equal to one another 
and the parallelogr am ABED is equilateral. 
It has likewise all its angles right angles; 
since AD meets the parallels AB, DE, 
therefore the angles BAD, ADE are equal to two right angles; (1. 29.) 
‘but BAD is a right angle; (constr. ) 
therefore also ADH is a right angle, 

But the opposite angles of parallelograms are equal; (1. 34.) 
therefore each of the opposite angles ABE, BED is a right angle; 
wherefore the figure 4 BLD is rectangular, 
and it has been proved to be equilateral ; 
therefore the figure A PED is a square, (def. 30.) 
and it is described upon the given straight line AB. q.n.r. 
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Cor. Hence, every parallelogram that has one of its angles a sght 
angle, has all its angles right angles. 


PROPOSITION XLVII. THEOREM. 


In any right-angled triangle, the square which is described upon the side 
subtending the right angle, is equal to the squares described upon the sides 
which contain the right angle. 


Let ALC be arizght-angled triangle, having the right angle BAC. 


Then the square described upon the side BC, shall be equal te 
the squares described upon BA, AC. 


LE 


On BC describe the square BDEC, (1. 46.) 
and on BA, AC’ the squares GB, HC; ; 
through A draw AZ parallel to BD or CH; (1. 31.) 
and join AD, F¢. 
Then because the angle BAC is a right angle, (hyp.) 
and that the angle BAG is a right angle, (def. 30.) 
the two straight lines 40, AG upon the opposite sides of AB, make 
with it at the point A, the adjacent angles equal to two right angles; 
therefore CA is in the same straight line with AG. (1. 14.) 
For the same reason, BA and A// are in the same straight line, 
And because the angle DBC is equal to the angle /BA, 
each of them being a right angle, 
add to each of these equals the angle ABC, 
therefore the wholeangle A BD isequal to the whole angle “BC. (ax. 2.) 
And because the twosides AZ, BD, are equal tothe two sides F/R, 
BC, each to each, and the included angle ABD is equal to the included 
angle FBC, 
therefore the base AD is equal to the base FC, (1. 4.) 
and the triangle A BD to the triangle FBC. 
Now the parallelogram BZ is double of the triangle A BD, (1. 41.) 
because they are upon the same base BD, and between the same 
parallels BD, AL; 
also the square GB is double of the triangle PPC, 
because these also are upon the same base /’2, and between the 
same parallels “3B, GC. 
But the doubles of equals are equal to one another; (ax. 6.) 
therefore the parallelogram BZ is equal to the square GB, 
Similarly, by joining AZ, BX, it can be proved, 
that the parallelogram CZ is equal to the squire WC, 
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Therefore the whole square BDEC is equal to the two squares 
GB, HG; (ax. 2.) 
and the square BD/C is described upon the straight line LC, 
and the squares GB, HC, upon AB, AC: 
therefore the square upon the side LC, is equal to the squares upon 
the sides AL, AC. 
Therefore, in any right-angled triangle, &c.  Q.E.D. 


PROPOSITION XLVI. THEOREM. 


If the square described upon one of the sides of a triangle, be equal to 
the squares described upon the other two sides of it; the angle contained by 
these two sides is a right angle. 


Let the square described upon BOC, one of the sides of the triangle 
ABU, be equal to the squares upon the other two sides, AB, AC. 
Then the angle BAC shall be a right angle. 
D 


B C 
From the point A draw AD at right angles to AC, (1. 11.) 
make AD equal to AB, and join DC. 
Then, because AD is equal to AB, 
the square on AV is equal to the square on AB; 
to each of these equals add the square on 40; 
therefore the squares on AD, AC are equal to the squareson AB, AQ: 
but the squares on AD, AC are equal to the square on DC, (1. 47.) 
because the angle DAC'is a right angle; 
and the square on BC, by hypothesis, is equal to the squares on BA, AQ; 
therefore the square on DC is equal to the square on BC; 
and therefore the side DC is equal to the side BC. 
And because the side AV is equal to the side AB, 
and AC is common to the two triangles DAC, BAC; 
the two sides DA, AC, are equal to the two BA, AC, each to each; 
and the base D@ has been proved to be equal to the base BC; 
therefore the angle DAC is equal to the angle BAC; (t1. 8.) 
but DAC is a right angle; 
therefore also BA Cis a right angle. 
Therefore, if the square described upon, &c. Q..D. 
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— ies 
ON THE DEFINITIONS. 


Geometry is one of the most perfect of the deductive Sciences, and 
seems to rest on the simplest inductions from experience and observation. 

The first principles of Geometry are therefore in this view consistent 
hypotheses founded on facts cognizable by the senses, and it is a subject 
of primary importance to draw a distinction between the conception of 
things and the things themselves. These hypotheses do not involve any 
property contrary to the real nature of the things, and consequently cannot 
be regarded as arbitrary, but in certain respects, agree with the conceptions 
which the things themselves suggest to the mind through the medium of the 
senses. The essential definitions of Geometry therefore being inductions 
from observation and experience, rest ultimately on the evidence of the 
senses. 

It is by experience we become acquainted with the existence of indi- 
vidual forms of magnitudes; but by the mental process of abstraction, which 
begins with a particular instance, and proceeds to the general idea of all ob- 
jects of the same kind, we attain to the general conception of those forms 
which come under the same general idea. 

The essential definitions of Geometry express generalized conceptions of 
real existences in their most perfect ideal forms: the laws and appearances 
of nature, and the operations of the human intellect being supposed uniform 
and consistent. 

But in cases where the subject falls under the class of simple ideas, the 
terms of the definitions so called, are no more than merely equivalent ex- 
pressions. The simple idea described by a proper term or terms, does not in 
fact admit of definition properly so called. The definitions in Euclid’s Ele- 
ments may be divided into two classes, those which merely explain the mean- 
ing of the terms employed, and those which, besides explaining the meaning 
of the terms, suppose the existence of the things described in the definitions, 

Definitions in Geometry cannot be of such a form as to explain the na- 
ture and properties of the figures defined: it is sufficient that they give 
marks whereby the thing defined may be distinguished from every other of 
the same kind. It will at once be obvious, that the definitions of Geometry, 
one of the pure sciences, being abstractions of space, are not like the deti- 
nitions in any one of the physical sciences. The discovery of any new 
physical facts may render necessary some alteration or modification in the 
definitions of the latter. 

Def. 1. Simson has adopted Theon’s definition of a point. Euclid’s defi- 
nition is, onuetoy éorw ob pépos ovdéy, ‘ A point is that, of which there is no 
part,” or which cannot be parted or divided, as it is explained by Proclus. 
The Greek term enueioy, literally means, a visible sign or mark on a surface, 
in other words, a physical point. The English term point, means the sharp 
end of any thing, or a eal made by it. The word point comes from the 
Latin punetum, through the French word point. Neither of these terms, in 
its literal sense, appears to give a very exact notion of what is to be under- 
stood by a point in Geometry, Euclid’s definition of a point merely ex- 
presses a negative property, Which excludes the proper and literal meaning 
of the Greek term, as applied to denote a physical point, or a mark which is 
visible to the senses, : 

Pythagoras defined a point to be povds Séouw %xovea, “a monad having 
position.” By uniting the positive idea of position, with the negative 
idea of defect of magnitude, the conception of a point in Geometry may 
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be rendered perhaps more intelligible. A point is defined to be that which 
has no magnitude, but position only. 

Def. 1. Every visible line has both length and breadth, and it is im: 
possible to draw any line whatever which shall have no breadth. The defi- 
nition requires the conception of the length only of the line to be considered, 
abstracted from, and independently of, all idea of its breadth. 

Def. ut. This definition renders more intelligible the exact meaning of 
the definition of a point: and we may add, that, in the Elements, Euclid 
supposes that the intersection of two lines is a point, and that two lines can 
intersect each other in one point only. 

Def. 1v. The straight line or right line is a term so clear and _intelli- 
gible as to be incapable of becoming more so by formal definition. Euclid’s 
definition is Ed0eta ypauuh eoriw, His e& toou Tots ef EavTiis onuelois Ketra, 
wherein he states it to lie evenly, or equally, or upon an equality (e& tov) 
between its extremities, and which Proclus explains as being stretched be- 
tween its extremities, 7 ém &xpwy TeTamevy. 

If the line be conceived to be drawn on a plane surface, the words 
é& Yrov may mean, that no part of the line which is called a straight line 
deviates either from one side or the other of the direction which is fixed by 
the extremities of the line; and thus it may be distinguished from a curved 
line, which does not lie, in this sense, evenly between its extreme points. 
If the line be conceived to be drawn in space, the words é& zcov, must be 
understood to apply to every direction on every side of the line between its 
extremities. 

Every straight line situated in a plane, is considered to have two sides; 
and when the direction of a line is known, the line is said to be given in 
position; also, when the length is known or can be found, it is said to be 
given in magnitude. 

From the definition of a straight line, it follows, that two points fix a 
straight line in position, which is the foundation of the first and second 
postulates. Hence straight lines which are proved to coincide in two or more 
points, are called, ‘tone and the same straight line,” Prop. 14, Book 1, or, 
which is the same thing, that ‘‘two straight lines cannot have a common 
segment,” as Simson shews in his Corollary to Prop. 11, Book 1. 

The following definition of straight lines has also been proposed: 
‘Straight lines are those which, if they coincide in any two points, coincide 
as far as they are produced.” But this is rather a criterion of straight lines, 
and analogous to the eleventh axiom, which states that, ‘all right angles are 
equal to one another,” and suggests that all straight lines may be made to 
coincide wholly, if the lines be equal; or partially, if the lines be of unequal 
lengths. A definition should properly be restricted to the description of the 
thing defined, as it exists, independently of any comparison of its properties 
or of tacitly assuming the existence of axioms. 

Def. vu. Euclid’s definition of a plane surface is "Emfmedos émdveid 
éorw Aris e& {rou rats ép éavris evdelars Ketrar, ‘A plane surface is that 
which lies evenly or equally with the straight lines in it;” instead of which 
Simson has given the definition which was originally proposed by Hero the 
Elder. A plane superficies may be supposed to be situated in any position, 
and to be continued in every direction to any extent. 

Def. vir. Simson remarks that this definition seems to include the 
angles formed by two curved lines, or a curve and a straight line, as well as 
that formed by two straight lines. 

Angles made by straight lines only, are treated of in Elementary Geometry. 
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Def. rx. It is of the highest importance to attain a clear conception of 
an angle, and of the sum and difference of two angles. The literal meaning 
of the term angulus suggests the Geometrical conception of an angle, which 
may be regarded as formed by the divergence of two straight lines from a 
point. In the definition of an angle, the magnitude of the angle is independ, 
ent of the lengths of the two lines by which it is included; their mutual 
divergence from the point at which they meet, is the criterion of the magni- 
tude of an angle, as it is pointed out in the succeeding definitions. The 
point at which the two lines meet is called the angular point or the vertex 
of the angle, and must not be confounded with the magnitude of the angle 
itself. The right angle is fixed in magnitude, and, on this account, it is 
made the standard with which all other angles are compared. 

Two straight lines which actually intersect one another, or which when 
produced would intersect, are said to be inclined to one another, and the 
inclination of the two lines is determined by the angle which they make with 
one another. 

Def. x. It may be here observed that in the Elements, Euclid always 
assumes that when one line is perpendicular to another line, the latter is also 
perpendicular to the former; and always calls aright angle, 6p0} ywvia; but 
a straight line, eb0cia ypauph. 

Def. x1x. This has been restored from Proclus, as it seems to have a 
meaning in the construction of Prop. 14, Book 11; the first case of Prop. 88, 
Book 111, and Prop. 13, Book v1. The definition of the segment of a circle 
is not once alluded to in Book 1, and is not required before the discussion 
of the properties of the Circle in ‘Book mm. Proclus remarks on this defini- 
tion: “Tlence you may collect that the center has three places: for it is 
either within the figure, as in the circle; or in its perimeter, as in the semi- 
circle; or without the figure, as in certain conic lines,” 

Def. xx1v-xxrx. ‘Triangles are divided into three classes, by reference 
to the relations of their sides; and into three other classes, by reference to 
their angles. A further classification may be made by considering both the 
relation of the sides and angles in each triangle. 

In Simson’s definition of the isosceles triangle, the word on/y must be omit- 
ted, as in the Cor. Prop. 5, Book 1, an isosceles triangle may be equilateral, 
and an equilateral triangle is considered isosceles in Prop. 15, Book ty, 
Objection has been made to the definition of an acute-angled triangle. It is 
said that it cannot be admitted as a definition, that all the three angles of a 
triangle are acute, which is supposed in Def. 29. Tt may be replied, that the 
definitions of the three kinds of angles point out and seem to supply a foun- 
dation for a similar distinction of triangles. 

Def. xxx-—xxxtv. The definitions of quadrilateral figures are liable to 
objection. All of them, except the trapezium, fall under the general idea of 
a parallelogram; but as Euclid defined parallel straight lines after he had 
defined four-sided figures, no other arrangement could be adopted than the 
one he has followed; and for which there appeared to him, without doubt, 
some probable reasons. Sir Henry Savile, in his Seventh Lecture, remarks 
on some of the definitions of Euclid, ‘‘ Nee dissimulandum aliquot harum in 
manibus exiguum esse usum tn Geometrid.” A few verbal emendations have 
been made in some of them. 

A square is a four-sided plane figure having all its sides equal, and 
one angle a right angle: because it is proved in Prop. 46, Book 1, that if a 
parallelogram have one angle a right angle, all its angles are right 
angles, 
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An oblong, in the same manner, may be defined as a plane figure of four 
sides, having only its opposite sides equal, and one of its angles a right 
angle. : 

A rhomboid is a four-sided plane figure having only its opposite sides 
equal to one another and its angles not right angles. 

Sometimes an irregular four-sided figure which has two sides parallel, is 
called a trapezoid. 

Def. xxxy. It is possible for two right lines never to meet when pro- 
duced, and not be parallel. 

Def. A. The term parallelogram literally implies a figure formed by 
parallel straight lines, and may consist of four, six, eight, or any even 
number of sides, where every two of the opposite sides are parallel to one 
another. In the Elements, however, the term is restricted to four-sided 
figures, and includes the four species of figures mamed in the Definitions 
XXX-XXXIII. 

The synthetic method is followed by Euclid not only in the demon- 
strations of the propositions, but also in laying down the definitions. He 
commences with the simplest abstractions, defining a point, a line, an angle, 
a superticies, and their different varieties. This mode of proceeding in- 
volves the difficulty, almost insurmountable, of defining satisfactorily the 
elementary abstractions of Geometry. It has been observed, that it is neces- 
sary to consider a solid, that is, a magnitude which has length, breadth, and 
thickness, in order to understand aright the definitions of a point, a line, and 
a superficies. A solid or volume considered apart from its physical proper- 
ties, suggests the idea of the surfaces by which it is bounded: a surface, the 
idea of the line or lines which form its boundaries: and a finite line, the 
points which form its extremities. A solid is therefore bounded by surfaces; 
a surface is bounded by lines; and a line ig terminated by two points. A 
point marks position only: a line has one dimension, length only, and de- 
fines distance: a superficies has two dimensions, length and breadth, and 
defines extension: and a solid has three dimensions, length, breadth, and 
thickness, and defines some portion of space. ; 

It may also be remarked that two points are sufficient to determine the 
position of a straight line, and three points not in the same straight line, are 
necessary to fix the position of a plane. 


ON THE POSTULATES. 


Tur definitions assume the possible existence of straight lines and cir- 
cles, and the postulates predicate the possibility of drawing and of producing 
straight lines, and of describing circles. The postulates form the prin- 
ciples of construction assumed in the Elements; and are, in fact, problems, 
the possibility of which is admitted to be self-evident, and to require no 
proof. ; 

It must, however, be carefully remarked, that the third postulate only 
admits that when any line is given in position and magnitude, a circle may 
be described from either extremity of the line as a center, and with a radius 
equal to the length of the line, as in Eue. 1,1. It does not admit the de- 
scription of a circle with any other point as a center than one of the extremi- 
ties of the given line. 

Eue. 1. 2, shews how, from any given point, to draw a straight line equal 
to another straight line which is given in magnitude and position, 
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ON THE AXIOMS. 


Axtoms are usually defined to be self-evident truths, which cannot be 
rendered more evident by demonstration; in other words, the axioms of 
Geometry are theorems, the truth of which is admitted without proof. It is 
by experience we first become acquainted with the different forms of geomet- 
rical magnitudes, and the axioms, or the fundamental ideas of their equality 
or inequality, appear to rest on the same basis. The conception of the truth 
of the axioms does not appear to be more removed from experience than the 
conception of the definitions. 

These axioms, or first principles of demonstration, are such theorems as 
cannot be resolved into simpler theorems, and no theorem ought to be admit- 
ted as a first principle of reasoning which is capable of being demonstrated. 
An axiom, and (when it is convertible) its converse, should both be of such 
a nature as that neither of them should require a formal demonstration. 

The first and most simple idea, derived from experience is, that every 
magnitude fills a certain space, and that several magnitudes may successively 
fill the same space. 

All the knowledge we have of magnitude is purely relative, and the most 
simple relations are those of equality and inequality. In the comparison of 
magnitudes, some are considered as given or known, and the unknown are 
compared with the known, and conclusions are synthetically deduced with 
respect to the equality or inequality of the magnitudes under consideration. 
In this manner we form our idea of equality, which is thus formally stated in 
the eighth axiom: ‘‘Magnitudes which coincide with one another, that is, 
which exactly fill the same space, are equal to one another.” 

Every specific definition is referred to this universal principle. With 
regard to a few more general definitions which do not furnish an equality, it 
will be found that some hypothesis is always made reducing them to that 
principle, before any theory is built upon them. As for example, the defini- 
tion of a straight line is to be referred to the tenth axiom; the definition of 
aright angle to the eleventh axiom; and the definition of parallel straight 
lines to the twelfth axiom, 

The eighth axiom is called the principle of superposition, or, the 
mental process by which one Geometrical magnitude may be conceived 
to be placed on another, so as exactly to coincide with it, in the parts 
which are made the subject of comparison. Thus, if one straight line be 
conceived to be placed upon another, so that their extremities are coin- 
cident, the two straight lines are equal. If the directions of two lines 
which include one angle, coincide with the directions of the two lines 
which contain another angle, where the points, from which the angles 
diverge, coincide, then the two angles are equal: the lengths of the lines 
not affecting in any way the magnitudes of the angles. When one plane 
figure is conceived to be placed upon another, so that the boundaries of 
one exactly coincide with the boundaries of the other, then the two 
plane figures are equal. It may also be remarked, that the converse of 
this proposition is not universally true, namely, that when two magni- 
tudes are equal, they coincide with one another: since two magnitudes 
may be equal in area, as two parallelograms or two triangles, Rue. 1. 85, 87; 
but their boundaries may not be equal: and consequently, by superposition, 
the figures could not exactly coincide: all such figures, however, havin 
= en by a dierent arrangement of their parts, may be made to coin- 
cide exactly, 
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This axiom is the criterion of Geometrical equality, and is essentially 
different from the criterion of Arithmetical equality. Two geometrical mag- 
nitudes are equal; when they coincide or may be made to coincide: two ab- 
stract numbers are equal, when they contain the same aggregate of units ; 
and two concrete numbers are equal, when they contain the same number 
of units of the same kind of magnitude. It is at once obvious, that Arith- 
metical representations of Geometrical magnitudes are not admissible in 
Kuclid’s eviterion of Geometrical Equality, as he has not fixed the unit of 
magnitude of either the straight line, the angle, or the superficies. Perhaps 
Euclid intended that the first seven axioms should be applicable to numbers 
as well as to Geometrical magnitudes, and this is in accordance with the 
words of Proclus, who calls the axioms, common notions, not peculiar to the 
subject of Geometry. 

Several of the axioms may be generally exemplified thus : 

Axiom 1. If the straight line AB be equalto A B 
the straight line CD; and if the straight line YF ~~ ————Aa D 
be also equal to the straight lime CD; then the § Po) ae 
straight line AZ is equal to the straightline HF. ~~ 

Axiom u. If the line AB be equal to the A Be 1G D 
line CD; and if the line #/' be also equal to the 
line GH; then the sum of the lines dB and HF i ee Gs 
is equal to the sum of the limes CD and GH. 

Axiom 1. If the line AB be equal to the A Bac D 
line CD; and if the line #F' be also equal to the , 
line GH; then the difference of AB and EF, BF G ve 
is equal co the difference of CD and GH. 

Axiom ty. admits of being exemplified under the two following forms: 


1. If the line AB be equal to the line CD; A ie 1 D 
and if the line ##' be greater than the line GZ; 
then the sum of the lines _4 6 and #F is greater Bia Hf G H 
than the sum of the lines CD and GH. 

2. If the line AB be equal to the line CD; A B C Dd 


and if the line #/' be less than the line G/7; 
then the sum of the lines AB and LF’ is less E Ly G H 
than the sum of the lines CD and GE, 

Axiom y. also admits of two forms of exemplification. 


1. If the line AB be equal to the line CD; A B C D 
and if the line #F' be greater than the line GH; 
then the difference of the lines AB and HF is © F G i 
greater than the difference of CD and GZ. 

2. If the line AB be equal to the line CD; A B G Dd 
and if the line HF’ be less than the line GH; : "ee a 
then the difference of the lines AB and FF is E WE II 


less than the difference of the lines CD and GH. 
The axiom, ‘‘If unequals be taken from equals, the remainders are une 
qual,” may be exemplified in the same manner. 


Axiom vr. If the line AB be double of the A BB 
line CD; and if the line #/' be also dcuble of C D 
the line CD ; E F 


then the line 4B is equal to the line HF. - 
Axiom vit. If the line AF be the half of the AB 

line CD; and if the line ZY’ be also the half of c D 
me line CD; E r 

then the line AB is equal to the line #7 ; 
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It may be observed that when equal magnitudes are taken from unequal 
magnitudes, the greater remainder exceeds the less remainder by as much as 
the greater of the unequal magnitudes exceeds the less. 

If unequals be taken from unequals, the remainders are not always un- 
equal; they may be equal: also if unequals be added to unequals the wholes 
are not always unequal, they may also be equal. 

Axiom 1x. The whole is greater than its part, and conversely, the part is 
less than the whole. This axiom appears to assert the contrary of the eighth 
axiom, namely, that two magnitudes, of which one is greater than the other, 
cannot be made to coincide with one another, E 

Axiom x. The property of straight lines expressed by the tenth axiom, 
namely, ‘that two straight lines cannot enclose a space,” is obviously im- 
plied in the definition of straight lines; for if they enclosed a space, they 
could not coincide between their extreme points, when the two lines are 
equal. 

Axiom x1. This axiom has been asserted to be a demonstrable theorem. 
As an engle is a species of magnitude, this axiom is only a particular appli- 
cation of the eighth axiom to right angles. 

Axiom xu. See the notes on Prop. xx1x. Book 1. 


ON THE PROPOSITIONS. 


Wrervever a judgment is formally expressed, there must be something 
respecting which the judgment is expressed, and something else which con- 
stitutes the judgment. The former is called the subject of the proposition, 
and the latter, the predicate, which may be anything which can be affirmed 
or denied respecting the subject. 

The propositions in Euclid’s Elements of Geometry may be divided into 
two classes, problems and theorems. A proposition, as the term imports, is 
something proposed ; it is a problem, when some Geometrical construction is 
required to be effected : and it is a theorem when some Geometrical property 
is to be demonstrated. Every proposition is naturally divided into two parts; 
a problem consists of the data, or things given; and the quesita, or things 
required: a theorem consists of the s gre or hypothesis, and the conclusion, 
or predicate. Hence the distinction between a problem and a theorem is 
this, that a problem consists of the data and the queesita, and requires solu- 
tion: anda theorem consists of the hypothesis and the predicate, and re- 
quires demonstration. 

All propositions are affirmative or negative; that is, they either assert 
some property, as Eue. 1. 4, or deny the existence of some property, as Eue. 
1. 7; and every proposition which is affirmatively stated has a contradictory 
corresponding proposition. If the affirmative be proved to be true, the con- 
tradictory is false. 

All propositions may be viewed as (1) universally affirmative, or univer- 
sally negative ; (2) as particularly affirmative, or partienlar ly negative. 

The connected course of reasoning by which any Geometrical truth is 
established is called a demonstration. It is called a direct demonstration 
when the predicate of the proposition is inferred directly from the premises, 
as the conclusion of a series of successive deductions, The demonstration is 

valled indireet, when the conclusion shows that the introduction of any other 
supposition contrary to the hypothesis stated in the proposition, necessarily 
leads to an absurdity. 

It has been remarked by Pascal, that “Geometry is almost the only sub- 
jeet as to which we find truths wherein all men agree ; and owe cause of this 
is, that Geometers alone regard the true laws of demonstration.” 
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These are enumerated by him as eight innumber. ‘1. To define nothing 
which cannot be expressed in clearer terms than those in which it is already 
expressed. 2. To leave no obscure or equivocal terms undefined. 3. To 
employ in the definition no terms not already known. 4. To omit nothing 
in the principles from which we argue, unless we are sure it is granted. 
5. To lay down no axiom which is not perfectly evident. 6. To demonstrate 
nothing which is as clear already as we can make it. 1%. To prove every 
thing in the least doubtful by means of self-evident axioms, or of propo- 
sitions already demonstrated. 8. To substitute mentally the definition in- 
stead of the thing defined.” Of these rules, he says, ‘the first, fourth and 
sixth are not absolutely necessary to avoid error, but the other five are in- 
dispensable ; and though they may be found in books of logic, none but the 
Geometers have paid any regard to them.” 

The course pursued in the demonstrations of the propositions in 
Euelid’s Elements of Geometry, is always to refer directly to some ex- 
pressed principle, to leave nothing to be inferred from vague expressions, 
and to make every step of the demonstrations the object of the under- 
standing. 

It has been maintained by some philosophers, that a genuine definition 
contains some property or properties which can form a basis for demonstra- 
tion, and that the science of Geometry is deduced from the definitions, and 
that on them alone the demonstrations depend. Others have maintained 
that a definition explains only the meaning of a term, and does not embrace 
the nature and properties of the thing defined. 

If the propositions usually called postulates and axioms are either 
tacitly assumed or expressly stated in the definitions; in this view, de- 
monstrations may be said to be legitimately founded on definitions. If, 
on the other hand, a definition is simply an explanation of the meaning 
of a term, whether abstract or concrete, by such marks as may prevent a 
misconception of the thing defined; it will be at once obvious that some 
constructive and theoretic principles must be assumed, besides the defini 
tions to form the ground of legitimate demonstration. These principles 
we conceive to be the postulates and axioms. The postulates describe 
constructions which may be admitted as possible by direct appeal to our 
experience; and the axioms assert general theoretic truths so simple and 
self-evident as to require no proof, but to be admitted as the assumed first 
principles of demonstration. Under this view all Geometrical reasonings 
proceed upon the admission of the hypotheses assumed in the definitions, 
and the unquestioned possibility of the postulates, and the truth of the 
axioms. 

Deductive reasoning is generally delivered in the form of an enthymeme, 
or an argument wherein one enunciation is not expressed, but is readily 
supplied by the reader: and.it may be observed, that although this is the 
ordinary mode of speaking and writing, it is not in the strictly syllogistic 
form; as either the major or the minor premiss only is formally stated be- 
fore the conclusion: Thus in Eue. 1., 1. 

Because the point A is the center of the circle BCD; 
therefore the straight line AB is equal to the straight line AC. 

The premiss here omitted, is: all straight lines drawn from the center 
of a circle to the circumference are equal. 

In a similar way may be supplied the reserved premiss in every enthy- 
meme. The conclusion of two enthymemes may form the major and minor 
premiss of a third syllogism, and so on, and thus any process of reasoning 
is reduced to the strictly syllogistic form. And in this way it is shewn 
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that the general theorems of Geometry are demonstrated by means of syl- 
logisms founded on the axioms and definitions, 

Every syllogism consists of three propositions, of which, two are called 
the premisses, and the third, the conclusion. These propositions contain 
three terms, the subject and predicate of the conclusion, and the middle 
term which connects the predicate and the conclusion together. The sub- 
ject of the conclusion is called the minor, and the predicate of the conclu- 
sion is called the major term, of the syllogism. The major term appears in 
jone premiss, and the minor term in the other, with the middle term, which 
‘is in both premisses. That premiss which contains the middle term and the 
major term, is called the major premiss ; and that which contains the middle 
term and the minor term, is called the minor premiss of the syllogism. As 
an example, we may take the syllogism in the demonstration of Prop. 1, 
Book 1, whevein it will be seen that the middle term is the subject of the 
major premiss and the predicate of the minor. 

Major premiss. Because the straight line AB is equal to the straight line AC; 
Minor premiss. and, because the straight line BC is -equal to the straight 
line AB; 

Conclusion. therefore the straight line BC is equal to the straight line AC. 

Here, 2C is the subject, and AC the predicate of the conclusion. 

BC is the subject, and AB the predicate of the minor premiss. 
AS is the subject, and AC the predicate of the major premiss. 

Also, AC is the major term, BC the minor term, and AB the middls 
term of the syllogism. 

In this syllogism, it may be remarked that the definition of a straight 
line is assumed, and the definition of the Geometrical equality of two straight 
lines; also that a general theoretic truth, or axiom, forms the ground of the 
conclusion, And “further, though it be impossible to make any point, mark 
or sign (anwetov) which has not both length and breadth, and any line which 
has not both length and breadth; the demonstrations in Geometry do not on 
this account become invalid. For they are pursued on the hypothesis that 
the point has no parts, but position only: and the line has length only, but 
no breadth or thickness: also that the surface has length and breadth only, 
but no thickness: and all the conclusions at which we arrive are independ- 
ent of every other consideration. 

The truth of the conclusion in the syllogism depends upon the truth 
of the premisses. If the premisses, or only one of them be not true, the 
conclusion is false. The conclusion is said ¢o follow from the premisses ; 
whereas, in truth, it is contained in the premisses. he expression must 
be understood of the mind apprehending in succession, the truth of 
the premisses, and subsequent to that, the truth of the conclusion ; 
so that the conclusion follows from the premisses in order of time 
as far as reference is made to the mind's apprehension of the whole 
argument, 

Every proposition, when complete, may be divided into six parts, as 
shar has pointed out in his commentary. 

The proposition ov general enunciation, which states in general terms 
the wobilaihen of the problem or theorem. 

2. The exposition or particular enunciation, which exhibits the subject 
of the proposition in particular terms as a fact, and refers it to some diagram 
deseribed., 

3. The determination contains the predicate in particular terms, as it is 
pointed out in the diagram, and directs attention to the demonstration, by 
pronouncing the thing sought, o 
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4. The vonstruction applies the postulates to prepare the diagram for the 
demonstration. 

5. Lhe demonstration is the connexion of syllogisms, which prove the 
truth or falsehood of the theorem, the possibility or impossibility of the 
problem, in that particular case exhibited in the diagram. 

6. The conelusion is merely the repetition of the general enunciation, 
wherein the predicate is asserted gs a demonstrated truth. 

Prop. 1. In the first two Books, the circle is employed asa mechanical 
instrument, in the same manner as the straight line, and the use made of it 
rests entirely on the third postulate. No properties of the circle are dis- 
cussed in these books beyond the definition and the third postulate. When 
two circles are described, one of which has its center in the circumference of 
the other, the two circles being each of them partly within and partly with- 
out the other, their circumferences must intersect each other in two points ; 
and it is obvious from the two circles cutting each other, in two points, one 
on each side of the given line, that two equilateral triangles may be formed 
on the given line. 

Prop. u. When the given point is neither in the line, nor in the line 
produced, this problem admits of eight different lines being drawn from the 
given point in different directions, every one of which is a solution of the 
problem. For, 1. The given line has two extremities, to each of which a 
line may be drawn from the given point. 2. The equilateral triangle may 
be described on either side of this line. 38. And the side LD of the equi- 
lateral triangle AD may be produced either way. 

But when the given point lies either in the line or in the line pro- 
duced, the distinction which arises from joining the two ends of the line 
with the given point, no longer exists, and there are only four cases of the 
problem. » 

The construction of this problem assumes a neater form, by first describ- 
ing the circle CGA with center Band radius BC, and producing DB the 
side of the equilateral triangle DLA to meet the circumference in G: next, 
with center D and radius ))G, describing the circle GAL, and then produc- 
ing DA to meet the circumference in L. 

By a similar construction the less of two given straight lines may be pro- 
duced, so that the less together with the part produced may be equal to the 
greater. : 

Prop. 11. This problem admits of two solutions, and it is left undeter- 
mined from which end of the greater line the part is to be cut off. 

By means of this problem, a straight line may be found equal to the sum 
or the difference of two given lines. 

Prop. tv. This forms the first case of equal triangles, two other cases are 
proved in Prop. vu. and Prop. Xxv1. 

The term base is obviously taken from the idea of a building, and the 
same may be said of the term altitude. In Geometry, however, these terms 
are not restricted to one particular position of a figure, as in the case of a 
building, but may be in any position whatever. 

Prop. v. Proclus has given, in his commentary, a proof for the equality 
of the angles at the base, without producing the equal sides. The construc- 
tion follows the same order, taking in AB one side of the isosceles triangle 
ABC, a point D and cutting off from AC a part A# equal to AW, and then 
joining CD and BL. 

A corollary is a theorem which results from the demonstration of a prop- 
osition. 

Prop. vi. is the converse of one part of Prop. vy. One proposition is de- 
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fined to be the converse of another when the hypothesis of the former be- 
comes the predicate of the latter; and vice versa. 

There is besides this, another kind of conversion, when a theorem 
has several hypotheses and one predicate; by assuming the predicate and 
one, or more than one of the hypotheses, some one of the hypotheses 
may be inferred as the predicate of the converse. In this manner, 
Prop. vit. is the converse of Prop. rv. It may here be observed, 
that converse theorems are not universally true: as for instance, the 
following direct proposition is universally true; “If two triangles have 
their three sides respectively equal, the three angles of each shall be 
respectively equal.” But the converse is not universally true; namely, 
“If two triangles have the three angles in each respectively equal, 
the three sides are respectively equal.” Converse theorems require, 
in some instances, the consideration of other conditions than those which 
enter into the proof of the direct theorem. Converse and contrary 
propositions are by no means to be confounded; the contrary proposition 
denies what is asserted, or asserts what is denied, in the direct propo- 
aition, but the subject and predicate in each are the same. <A contrary 
proposition is a completely contradictory proposition, and the distinction 
consists in this—that to contrary propositions may both be false, but 
of two contradictory propositions, one of them must be true, and the 
other false, It may here be remarked, that one of the most common 
intellectual mistakes of learners, is to imagine that the denial of a 
proposition is a legitimate ground for affirming the contrary as true ; 
whereas the rules of sound reasoning allow that the affirmation of a 
proposition as true, only affords a ground for the denial of the contrary as 
false. 

Prop. yr. is the first instance of indirect demonstrations, and they are 
more suited for the proof of converse propositions. All those propositions 
which are demonstrated ex absurdo, are properly analytical demonstrations, 
according to the Greek notion of analysis, which first supposed the thing re- 
quired, to be done, or to be true, and then shewed the consistency or ineon- 
sistency of this construction or hypothesis with truths admitted or already 
demonstrated, 

In indireet demonstrations, where hypotheses are made which are not 
true and contrary to the truth stated in the proposition, it seems desirable 
that a form of expression should be employed different from that in which 
the hypotheses are true. In all eases therefore, whether noted by Euclid or 
not, the words if possible have been introduced, or some such qualifying 
expression, as in Eue. 1. 6, so as not to leave upon the mind of the learner, 
the impression that the hypothesis which contradicts the proposition, is really 
true, 

Prop. virt. When the three sides of one triangle are shewn to coincide 
with the three sides of any other, the equality of the triangles is at once ob- 
vious, This, however, is not stated at the conclusion of Prop. vit. or of 
Prop. xxv1. For the equality of the areas of two coincident triangles, refer- 
ence is always made by Euclid to Prop. rv. 

A direct demonstration may be given of this proposition, and Prop. v1. 
raay be dispensed with altogether. ; 

Let the triangles ABC, DHF be so placed that the base BC may 
coincide with the base HF, and the vertices A, J) may be on opposite 
sides of HF. Join AD, Then because HAD is an isosceles triangle, 
the angle HAD is equal to the angle HDA; and because CDA is an 
isosceles triangle, the angle CAD is equal to the angle CDA. Hence 
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the angle A F'is equal to the angle HDF, (ax. 2 or 8:) or the angle BDO 
is equal to the angle HDF. 

Prop. 1x. If BA, AC’ be in the same straight line. This problem then 
becomes the same as Prob. x1, which may be regarded as drawing a line 
which bisects an angle equal to two right angles. 

If #'A be produced in the fig. Prop. 9, it bisects the angle which is the 
defect of the angle BAC from four right angles. 

By means of this problem, any angle may be divided into four, eight, 
sixteen, &c. equal angles. 

Prop. x. A finite straight line may, by this problem, be divided into 
four, eight, sixteen, Xe. equal parts. 

Prop. ip When the point is at the extremity of the line ; by the second 
postulate the line may be produced, and then the construction applies. See 
note on Hue, ri. 31, 

The distance between two points is the straight line which joins the 
points; but the distance between a point and a straight line, is the shortest 
line which can be drawn from the point to the line. 

From this Prop. it follows that only one perpendicular can be drawn 
from a given point to a given line; and this perpendicular may he 
shewn to be less than any other line which can be drawn from the 
given point to the given line: and of the rest, the line which is nearer 
to the perpendicular is less than one more remote from it: also only two 
equal straight lines can be drawn from the same point to the line, one on cach 
side of the perpendicular or the least. This property is analogous to Euc. 
mons, “7, Ss 

The corollary to this proposition is not in the Greek text, but was added 
by Simson, who states that it “is necessary to Prop. 1, Book xr, and 
otherwise.” 

Prop. xu. The third postulate requires that the line CD should 
be drawn before the circle can be described with the center (@, and 
radius OD. 

Prop. xtv. is the converse of Prop. xt1r. ‘‘ Upon the opposite sides of 
it.” Ifthese words were omitted, it is possible for two lines to make with a 
third, two angles, which together are equal to two right angles, in such a 
manner that the two lines shall not be in the same straight line. 

The line BH may be supposed to fall above, as in Euclid’s figure, or 
below the line BD, and the demonstration is the same in form. 

Prop. xv. is the development of the definition of an angle. If the lines 
at the angular point be produced, the produced lines have the same inclina- 
tion to one another as the original lines, but in a different position. 

The converse of this Proposition is not proved by Euclid, namely :— 
If the vertical angles made by four straight lines at the same point be 
respectively equal to each other, each pair of opposite lines shall be in the 
same straight line. 

Prop. xvit. appears to be only a corollary to the preceding proposition, 
and it seems to be introduced to explain Axiom xtt., of which it is the con- 
verse. The exact truth respecting the angles of a triangle is proved in 
Prop. xXXtl. 

Prop. xvur. It may here be remarked, for the purpose of guarding the 
student against a very common mistake, that in this proposition, and in the 
converse of it, the hypothesis i is stated before the predicate. 

Prop. xrx. is the converse of Prop. xvi. It may be remarked, 
that Prop. xrx. bears the same relation to Prop. xvi1u., as Prop. v1. does to 
Prop. vy. 
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Prop. xx. The following corollary arises from this proposition :— 

A straight line is the shortest distance between two points. For the 
straight line BC is always less than BA and AC, however near the point A 
may be to the line BC. 

It may be easily shewn from this proposition, that the difference of any 
two sides of a triangle is less than the third side. 

Prop. xxu. When the sum of two of the lines is equal to, and when it 
is less than the third line; let the diagrams be described, and they will 
exhibit the impossibility implied by the restriction laid down in the Propo- 
sition. 

The same remark may be made here, as was made under the first 
Proposition, namely :—if one circle lies partly within and partly without an- 
other circle, the circumferences of the circles intersect each other in two 
points. 

Prop. xxi. CD might be taken equal to C#, and the construction 
effected by means of an isosceles triangle. It would, however, be less gen- 
eral than Euclid’s, but is more convenient in practice. 

Prop. xxiv. Simson makes the angle HDG at D in the line LD, 
the side which is not the greater of the two HD, D/’; otherwise, three 
different cases would arise, as may be seen by forming the different figures. 
The point G might fall below or upon the base /“’/’ produced as well as 
above it. Prop. xxiv. and Prop. xxy. bear to each other the same relation 
as Prop. ry. and Prop. vitt. 

Prop. xxv1. This forms the third case of the equality of two tri- 
angles. Every triangle has three sides and three angles, and when 
any three of one triangle are given equal to any three of another, the 
triangles may be proved to be equal to one another, whenever the 
three magnitudes given in the hypothesis are independent of one another. 
Prop. 1v. contains the first case, when the hypothesis consists of two 
sides and the ineluded angle of each triangle. Prop. vit. contains 
the second, when the hypothesis consists of the three sides of each 
triangle. Prop. xxvi. contains the third, when the hypothesis consists 
of two angles, and one side either adjacent to the equal angles, or 
opposite to one of the equal angles in each triangle. There is another 
case, not proved by Euclid, when the hypothesis consists of two sides and 
one angle in each triangle, but these: not the angles included by the two 
given sides in each triangle. This case however is only true under a certain 
restriction, thus :— 

If two triangles have two sides of one of them equal to two sides of the 
other, each to each, and have also the angles opposite to one of the equal sides 
in each triangle, equal to one another, and if the angles opposite to the other 
equal sides be both acute, or both obtuse angles; then shall the third sides 
be equal in each triangle, as also the remaining angles of the one to the 
remaining angles of the other. 

Let ABC, DEF be two triangles which have the sides 42, AC equal 
to the two sides DH, DF, each to each, and the angle A ZC equal to the 
angle DEF’: then, if the angles ACB, DEF, be both acute, or both obtuse 
angles, the third side BC shall be equal to the third side #7, and also 
the angle BCA to the angle H/'D, and the angle BAC to the angle EDF. 

First. Let the angles ACB, DFE, opposite to the equal sides AB, DE, 
be both acute angles. 

If BC be not equal to #F, let BC be the greater, and from BC, cut off 
BG equal to LF, and join AG. 

Then in the triangles ABG, DEF, Eue. 1. 4, AG is equal to DP 
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and the angle AGB to DFE. But since AC is equal to DF, AG is equal 
to AC: and therefore the angle ACG is equal to the angle AGC, which 
is also an acute angle. But because AGC, AGB are toether equal to two 
right angles, and ‘that A GC is an acute angle, AGB “must be an obtuse 
angle ; which is absurd. Wherefore, BC is not unequal to ZF, that is, BC 
is equal to #F, and also the remaining angles of one triangle to the remain- 
ing angles of the other. 

Secondly. Let the angles ACB, DFE, be both obtuse angles. By pro- 
ceeding in a similar way, it may be shewn that BC cannot ke otherwise 
than equal to HF, ° 

If ACB, DFE be both right angles : the case falls under Eue. 1. 26. 

Prop. xxvu. Alternate angles are defined to be the two angles which 
‘two straight lines make with another at its extremities, but upon opposite 
sides of it. 

When a straight line intersects two other straight lines, two pairs of alter- 
nate angles are formed by the lines at their intersections, as in the figure, 
BEF, EFC are alternate angles as well as the angles AEF EFD. 

Prop. Xxvin. One angle is called “the exterior angle, » and another 
“the interior and opposite angle,” when they are formed on the same 
side of a straight line which falls upon or intersects two other straight 
lines. It is also obvious that on each side of the line, there will be two ex- 
terior and two interior and opposite angles. The exterior angle HGB 
has the angle GHD for its corresponding interior and opposite angle : 
also the exterior angle FHD has the angle HGS for its interior and opposite 
angle. 

” Prop. Xxx. is the converse of Prop. xxvi. and Prop. xxviii. 

As the definition of parallel straight lines simply describes them by a 
statement of the negative property, that they never meet; it is necessary 
that some positive property of parallel lines should be assumed as an axiom, 
on which reasonings on such lines may be founded. 

Euclid has assumed the statement in the twelfth axiom, which has 
been objected to, as not being self-evident. A stronger objection appears 
to be, that the converse of it forms Eue. 1. 17; for both the assumed axiom 
and its converse, should be so obvious as not to require formal demonstra- 
tion. 

Simson has attempted to overcome the objection, not by any improved 
definition and axiom respecting parallel lines, but by considering Euclid’s 
twelfth axiom to be a theorem, and for its proof, assuming two definitions 
and one axiom, and then demonstrating five subsidiary Propositions. 

Instead of Euclid’s twelfth axiom, the following has been proposed as a 
more simple property for the foundation of reasonings on parallel lines: 

namely, “If a straight line fall on two parallel straight lines, the alternate 
angles are equal to one another.” In whatever this may exceed Euclid’s 
definition in simplicity, it is liable to a similar objection, being the converse 
of Eue. 1. 27. 

Professor Playfair has adopted in his Elements of Geometry, that ‘“ Two 
straight lines which intersect one another cannot be both para el to the same 
straight line.” This apparently more simple axiom follows as a direct infer- 
ence from Eue. 1. 80. 

But one of the least objectionable of all the definitions which have 
been proposed on this subject, appears to be that which simply expresses 
the conception of equidistance. It may be formally stated thus :— 
“Parallel lines are such as lie in the same ‘plane, and which neither 
recede from, nor approach to, each other.” This includes the conception 


56 EUCLID’S ELEMENTS. 


stated by Euclid, that parallel lines never meet. Dr. Wallis observes on this 
subject, ‘“ Parallelismus et equidistantia vel idem sunt, vel certe se mutuo 
comitantur.” 

As an additional reason for this definition being preferred, it may be 
remarked that the meaning of the terms ypaymal mapddAdnAor, suggests the 
exact idea of such lines. 

An account of thirty methods which have been proposed at different 
times for avoiding the difficulty in the twefth axiom, will be 
found in the appendix to Colonel Thompson’s ‘Geometry without 
Axioms.” 

Prop. xxx. In the diagram, the two lines AB and CD are placed one 
on each side of the line ##’: the proposition may also be proved when both 
AB and CV are on the same side of A/. . 

Prop. xxxtt. From this proposition, it is obvious that if one angle 
of a triangle be equal to the sum of the other two angles, that angle 
is a right angle, as is shewn in Eue. m1. 31, and that each of the angles 
of an equilateral triangle, is equal to two-thirds of aright angle, as it is shewn 
in Eue. rv. 15. Also, if one angle of an isosceles triangle be a right 
angle, then each of the equal angles is half a right angle, as in Eue. 
11. 9. 

The three angles of a triangle may be shewn to be equal to two 
right angles without producing a side of the triangle, by drawing through 
any angle of the triangle a line parallel to the opposite side, as Proclus 
has remarked in his Commentary on this proposition. It is manifest 
from this proposition, that the third angle of a triangle is not inde- 
pendent of the sum of the other two; but is known if the sum of any 
two is known. Cor. 1 may be also proved by drawing lines from any 
one of the angles of the figure to the other angles. If any of the sides of 
the figure bend inwards and form what are called re-entering angles, the 
enunciation of these two corollaries will require some modification. As 
Euclid gives no definition of re-entering angles, it may fairly be concluded, 
he did not intend to enter into the proofs of the properties of figures which 
contain such angles. 

Prop. xxxiu. The words “towards the same parts” are a necessary 
restriction: for if they were omitted, it would be doubtful whether the 
extremities A, C, and B, D, were to be, joined by the lines ACG and BD; or 
the extremities A, ), and B, C, by the lines AD and BC. 

Prop. xxxiv. If the other diameter be drawn, it may be shewn that the 
diameters of a parallelogram bisect each other, as well as bisect the area of 
the parallelogram. If the parallelogram be right-angled, the diagonals 
are equal; if the parallelogram be a square or a rhombus, the diagonals 
bisect each other at right angles. The converse of this Prop., namely, “ If 
the opposite sides or opposite angles of a quadrilateral figure be equal, 
the opposite sides shall also be parallel; that is, the figure shall be a paral- 
lelogram,” is not proved by Euclid. 

Prop, xxxv. The latter part of the demonstration is not expressed 
very intelligibly. Simson, who altered the demonstration, seems in fact to 
consider two trapeziums of the same form and magnitude, and from one of 
them, to take the triangle AB/’; and from the other, the triangle DCF; 
and then the remainders are equal by the third axiom; that is, the paral- 
lelogram ABCD is equal to the parallelogram HBCK, Otherwise, the tri- 
angle, whose base is J), (fig. 2,) is taken twice from the trapezium, which 
would appear to be impossible, if the sense in which Euclid applies the third 
axiom, is to be retained here, 
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It may be observed, that the two parallelograms exhibited in fig. 2 
partially lie on one another, and that the triangle whose base is BC is a 
common part of them, but that the triangle whose base is DZ is entirely 
without both the parallelograms, After having proved the triangle ABZ 
equal to the triangle DCF, if we take from these equals (fig. 2.) the 
triangle whose base is DH, and to each of the remainders add the 
triangle whose base is BC, then the parallelogram ALCD is equal to 
the parallelogram HBCF. In fig. 3, the equality of the parallelograms 
ABCD, EBCF, is shewn by adding the figure HLCD to each of the 
triangles ABE, DCF. 

In this proposition, the word equal assumes a new meaning, and is no 
longer restricted to mean coincidence in all the parts of two figures. 

Prop. xxxyiu. In this proposition, it is to be understood that the 
bases of the two triangles are in the same straight line. If in the 
diagram the point # coincide with C, and D with A, then the angle 
of one triangle is supplemental to the other. Hence the following 
property :—I{ two triangles have two sides of the one respectively equal 
to two sides of the other, and the contained angles supplemental, the two tri- 
angles are equal. 

A distinction ought to be made between equal triangles and equivalent 
trvangles, the former including those whose sides and angles mutually coin- 
cide. the latter those whose areas only are equivalent. 

Prop. xxxrx. -If the vertices of all the equal triangles which can be 
described upon the same base, or upon the equal bases as in Prop. 40, 
be joined, the line thus formed will be a straight line, and is called the 
locus of the vertices of equal triangles upon the same hase, or upon equal 
bases. 

A locus in plane Geometry is a straight line or a plane curve, every 
point of which and none else satisfies a certain condition. With the 
ose of the straight line and the circle, the two most simple loci; all 
other loci, perhaps including also the Conic "Sections, may be more readily 
and effectually investigated “algebraically by means of their rectangular or 
polar equations. 

Prop. xtt. The converse of this proposition is not proved by Euclid ; 
viz. If a parallelogram is double ef a triangle, and they have the same base, 
or equal bases upon the same straight line, and towards the same parts, they 
shall be between the same parallels. Also, it may easily be shewn that if 
two equal triangles are between the same parallels ; they are either upon the 
same base, or upon equal bases. 

Prop. xutv. A parallelogram described on a straight line is said to be 
applied to that line. 

Prop. xtvy. The problem is solved only for a rectilineal figure of four 
sides. If the given rectilineal figure have more than four sides, it may be 
divided into triangles by drawing ‘straight lines from any angle of the figure 
to the opposite angles, and then a parallelogram equal to the third triangle 
can be applied to MM, and having an angle equal to #: and so on for all the 
triangles of which the rectilineal figure is composed. 

Prop. xtv1. The square being considered as an equilateral rectangle, 
its area or surface may be expressed numerically if the number of lineal 
units in a side of the square be given, as is shewn in the note on Prop. 1., 
Book u. 

The student will not fail to remark the analogy which exists between 
the area of a square and the product of two equal “numbers ; and between 
the side of a eguare and the square root of a number. There is, howevey 
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this distinction to be observed: it is always possible to find the product 
of two equal numbers, (or to find the square of a number, as it is usually 
called,) and to describe a square on a given line; but conversely, though 
the side of a given square is known from the figure itself, the exact 
number of units in the side of a square of given area, can only be found 
exactly, in such cases where the given number is a square number. For 
example, if the area of a square contain 9 square units, then the square 
root of 9 or 38, indicates the number of lineal units in the side of that 
square. Again, if the area of a square contain 12 square units, the side 
of the square is greater than 8, but less than 4 lineal units, and there is no 
number which will exactly express the side of that square: an approximation 
to the true length, however, may be obtained to any assigned degree of 
accuracy. 

Prop. xtvu. Ina right-angled triangle, the side opposite to the right 
angle is called the hypotenuse, and the other two sides, the base and perpen- 
dicular, according to their position. 

In the diagram the three squares are described on the ovter sides of 
the triangle ABC. The Proposition may also be demonstrated (1) when the 
three squares are described upon the inner sides of the triangle: (2) when 
one square is described on the outer side and the other two squares on the 
inner sides of the triangle: (8) when one square is described on the inner 
side and the other two squares on the outer sides of the triangle. 

As one instance of the third case. If the square BH on the hypote- 
nuse be described on the inner side of BC and the squares BG, HC on 
the outer sides of AB, AC; the point D falls on the side /G (Ruclid’s 
fig.) of the square BG, and AH produced meets CH in #. Let LA meet 
BC in M. Join DA; then the square GB and the oblong LB are each 
double of the triangle DAB, (Eue. 1. 41;) and similarly by joining #A, the 
square //C and oblong LC are each double of the triaugle AC. Whence it 
follows that the squares on the sides AD, AC are together equal to the 
square on the hypotenuse BC. 

By this proposition may be found a square equal to the sum of any given 
squares, or equal to any multiple of a given square: or equal to the aiffer- 
ence of two given squares. 

The truth of this proposition may be exhibited to the eye in some par- 
ticular instances. As in the case of that right-angled triangle whose three 
sides are 3, 4, and 5 units respectively. If through the points of division 
of two contiguous sides of each of the squares upon the sides, lines be drawn 
parallel to the sides, (see the notes on Book 11.,) it will be obvious, that the 
squares will be divided into 9, 16, and 25 small squares, each of the same 
magnitude ; and that the number of the small squares into which the squares 
on the perpendicular and base are divided is equal to the number into which 
the square on the hypotenuse is divided. 

Prop. xiv. is the converse of Prop. xtvu. In this Prop. is assumed 
the Corollary that “the squares described upon two equal lines are equal,” 
and the converse, which properly ought to have been appended to Prop, 
XLVI. 

The First Book of Euclid’s Elements, it has been seen, is conversant with 
the construction and properties of rectilineal figures, It first lays down the 
definitions which limit the subjects of discussion in the First Book, next the 
three postulates, which restrict the instruments by which the constructions in 
Plane Geometry are effected ; and thirdly, the twelve axioms, which express 
the principles by which a comparison is made between the ideas of the things 
defined. 
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This Book may be divided into three parts. The first part treats of 
the origin and properties of triangles , both with respect to their sides and 
angles; and the comparison of these mutually, both with regard to equality 
and inequality. The second part treats of the properties of parallel lines 
and of parallelograms. The third part exhibits the connection of the 
properties of triangles and parallelograms, and the equality of the squares 
on the base and perpendicular of a right-angled triangle to the square on the 
hypotenuse. 

When the propositions of the First Book have been read with the notes, 
the student is recommended to use different letters in the diagrams, and 
where it is possible, diagrams of a form somewhat different from those ex- 
hibited in the text, for the purpose of testing the accuracy of his knowledge 
of the demonstrations. And further, when he has become sufficiently fa- 
miliar with the method of geometrical reasoning, he may dispense with the 
aid of letters altogether, and acquire the power of expressing in general 
terms the process of reasoning in the demonstration of any proposition. 
Also, he is advised to answer the following questions before he attempts to 
apply the principles of the First Book to the solution of Problems and the 
demonstration of Theorems. 
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1. What is the name of the Science of which Euclid gives the Elements ? 
What is meant by Solid Geometry ? Is there any distinction between Plane 
Geometry, and the Geometry of Planes ? 

2. Define the term magnitude, and specify the different kinds of magni- 
tude considered in Geometry. What dimensions of space belong to figur es 
treated of in the first six Books of Euclid ? 

3. Give Euclid’s definition of a “‘ straight line.” What does he really 
use as his test of rectilinearity, and where does he first employ it? What 
objections have been made to it, and what substitute has been proposed as 
an available definition ? How many points are necessary to fix the position 
of a straight line in a plane? When is one straight line said to cut, and 
when to meet another ? 

4. What positive property has a Geometrical point? From the 
definition of a straight line, shew that the intersection of two lines isa 
point. 

5. Give Huclid’s definition of a plane rectilineal angle. What are the 
limits of the angles considered in Geometry? Does Euclid consider angles 
greater than two right angles ? 

6. When is a straight line said to be drawn at right angles, and when 
perpendicular, to a given straight line ? 

7. Define a triang gle ; shew ‘how many kinds of triangles there are accord- 
ing to the variation both of the angles, and of the sides. 

8. What is Euclid’s definition of a circle? Point out the assumption 
involved in your definition. Is any axiom applied in it? Shew that in this, 
as in all other definitions, some geometrical fact is assumed as somehow pre- 
viously known. 

9. Define the quadrilateral figures mentioned by Euclid. 

10. Describe briefly the use and foundation of definitions, axioms, an‘j 
postulates: give illustrations by an instance of each. 

11. What objection may be made to the method and order in which 
Euclid has laid down the elementary abstractions of the Science of Geome« 
try? What other method has been suggested ? 
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12, What distinctions may be made between definitions in the Science of 
Geometry and in the Physical Sciences? ~ 

13. What is necessary to constitute an exact definition? Are definitions 
propositions? Are they arbitrary? Are they convertible? Does a Mathe- 
matical definition admit of proof on the principles of the Science to which it 
relates ? 

14. Enumerate the principles of construction assumed by Euclid. 

15. Of what instruments may the use be considered to meet approxi- 
mately the demands of Euclid’s postulates? Why only approximately ? 

16, “A circle may be described from any center, with any straight line 
as radius.” How does this postulate differ from Euclid’s, and which of his 
problems is assumed in it ? 

17. What principles in the Physical Sciences correspond to axioms in 
Geometry ? 

18. Enumerate Euclid’s twelve axioms, and point out those which have 
special reference to Geometry. State the converse of those which admit of 
being so expressed. 

19. What two tests of equality are assumed by Euclid? Is the assump- 
tion of the principle of superposition (ax. 8.), essential to all Geometrical 
reasoning? Is it correct to say, that it is ‘‘an appeal, though of the most 
familiar sort, to external observation ” ? 

20. Could any, and if any, which of the axioms of Euclid be turned into 
definitions ; and with what advantages or disadvantages ? 

21. Define the terms, Problem, Postulate, Axiom, and Theorem. Are 
any of Euclid’s axioms improperly so called ? 

22. Of what two parts does the enunciation of a Problem, and of a Theo- 
rem consist? Distinguish them in Eue. 1. 4, 5, 18, 19. 

23. When is a problem said to be indeterminate ? Give an example. 

24, When is one proposition said to be the converse or reciprocal of an- 
«ther? Give examples. Are converse propositions universally true? If 
not, under what circumstances are they necessarily true? Why is it neces- 
sary to demonstrate converse propositions? Tlow are they proved ? 

25. Explain the meaning of the word proposition. Distinguish between 
converse and contrary propositions, and give examples, 

26. State the grounds as to whether Geometrical reasonings depend for 
their conelusiveness upon axioms or definitions. 

27. Explain the meaning of enthymeme and syllogism. Wow is the en- 
thymeme made to assume the form of the syllogism? Give examples. 

28. What constitutes a demonstration ? State the laws of demonstration, 

29. What are the principal parts, in the entire process of establishing a 
proposition ? 

30, Distinguish between a direct and indirect demonstration. 

31. What is meant by the term synthesis, and what by the term analy 
sis? Which of these modes of reasoning does Euclid adopt in his Elements 
of Geometry ? 

52. In what sense is it true that the conclusions of Geometry are neces. 
sary truths ? 

83. Enunciate those Geometrical definitions which are used in the proof 
of the propositions of the First Book. 

34. If in Euclid 1. 1, an equal triangle be described on the other side of 
the given line, what figure will the two triangles form ? 

85. In the diagram, Euelid 1, 2, if DB a side of the equilateral triangle 
DAB be produced both ways and cut the circle whose center is B and ra- 
dius LOC in two points G and 17; shew that either of the distances, DG, Dif 
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may be taken as the radius of the second circle ; and give the proof in each 
case. 

36. Explain how the propositions Eue. 1. 2, 8, are rendered necessary 
by the restriction imposed by the third postulate. Is it necessary for the 
proof, that the triangle described in Eue. 1. 2, should be equilateral? Could 
we, at this stage of the subject, describe an isosceles triangle on a given 
base ? 

37. State how Eue. 1. 2, may be extended to the following problem: 
“From a given point to draw a straight line insa given direction equal to a 
given straight line.” 

38. How would you cut off from a straight line unlimited in both diree- 
tions, a length equal to a given straight line ? 

39. In the proof of Euclid 1. 4, how much depends upon Definition, how 
much upon Axiom ? 

40. Draw the figure for the third case of Euc. 1. 7, and state why it needs 
no demonstration. 

41. In the construction Euclid 1. 9, is it indifferent in all cases on which 
side of the joining line the equilateral triangle is described ? 

42. Shew how a given straight line may be bisected by Eue. 1. 1. 

43. In what cases do the lines which bisect the interior angles of plane 
triangles, also bisect one, or more than one of the corresponding opposite 
sides of the triangles ? 

44, “Two straight lines cannot have a common segment.” Has this 
corollary been tacitly assumed in any preceding proposition ? 

45. In Eue. 1. 12, must the given line necessarily be ‘of unlimited 
length” ? 

46. Shew that (fig. Eue. 1. 11) every point without the perpendicular 
drawn from the middle point of every straight line D#, is at unequal dis- 
tances from the extremities D, Z, of that line. 

47. From what proposition may it be inferred that a straight line is the 
shortest distance between two points? 

48. Enunciate the propositions you employ in the proof of Euc. 1. 16. 

49. Is it essential to the truth of Eue. 1. 21, that the two straight lines be 
drawn from the extremities of the base ? 

50. In the diagram, Euc. 1. 21, by how much does the greater angle 
BDC exceed the less BAC? 

51. To forma triangle with three straight lines, any two of them must 
be greater than the third: is a similar limitation necessary with respect to 
the three angles ? 

52. Is it possible to form a triangle with three lines whose lengths are 
1, 2, 8 units: or one with three lines whose lengths are 1, 4/2, 4/ 3,? 

53. Is it possible to construct a triangle whose angles shall be as the 
numbers 1, 2, 3? Prove or disprove your answer. 

54, What is the reason of the limitation in the construction of Eue. 1. 
24, viz. ‘that DZ is that side which is not greater than the other” ? 

55. Quote the first proposition in which the equality of two areas which 
cannot be superposed on each other is considered. 

56. Is the following proposition universally true? “If two plane 
triangles have three elements of the one respectively equal to three elements 
of the other, the triangles are equal in every respect.” Enumerate all the 
cases in which this equality is proved in the First Book. What case is 


omitted ? } 
57. What parts of a triangle must be given in order that the triangle may 


be described ? 
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58. State the converse of the second case of Euc. 1. 26. Under what 
limitations is it trae? Prove the proposition so limited. 

59. Shew that the angle contained between the perpendiculars drawn to 
two given straight lines which meet each other, is equal to the angle con- 
tained by the lines themselves. 

60. Are two triangles necessarily equal in all respects, where a side and 
two angles of the one are equal to a side and two angles of the other each 
to each ? : 

61. Illustrate fully the difference between analytical and synthetical 
proofs. What propositions in Euclid are demonstrated analytically ? 

62. Can it be properly predicated of any two straight lines that they 
never meet if indefinitely produced either way, antecedently to our knowl- 
edge of some other property of such lines, which makes the property first 
predicated of them a necessary conclusion from it ? 

63. Enunciate Eucilid’s definition and axiom relating to parallel straight 
lines ; and state in what Props. of Book 1, they are used. 

64. What proposition is the converse to the twelfth axiom of the First 
Book? What other two propositions are complementary to these ? 

65. If lines being produced ever so far do not meet, can they be other- 
wise than parallel? If so, under what circumstances ? 

66. Define adjacent angles, opposite angles, vertical angles, and alternate 
angles ; and give examples from the First Book of Euclid, 

67. Can you suggest any thing to justify the assumption in the twelfth 
axiom upon which the proof of Eue. 1. 29, depends ? 

68. What objections have been urged against the definition and the 
doctrine of parallel straight lines as laid down by Euclid? Where does the 
difficulty originate? What other assumptions have been suggested, and for 
what reasons ? 

69, Assuming as an axiom that two straight lines which cut one another 
cannot both be parallel to the same straight line; deduce Euclid’s twelfth 
axiom as a corollary of Bue. 1. 29. 

70. From Eue, 1, 27, shew that the distance between two parallel straight 
lines is constant. 

71. If two straight lines be not parallel, shew that all straight lines fall- 
ing on them, make alternate angles, which differ by the same angle. 

72. Taking as the definition of parallel straight lines that they are equally 
inclined to the same straight line towards the same parts; prove that 
“being produced ever so far both ways they do not meet.” Prove also 
Euclid’s axiom 12, by means of the same definition. 

73. What is meant by exterior and interior angles? Point out examples, 

74. Can the three angles of a triangle be proved equal to two right angles 
without producing a side of the triangle ? 

75. Shew how the corners of a triangular piece of paper may be turned 
down, 80 as to exhibit to the eye that the three angles of a triangle are equal 
to two right angles, 

76, Explain the meaning of the term corol/ary. Enunciate the two corol- 
laries appended to Euc, 1. 82, and give another proof of the first. What 
other corollaries may be deduced from this proposition ? 

77. Shew that the two lines which bisect the exterior and interior angles 
of a triangle, as well as those which bisect any two interior angles of a paral- 
lelogram, contain a right angle, 

78. The opposite sides and angles of a parallelogram are equal to 
one another, and the diameters bisect it. State and prove the converse 
of this proposition. Also shew that a quadrilateral figure, is a paral 
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lelogram, when its diagonals bisect each other: and when its diagonals 
divide it into four triangles, which’ are equal, two and two, viz. those 
which have the same vertical angles. ; 

79. If two straight lines join the extremities of two parallel straight 
lines, but no¢ towards the same parts, when are the joining lines equal, and 
when are they unequal ? 

80. If either diameter of a four-sided figure divide it into two equal 
triangles, is the figure necessarily a par: allelogram % ? Prove your answer. 

ai. Shew how to divide one of the parallelograms in Euc. 1. 35, 
by straight lines so that the parts when properly arranged shall make 
up the other parallelogram. 

82. Distinguish between equal triangles and equivalent triangles, and 
give examples from the First Book of Euclid. 

83. What is meant by the locus of a point? Adduce instances of loci 
from the First Book of Euclid. 

’ 84. How is it shewn that equal triangles upon the same base or equal 
bases have equal altitudes, whether they are situated on the same or opposite 
sides of the same straight line ? 

85. In Eue. 1. 37, 38, if the triangles are not towards the same parts, 
shew that the straight line joining the vertices of the triangles is bisected by 
the line containing the bases. 

86. If the complements (fig. Euc. 1. 43) be squares, determine their 
relation to the whole parallelogram. 

87. What is meant by a parallelogram being applied to a straight line? 

88. Is the proof of Eue. 1. 45, pe rfectly general | ? 

89. Define a square without including superfluous conditions, and explain 
the mode of constructing a square upon a given straight line in conformity 
with such a definition. 

90. The sum of the angles of a square is equal to four right angles. Is 
the converse true? If not, why? 

91. Conceiving a square to be a figure bounded by four equal straight 
lines not necessarily in the same plane, what condition respecting the angles 
is necessary to complete the definition ? 

92. In Euclid 1. 47, why is it necessary to prove that one side of each 
square described upon each of the sides containing the right angle, should be 
in the same straight line with the other side of the triangle ? 

93. On what : assumption is an analogy shewn to exist between the prod- 
uct of two equal numbers and the surface of a square ? 

94. Is the triangle whose sides are 3, 4, 5 right-angled or not ? 

95. Can the side and diagonal of a square be represented simultaneously 
by any finite numbers ? 

96. By means of Euc. 1. 47, the square roots of the natural numbers, 
1, 2, 3, 4, &. may be represented by straight lines. 

97. If the square on the hypotenuse in the fig. Eue. 1. 47, be described 
on the other side of it: shew from the diagram how the squares on the two 
sides of the triangle may be made to cover exactly the square on the hypot- 
enuse, 

98. If Euclid 1. 2, be assumed, enunciate the form in which Eue. 1. 47 
may be expressed. 

99. Classify all the properties of triangles and parallelograms, proved in 
the First Book of Euclid. 

100. Mention any propositions in Book 1. which are included in more 
general ones which follow. 
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ON THE ANCIENT GEOMETRICAL ANALYSIS. 


Syntnesis, or the method of composition, is a mode of reasoning 
which begins with something given, and ends with something re- 
quired, either to be done or to be proved. This may be termed a 
direct process, as it leads from principles to consequences, 

Analysis, or the method of resolution, is the reverse of synthesis, 
and thus it may be considered an indirect process, a method of rea- 

ywoning from consequences to principles. 

The synthetic method is pursued by Euclid in his Elements of 
Geometry. He commences with certain assumed principles, and pro- 
ceeds to the solution of problems and the demonstration of theorems 
by undeniable and successive inferences from them. 

The Geometrical Analysis was a process employed by the ancient 
Geometers, both for the discovery of the solution of problems and for 
the investigation of the truth of theorems. In the analysis of a prob- 
lem, the quesita, or what is required to be done, is supposed to have 
been effected, and the consequences are traced by a series of geo- 
metrical constructions and reasonings, till at length they terminate 
in the data of the problem, or in some previously demonstrated or 
admitted truth, whence the direct solution of the problem is deduced. 

In the Synthesis of a problem, however, the last consequence of the 
analysis is assumed as the first step of the process, and by proceeding 
in a contrary order through the several steps of the analysis until the 
process terminate in the queesita, the solution of the problem is effected. 

But if, in the analysis, we arrive at a consequence which contia- 
dicts any truth demonstrated in the Elements, or which is ineon- 
sistent with the data of the problem, the probiem must be impossi- 
ble: and further, if in certain relations of the given magnitudes the 
construction be possible, while in other relations it is impossible, 
the discovery of these relations will become a necessary part of the 
solution of the problem. 

In the analysis of a theorem, the question @ be determined is, 
whether by the application of the geometrical truths.proved in the 
Elements, the predicate is consistent with the hypothesis. This 
point is ascertained by assuming the predicate to be true, and by de- 
ducing the successive consequences of this assumption combined with 
proved geometrical truths, till they terminate in the hypothesis of 
the theorem or some demonstrated truth. The theorem will be 
proved synthetically by retracing, in order, the steps of the investi- 
gation pursued in the analysis, till they terminate in the predicate, 
which was assumed in the analysis, This process will constitute the 
demonstration of the theorem. 

If the assumption of the truth of the predicate in the analysis lead 
to some consequence which is inconsistent with any demonstrated 
truth, the false conclusion thus arrived at, indicates the falsehood of 
the predicate; and by reversing the process of the analysis, it may 
ye demonstrated, that the theorem cannot be true. 

It may here be remarked, that the geometrical analysis is more 
extensively useful in discovering the solution of problems than for 
investigating the demonstration of theorems. 
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from the nature of the subject, it must be at once obvious, that no 
general rules can be prescribed, which will be found applicable in ail 
cases, and infallibly lead to the solution of every problem. The con- 
ditions of problems must suggest what constructions may be possible; 
and the consequences which follow from these constructions and the 
assumed solution, will shew the possibility or impossibility of arriv- 
ing at some known property consistent with the data of the problem. 

Though the data of a problem may be given in magnitude and 
position, certain ambiguities will arise, if they are not properly re- 
stricted. Two points may be considered as situated on the same side, 
or one on each side of a given line; and there may be two lines 
drawn from a given point making equal angles with a line given in 
position; and to avoid ambiguity, it must be stated on which side 
of the line the angle is to be formed. 

A problem is said to be determinate when, with the prescribed 
conditions, it admits of one detinite solution; the same construction 
which may be made on the other side of any given line, not being 
considered a different solution : and a problem is said to be indeter- 
minate when it admits of more than one definite solution. This lat- 
ter circumstance arises from the data not absolutely fixing, but mere- 
ly restricting the queesita, leaving certain points or lines not fixed in 
one position only. The number of given conditions may be insuffi- 
cient for a single determinate solution; or relations may subsist 
among some of the given conditions from which one or more of the 
remaining given conditions may be deduced. 

If the base of a right-angled triangle be given, and also the differ- 
ence of the squares of the hypotenuse and perpendicular, the triangle 
is indeterminate. For though apparently here are three things given, 
the right angle, the base, and the difference of the squares of the 
hypotenuse and perpendicular, it is obvious that these three apparent 
conditions are in fact reducible to two; for since in a right-angled tri- 
angle, the sum of the squares on the base and on the perpendicular, 
is equal to the square on the hypotenuse, it follows that the differ- 
ence of the squares of the hypotenuse and perpendicular, is equal to 
the square of the base of the triangle, and therefore the base is known 
from the difference of the squares of the hypotenuse and perpendicu- 
lar being known. The conditions therefore are insufficient to deter- 
mine a right-angled triangle ; an indefinite number of triangles may 
be found with the prescribed conditions, whose vertices will lie in 
the line which is perpendicular to the base. 

If a problem relate to the determination of a single point, and the 
data be sufficient to detertnine the position of that point, the problem 
is determinate: but if one or more of the conditions be omitted, the 
data which remain may be sufficient for the determination of more 
than one point, each of which satisfies the conditions of the problem ; 
in that case, the problem is indeterminate: and in general, such points 
are found to be situated in some line, and hence such line is called 
the locus of the point which satisfies the conditions of the problem. 

If any two given points A and B (fig. Euc. rv. 5.) be joined by a 
straight line AB, and this line be bisected in Dd, then if a perpendic- 
ulur be drawn from the point of bisection, it is manifest that a circle 
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described with any point in the perpendicular as a center, and a radius 
equal to its distance from one of the given points, will pass through 
the other point, and the perpendicular will be the locus of all the 
circles which can be described" passing through the two given points. 

Again, if a third point Cbe taken, but not in the same straight line 
with the other two, and this point be joined with the first point, A; 
then the perpendicular drawn from the bisection Z of this line will be 
the locus of the centers of all circles which pass through the first and 
third points A and @. But the perpendicular at the bisection of the 
first and second points A and B is the locus of the centers of circles 
which pass through these two points. Hence the intersection /’ of 
these two perpendiculars, will be the center of a circle which passes 
through the three points and is called the intersection of the two loci. 
Sometimes this method of solving geometrical problems may be pur- 
sued with advantage, by constructing the locus of every two points 
separately, which are given in the conditions of the problem. In the 
Geometrical Exercises which follow, only those local problems are 
given where the locus is either a straight line or a circle. 

Whenever the queesitum is a point, the problem on being rendered 
indeterminate, becomes a locus, whether the deficient datum be of the 
essential or of the accidental kind. When the quasitum is a straight 
line or a cirele, (which were the only two loci admitted into the an- 
cient Elementary Geometry,) the problem may admit of an accident- 
ally indeterminate case; but will not invariably or even very fre- 
quently do so. This will be the case, when the line or circle shall be 
so far arbitrary in its position, as depends upon the deficiency of a 
single condition to fix it perfectly ; —that is, (for instance,) one point 
in the line, or two points in the circle, may be determined from the 
given conditions, but the remaining one is indeterminate from the 
accidental relations among the data of the problem. 

Determinate Problems become indeterminate by the merging of 
some one datum in the results of the remaining ones. This may arise 
in three different ways: first, from the coincidence of two points; 
secondly, from that of two straight lines; and thirdly, from that of 
two circles. These, further, are the only three ways in which this 
accidental coincidence of data can produce this indeterminateness ; 
that is, in other words, convert the problem into a Porism. 

In the original Greek of Euclid’s Elements, the corollaries to the 
propositions are called porisms, (roperpara;) but this scarcely explains 
the nature of porisms, as it is manifest that they are different from 
- simple deductions from the demonstrations of propositions. Some 
analogy, however, we may suppose them to have to the porisms or 
corollaries in the Elements. Pappus (Coll. Math. Lib. wn. pref.) in- 
forms us that Euclid wrote three books on Porisms. He defines “a 
porism to be something between a problem and a theorem, or that in 
which something is proposed to be investigated.” Dr. Simson, to whom 
is due the merit of having restored the porisms of Euclid, gives the 
following definition of that class of propositions: “ Porisma est pro- 
positio in qua proponitur demonstrare rem aliquam, vel plures datas 
esse, cui, vel quibus, ut et cuilibet ex rebus innumeris, non quidem, 
datis, sed que ad ea que data sunt eandem habent relationem, conve- 
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nire ostendendum est affectionem quandam communem in proposi- 
tione descriptam.” That is, ‘* A Porism is a proposition in which it is 
proposed to demonstrate that some one thing, or more things than 
one, are given, to which, as also to each of innumerable other things, 
not given indeed, but which have the same relation to those which 
are given, it is to be shewn that there belongs some common affection 
described in the proposition.” Professor Dugald Stewart defines a 
porism to be ‘A proposition affirming the possibility of finding one 
or more of the conditions of an indeterminate theorem.” Professor 
Playfair in a paper (from which the following account is taken) on 
Porisms, printed in the Transactions of the Royal Society of Edin- 
burgh, for the year 1792, defines a porism to be “ A proposition af- 
firming the possibility of finding such conditions as will render a 
certain problem indeterminate or capable of innumerable solutions.” 

It may without much difficulty be perceived that this definition 
represents a porism as almost the same as an indeterminate problem, 
There is a large class of indeterminate problems which are, in gen- 
eral, loci, and satisfy certain defined conditions. Every indetermi- 
nate problem containing a locus may be made to assume the form of 
a porism, but not the converse. Porisms are of a more general 
nature than indeterminate problems which involve a locus. 

The ancient geometers appear to have undertaken the solution of 
problems with a scrupulous and minute attention, which would 
scarcely allow any of the collateral truths to escape their observation, 
They never considered a problem as solved till they had distinguished 
all its varieties, and evolved separately every different case that could 
occur, carefully distinguishing whatever change might arise in the 
construction from any change that was supposed to take place among 
the magnitudes which were given. This cautious method of proceed- 
ing soon led them to see that: there were circumstances in which the 
solution of a problem would cease to be possible; and this always 
happened when one of the conditions of the data was inconsistent with 
the rest. Suck instances would occur in the simplest problems; but 
in the analysis of more complex problems, they must have remarked 
that their constructions failed, for a reason directly contrary to that 
assigned. Instances would be found where the lines, which, by their 
intersection, were to determine the thing sought, instead of intersecting 
one another, as they did in general, or of not meeting at all, would 
coincide with one another entirely, and consequently leave the question 
nnresolved. The confusion thus arising would soon be cleared up, by 
observing, that a problem before determined by the intersection of two 
lines, would now become capable of an indefinite number of solutions. 
This was soon perceived to arise from one of the conditions of the prob- 
Jem involving another, or from two parts of the data becoming one, so 
that there was not left a sufficient number of independent conditions 
to confine the problem to a single solution, or any determinate number 
of solutions. It was not difficult afterwards to perceive that these 
cases of problems formed very curious propositions, of an indeter- 
minate nature between problems and theorems, and that they ad- 
mitted of being enunciated separately. It was to such propositions 
s0 enunciated that the ancient geometers gave the name of Porisms, 
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Besides, it will be found, that some problems are possible within 
certain limits, and that certain magnitudes increase while others de- 
crease within those limits; and after having reached a certain value, 
the former begin to decrease, while the latter increase. This cir- 
cumstance gives rise to questions of maxima and minima, or the 
greatest and least values which certain magnitudes may admit of in 
determinate problems. 

In the following collection of problems and theorems, most will be 
found to be of so simple a character, (being almost obvious deductions 
from propositions in the Elements,) as scarcely to admit of the prin- 
ciple of the Geometrical Analysis being applied in their solution. 

It must however be recollected that a clear and exact knowledge 
of the first principles of Geometry must necessarily precede any in- 
telligent application of them. Indistinetness or defectiveness of un- 
derstanding with respect to these, will be a perpetual source of error 
and confusion, The learner is therefore recommended to understand 
the principles of the Science, and their connection fully, before he 
attempt any applications of them, The following directions may 
assist him in his proceedings : 


ANALYSIS OF THEOREMS. 


1. Assume that the Theorem is true, 

2. Proceed to examine any consequences that result from this 
admission, by the aid of other truths respecting the diagram, which 
have been already proved. 

3, Examine whether any of these consequences are already known 
to be true, or to be false. 

4, If any one of them be false, we have arrived at a reductio ad ab- 
surdum, which proves that the theorem itself is false, as in Ene, 1. 25, 

5. If none of the consequences so deduced be known to be either 
true or false, proceed to deduce other consequences from all or any 
of these, as in (2). 

6. Examine these results, and proceed as in (8) and (4); and if 
still without any conclusive indications of the truth or falsehood of 
the alleged theorem, proceed still further, until such are obtained, 


ANALYSIS OF PROBLEMS. 


1. In general, any given problem will be found to depend on 
several problems and theorems, and these ultimately on some prob- 
lem or theorem in Euclid, 

2. Deseribe the diagram as directed in the enunciation, and sup- 
pose the solution of the problem effected, 

3. Examine the relations of the lines, angles, triangles, &e. in the 
diagram, and find the dependence of the assumed solution on some 
theorem or problem in the Elements. 

4, If such cannot be found, draw other lines parallel or perpen- 
dicular as the case may require, join given points, or “ange assumed 
in the solution, and describe circles if need be: and then panes to 
trace the dependence of the assumed solution on some theorem or 
problem in Euclid. 

5. Let not the first unsnecessful attempts at the solution of a 
Problem be considered as of no value; such attempts have been 
found to lead to the discovery of other theorems and problems, 
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PROPOSITION I. PROBLEM. 
To trisect a given straight line. 


Awnatysis. Let AB be the given straight line, and suppose it 
divided into three equal parts in the points D, i. 


Wt ae. 
ce es eB 
On DE describe an equilateral triangle DEF, 
then DF is equal to AD, and FE to EB. 
On AB describe an equilater al triangle ABC, 
and join AF, FB. 
Then because AD is ‘equal to DF, 
therefore the angle A/D is equal to the angle DAF, 
and the two angles DAF DFA are double of one of them DAF. 
But the angle FDE'ss equal to the angles DAF, DFA, 
and the angle “DF is equal to DAC, each being an angle of an 
equilateral triangle ; 
therefore the angle DAC is double the angle DAF; 
wherefore the angle DAC is bisected by AF. 
Also because the angle FAC is equal to the angle FAD, 
and the angle FAD to DIA ; 

therefore the angle (AF is equal to the alter nate angle AFD: 

and consequently FD is parallel to AC. 

Synthesis. Upon AB describe an equilateral triangle ABC, 
bisect the anglesat 4 and B by thestraight lines A, BY, meeting in FP; 
through #' draw FD parallel to AC, and FE parallel to BC. 
Then AB is trisected in the points D, £. 

For since AC is parallel to FD and FA meets them, 
therefore the alternate angles “AC, AFD are equal ; 
but the angle /’A/ is equal to the angle FAC, 
hence the angle DAF is equal to the angle A/D, 
and therefore DF’is equal to DA. 

But the angle /DF is equal to the angle CAB, 
and FED to OBA; (1. 29.) 

therefore the remaining angle DF'F is equal to the remaining’ 

angle ACB. 
Hence the three sides of the triangle D/'F are equal to one another, 
and DF has been shewn to be equal to DA, 
therefore AD, DE. FB are equal to one another. 

Hence the following theorem. 

If the angles at the base of an equilateral triangle be bisected by 
two lines which meet at a point within the triangle; the two lines 
drawn from this point parallel to the sides of the triangle, divide the 
base into three equal parts. 
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Note. There is another method whereby a line may be divided 
into three equal parts :—by drawing from one extremity of the given 
line, another making an acute angle with it, and taking three equal 
distances from the extremity, then joining the extremities, and through 
the other two points of division, drawing lines parallel to this line 
through the other two points of division, and to the given line; the 
three triangles thus formed are equal in all respects. This may be 
extended for any number of parts, and is a particular case of Euc. v1.10. 


PROPOSITION II. THEOREM. 


If two opposite sides of a parallelogram be bisected, and two lines be 
drawn from the points of bisection to the opposite angles, these two lines 
trisect the diagonal. 

Let ABCD be a parallelogram of which the diagonal is AC. 

Let AB be bisected in /, and DC in F, 
also let DE, FB be joined cutting the diagonal in @, Z/, 
Then AC is trisected in the points G, ZZ. 
A E B 


Through # draw “FX parallel to AC and meeting FP in KX, 
Then because 2 is the half of AB, and DF the half of DC, 
therefore FB is equal to DF’; , 
and these equal and parallel straight lines are joined towards the 
same parts by D# and FB; 
therefore DF and /’P are equal and parallel. (1. 33.) 
And because AB meets the parallels LA, AC, 
therefore the exterior angle BLK is equal to the interior angle 2A @. 
For a similar reason, the angle HBX is equal to the angle ALG. 
Hence in the triangles AVG, EBX, there are the two angles 
GAK, AEG in the one, equal to the two angles HEB, LBK, in the 
other, and one side adjacent to the equal angles in each triangle, 
namely A equal to LB; 
, therefore A@ is equal to LA, (1. 26.) 
but “VX is equal to GZZ, (1. 84.) therefore AG is equal to GH. 
By a similar process, it may be shewn that @Z/ is equal to ZC. 
Hence AG, GH, HC are equal to one another, 
and therefore A ( is trisected in the points @, //. 
It may also be proved that BY’ is trisected in JZ and A. 


PROPOSITION III, PROBLEM. 


Draw through a given point, between two straight lines not parallel, a 
straight line which shall be bisected in that point. 


Analysis, Let BC, BD be the two lines meeting in B, and let A 
be the given point between them. 


my 


ON BOOK 1, il 


Suppose the line #A/’ drawn through A, so that ZA is equal to AL 
a. 


B H EC 


through A draw 4@ parallel to BC, and GZ parallel to ZF. 
Then AGHE is a parallelogram, wherefore AF is equal to GZ, 
but A is equal to A¥ by hypothesis; therefore G/Zis equal to AM 
Hence in the triangles BHG, GAF, 
the angles HBG, AGF are equal, as also BGH, GFA, (1. 29.) 
also the side GH is equal to AP’; 
whence the other parts of the triangles are equal, (1. 26.) 
therefore BG is equal to GF. 
Synthesis. Through the given point A, draw A@ parallel to BC, 
on GD, take GF equal to GB; ; 
then /’ is a second point in the required line: 
join the points / A, and produce /’A to meet LC in L; 
then the line /’F’ is bisected in the point A; 
draw GH parallel to AL. 
Then in the triangles BGH, GFA, the side BG is equal to GF, 
and the angles GBH, BCH are respectively equal to PGA, GLA; 
wherefore G// is equal to AJ, (5. 26.) 
but Gf is equal to AZ, (7. 34.) 
therefore AF is equal to AF, or #F'is bisected in A. 


PROPOSITION IV. PROBLEM. 


From two given points on the same siae of a straight line given in post- 
tion, draw two straight lines which shall meet in that line, and make equal 
angles with it; also prove, that the sum of these two lines is less than the 
sum of any other two lines drawn to any other point in the line. 


Analysis. Let A, B be the two given points, and CD the given line. 
Suppose @ the required point in the line, such that A@ and B@ 
being joined, the angle AGC is equal to the angle BOY, 


A 


E 
Draw AF perpendicular to CD and meeting GE produced in £. 
Then, because the angle BG@D is equal to AGL, (hyp.) 
and also to the vertical angle PGL, (1. 15.) 
therefore the angle A(@/'is equal to the angle EGF; 
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also the right angle A/'@ is equal to the right angle EFG, 
and the side #@ is common to the two triangles A/G, LFG, 
therefore AG is equal to LG, and AF’ to FE. 
Hence the point / being known, the point @ is determined by the 
intersection of CD and BE. 
Synthesis. From A draw AF perpendicular to CD, and produce 
it to #, making FZ equal to AF, and join BF cutting CD in G. 
Join also AG. 
Then AG and BG make equal angles with CD. 

For since AF is equal to /’/, and FG is common to the two 
triangles AGF, FGF, and the included angles A/'G, HFG are equal; 
therefore the base A@ is equal to the base LG, 
and the angle A@F'to the angle LGF, 
but the angle EGFis equal to the vertical angle BED, 
therefore the angle 4@/ is equal to the angle BGD; 
that is, the str aight lines AG and BG make equal angles with 

the straight line CD. 
Also the sum of the lines AG, GB is a minimum. 

For take any other point Zin CD, and join LH, 112, AIT, 
Then since any two sides of a triangle are greater than the ‘third side, 
therefore H//, 7B are greater than “PB in the triangle LD. 
But EG is equal to AG, and HH to AH; 
therefore A//, 7B are greater than AG, GB. 

That is, A, GB are less than any other two lines which can be 
drawn from A, B, to any other point // in the line CD. 

By means of this Proposition may be found the shortest path 
from one given point to another, subject to the condition, that it 
shall meet two given lines. 


PROPOSITION V. PROBLEM. 
Given one angle, a side opposite to it, and the sum of the other two sides, 
construct the triangle. 
Analysis. Suppose BAC the triangle required, having BC equal 
to the given side, BAC equal to the given angle opposite to BC, also 
LBD equal to the sum of the other two sides, 


A 
raisins tinpilioes 
B © 


Join DC. 

Then since the two sides BA, AC are equal to BD, by taking BA 
from these equals, the remainder AC is equal to the remainder AD. 

Hence the triangle A CV is isosceles, and therefore the angle ADO 
is equal to the angle ACD, 

But the exterior angle BAC of the triangle ADC is equal to the 
two interior and opposite angles ACD and ADC: 

Wherefore the angle BAC is double the angle BDC, and BDC is 
the half of the angle BAC, 

Hence the synthesis, 
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At the point D in BD, make the angle BDC equal to half the 
given angle, 
and irom / the other extremity of LD, draw LC equal to the 
given side, and meeting DC in C, 
at Cin CD make the angle DCA equal to the angle CDA, so 
that C'A may meet BD in the point A. 
Then the triangle ABC shall have the required conditions. 


PROPOSITION VI. PROBLEM. 
To bisect a triangle by a line drawn from a given point in one of the sides. 
Avalysis. Let ABC be the given triangle, and J the given 
point ia the side AD. 7 
D 


B E F C 
Suppose PF the line drawn from D which bisects the triangle ; 
therefore the triangle DBF is half of the triangle ABC. 
Bisect BO in E, and join AFL, DE, AF, 
then the triangle A BF is half of the triangle "ABC: 
hence the triangle ABE is equal to the triangle DEL: 
take away from these equals the triangle’ “DB Et, 
therefore the remainder ADA is equal to the remainder DEF. 
But ADE, DEF are equal triangles upon the same base 7, and 
on the same side of it, 
they are ther efore between the same parallels, (1. 89. ) 
that is, Af’ is parallel to DZ, 
therefore the Bate F is determined. 
Synthesis. ‘“Bisect the base BC in £, join DZ, 
from A, draw AF parallel to DF, and join DF. 
Then because D/ is parallel to 4 /, 
therefore the triangle ADF is equal to the triangle DHF; 
to each of these equals, add the triangle BDF, 
therefore the whole triangle A BZ is equal to the whole DBF, 
but A BF is half of the whole triangle ABC: 
therefore DBF is also half of the triangle APC. 


PROPOSITION VII. THEOREM. 


Tf from a point without a parallelogram lines be drawn to the extremities 
of two adjacent sides, and of the diagonal which the Yy include ; of the tri- 
angles thus formed, that, whose base is the diagonal, is ejual to the sun of 
the other two. 

Let ABCD be a parallelogram of which A( is one of the diago- 
nals, and let P be any point without it: and let AP, PC, BP, PD 
be joined. 

Then the triangles APD, APP are together euivalent to the 
triangle APC. 

4 
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D E C 


Draw PGE parallel to AD or BOC, and meeting AB in G, and 
DC in F; and join DG, GC. 
Then the triangles CBP, CBG are equal: (1. 37.) 
and taking the common part CBH from each, 
the remainders PHB, CHG are equal. 
Again, the triangles DAP, DAG are equal; (1. 37.) 
also the triangles DA G, AGC are equal, being on the same base 
AG, and between the same parallels AG, DC: 
therefore the triangle 4 P is equal to the triangle AGC: 
but the triangle PZ is equal to the triangle CHG, 
wherefore the triangles PHB, DAP are equal to AGC, CHG, or 
ACH, add to these equals the triangle APH, 
therefore the triangles AP//, PITB, DAP are equal to APH, ACH, 
that is, the triangles APB, DAP are together equal to the tri- 
angle PAC. 
If the point P be within the parallelogram, then the difference of 
o triangles APB, DAP may be proved to be equal to the triangle 
2 AU, 


i, 


8. Describe an isosceles triangle upon a given base and having 
each of the sides double of the base, without using any proyosition 
of the Elements subsequent to the first three. If the base aud sides 
be given, what condition must be fulfilled with regard to tle mag- 
nitude of each of the equal sides in order that an iscsceles criangle 
may be constructed ? : 

9. In the fig. Eue. 1.5. If FC and BG meet in //, then prove 
that A// bisects the angle BAC, 

10, In the fig. Eue, 1.5. Ifthe angle /BG@ be equal to the angle 
ABC, and BG, CF, intersect in O; the angle BOF is equal to twice 
the angle BAC, 

11. From the extremities of the base of an isosceles triangle 
straight lines are drawn perpendicular to the sides, the angles made 
by them with the base are each equal to half the vertical angle. 

12. A line drawn bisecting the angle contained by the two equal 
sides of an isosceles triangle, biseets the third side at right angles. 

18. If a straight line drawn bisec ‘ting the vertical angle of a 
triangle alse bisect the base, the triangle is isosceles, 
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14. Given two points, one on each side of a given straight line 
find a point in the line such that the angle contained by two lines 
drawn to the given points may be bisected by the given line. 

15. In the fig. Eue. 1 5, let / and @ be the points in the sides 
AB and AC produced, and let lines FH and GFA be drawn perpen- 
dicular and equal to #C and GB respectively: also if BH, CX, or 
these lines produced meet in 0; prove that BH is equal to CA, and 
BO to CO. 

16. From every point of a given straight line, the straight lines 

rawn to each of two given points on opposite sides of the line are 
-equal: prove that the line joining the given points will cut the given 
line at right angles. : 

17. If A be the vertex of an isosceles triangle ADC, and BA be 
produced so that AD is equal to BA, and DC be drawn; shew that 
BCD is a right angle. 

18. The ‘Straight line DF, drawn at right angles to BC the base 
of an isosceles triangle ABC, cuts the side 4B in D, and CA pro- 
duced in #; shew that AZD is an isosceles tr iangle. 

19. In the fig. Eue. 1. 1, if AB be produced both ways to meet 
the circles in D and Z, and from C, CD and CF be drawn ; the figure 
CDE is an isosceles triangle having each of the angles at the base, 
equal to one-fourth of the angle at the vertex of the triangle. 

20. From a given point, draw two straight lines making equal 
angles with two given straight lines intersecting one another. 

“21. From a siven point to draw a straight line to a given straight 
line, that shall be bisected by another given straight line. 

22. Place a straight line of given length between two given 
straight lines which meet, so that it shall be equally inclined to each 

of them. 
. 23. To determine that point in a straight line from which the 
straight lines drawn to two other given points shall be equal, pro- 
vided the line joining the two given points is not perpendicular to 
the given line. 

24, In a given straizht line to find a point equally distant from 
two given straight lines. In what case is this impossible ? 

25. If a line intercepted between the extremity of the base of an 
isosceles triangle, and the opposite side (produced if necessary) be 
equal to a side of the triangle, the angle formed by this line and the 
base produced, is equal to three times either of the equal angles of 
the triangle. 

26. In the base BC of an isosceles triangle ABC, take a point D, 
and in CA take CF equal to CD, let LD produced meet AB produced 
in /, then 3.A#F= 2 right angles+ AFE, or = 4right angles+ A/'2. 

27. If from the base to the opposite sides of an isosceles triangle, 
three straight lines be drawn, making equal angles with, the base, 
viz., one from its extremity, the other two from any other point in 
it, these two shall be together equal to the first. 

28. A straight line is drawn, terminated by one of the sides of an 
isosceles tr iangle, and by the other side produced, and bisected by 
the base; prove that the straight lines, thus intercepted between the 
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vertex of the isosceles triangle, and this straight line, are together 
equal to the two equal sides of the triangle. 

29. In a triangle, if the lines bisecting the angles at the base ba 
~ equal, the triangle is isosceles, and the angle contained by the bisect- 
ing lines is equal to an exterior angle at the base of the triangle. 

30. In a triangle, if the two straight lines drawn from the ex- 
tremities of the base, (1) perpendicular to the sides, (2) bisecting the 
sides, (3) making equal angles with the sides; the triangle is isos- 
celes: and then these lines which respectively join the intersections 
of the sides, are parallel to the base. 


Il. : 


31. ABC is a triangle right-angled at B, and having the angle A 
double the angle (; shew that the side BC is less than double the 
side AB. 

32. If one angle of a triangle be equal to the sum of the other 
two, the greatest side is double of the distance of its middle point 
from the opposite angle. 

33. If from the right angle of a right-angled triangle, two straight 
lines be drawn, one perpendicular to the base, and the other bisect- 
ing it, they will contain an angle equal to the difference of the two 
acute angles of the triangle. : 

34. If the vertical angle CAB of:a triangle A BC be bisected by 
AD, to which the perpendiculars C2, BF are drawn from the re- 
maining angles: bisect the base BC in G, join G&L, GF, and prove 
these lines equal to each other. 

85. The diiference of the angles at the base of any triangle, is 
double the angle contained by a line drawn from the vertex perpen- 
dicular to the base, and another bisecting the angle at the vertex. 

36. If one angle at the base of a triangle be double of the other, 
the less side is equal to the sum or difference of the segments of the 
base made by the perpendicular from the vertex, according as the 
angle is greater or less than a right angle. 

87. If two exterior angles of a triangle be bisected, and from the 
point of intersection of the bisecting lines, a line be drawn to the 
opposite angle of the triangle, it will bisect that angle. 

38. From the vertex of a scalene triangle draw a right line to 
the base, which shall exceed the less side as much as it is exceeded 
by the greater, 

39. Divide a right angle into three equal angles. 

40, One of the acute angles of a right-angled triangle is three 
times as great as the other; trisect the smaller of these. 

41. Prove that the sum of the distances of any point within a 
triangle from the three angles is greater than half the perimeter of 
the triangle, 

42. The perimeter of an isosceles triangle is‘less than that of any 
other equal triangle upon the same base. 

43, If from the angles of a triangle ABC, straight lines ADE, 
BDF, CDG be drawn through a point ) tothe opposite sides, prove 
that tho sides of the triangle are together greater than the three 
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lines drawn to the point D, and less than twice the same, but 
greater than two-thirds of the lines drawn through the point to the 
opposite sides. 

44, In a plane triangle an angle is right, acute or obtuse, ac- 
cording as the line joining the vertex of the angle with the middle 
point of the opposite side is equal to, greater or less than half of that 
side. 

45. If the straight line AD bisect the angle A of the triangle 
ABC, and BDE be drawn perpendicular to AD and meeting AC or 
AC produced in /, shew that BD = DE. 

46. The side LC of a triangle ABC is produced to a point D. 
' The angle ACVB is bisected by a line CL which meets Ain £. 

A line is drawn through # parallel to BC and meeting AC in F, 
and the line bisecting the exterior angle ACD, in G. Shew that 
EHF is equal to FG. 

47. The sides AB, AC, of a triangle are bisected in“D and £ re- 
spectively, and BE, CD, are produced until YY = LB, and GD= DC; 
shew that the line GF passes through A. 

48. In a triangle ABC, AD being drawn perpendicular to the 
straight line BD which bisects the angle L, shew that a line drawn 
from J parallel to BC will bisect AC. 

49, If the sides of a triangle be trisected and lines be drawn 
through the points of section adjacent to each angle so as to form 
another triangle, this shall be in all respects equal to the first triangle. 

50. Between two given straight lines it is required to draw a 
straight line which shall be equal to one given straight line, and 
parallel to another. 

51. If from the vertical angle of a triangle three straight lines be 
drawn, one bisecting the angle, another bisecting the base, and the 
third perpendicular to the base, the first is always intermediate in 
magnitude and position to the other two. 

52. In the base of a triangle, find the point from which, lines 
drawn parallel to the sides of the triangle and limited by them, are 
equal. 

: 53. In the base of a triangle, to find a point from which if two 
lines be drawn, (1) perpendicular, (2) parallel, to the two sides of 
‘ the triangle, their sum shall be equal to a given line. 
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54, In the figure of Euc. 1. 1, the given line is produced to meet 
either of the circles in P; shew that P and the points of intersection 
of the circles, are the angular points of an equilateral triangle. 

55. If each of the equal angles of an isosceles triangle be one- 
fourth of the third angle, and from one of them a line be drawn at 
right angles to the base meeting the opposite side produced; then 
will the part produced, the perpendicular, and the remaining side, 
form an equilateral triangle. 

56. In the figure Eue. 1. 1, if the sides CA, OB of the equilateral 
triangle ABC be produced to meet the circles in /, G, respectively, 
end if Q' be the point in which the circles cut one another on the 
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other side of AB; prove the points F, C’, # to be in the same 
straight line; and the.figure C/G to be an equilateral triangle. 

57. ABC is a triangle and the exterior angles at B and C 
are bisected by lines BY, CD respectively, meeting in D; shew 
that the angle BDC and half the angle BAC make up a right 
angle. 

"58. If the exterior angle of a triangle be bisected, and the angles 
of the triangle made by the bisectors be bisected, and so on, the 
triangles so formed will tend to become eventually equilateral. 

59. If in the three sides AB, BC, CA of an equilateral triangle 
ABC, distances AL, BF, CG be taken, each equal to a third of one 
of the sides, and the points 2, / @ be respectively joined (1) with 
each other, (2) with the opposite angles: shew that the two trian- 
gles so formed, are equilateral triangles. 

IV. 

60. Deseribe a right-angled triangle upon a given base, having 
given also the perpendicular from the right angle upon the hy- 
potenuse. 

61. Given one side of a right-angled triangle, and the difference 
between the hypotenuse and the sum of the other two sides, to con- 
struct the triangle. 

62. Construct an isosceles right-angled triangle, having given (1) 
the sum of the hypotenuse and one side; (2) their difference. 

63. Describe a right-angled triangle of which the hypotenuse 
and the difference between the other two sides are given. 

64. Given the base of an isosceles triangle, and the sum or dif- 
ference of a side and the perpendicular from the vertex on the base. 
Oonstruct the triangle. 

65. Make an isosceles triangle of given altitude whose sides shall 
pass through two given points and have its base on a given straight 
line. 

66. Construct an equilateral triangle, having given the length of 
the perpendicular drawn from one of the angles on the opposite side. 

67. Having given the straight lines which bisect the angles at 
the base of an equilateral triangle, determine a side of the triangle. 

68. Having given two sides and an angle of a triangle, construct 
the triangle, distinguishing the different cases. 

69. Ilaving given the base of a triangle, the difference of the sides, 
and the difference of the angles at the base; to describe the triangle. 

70. Given the perimeter and the angles of a triangle, to con- 
struct it. 

71. Having given the base of a triangle, and half the sum and 
half the difference of the angles at the base ; to construct the triangle. 

72. Having given two lines, which are not parallel, and a point 
between them; describe a triangle having two of its angles in the 
respective lines, and the third at the given point; and such that the 
sides shall be equally inclined to the lines which they meet, 

78. Construct a triangle, having given the three lines drawn from 
the angles to bisect the sides opposite. 
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74. Given one of the angles at the base of a triangle, the base 
itself, and the sum of the two remaining sides, to construct the tri- 
augle. 

75. Given the base, an angle adjacent to the base, and the dif- 
ference of the sides of a triangle, to construct it. 

76. Given one angle, a side opposite to it, and the difference of 
the other two sides; to construct the triangle. 

77. Given the base and the sum of the two other sides of a tri- 
-angle, construct it so that the line which bisects the vertical angle 
shall be purallel to a given line. . 


VG 


78. From a given point without a given straight line, to draw a line 
making an angle with the given line equal to a given rectilineal angle. 

79. Through a given point A, draw a straight line ABC meeting 
two given parallel straight lines in B and C, such that BC may be 
equal to a given straight line. 

80. If the line joining two parallel lines be bisected, all the lines 
drawn through the point of bisection and terminated by the parallel 
lines are also bisected in that point. 

81. Three given straight lines issue from a point: draw another 
straight line cutting them so that the two segments of it intercepted 
between them may be equal to one another. 

82. AB, AC are two straight lines, B and C given points in the 
same; BD is drawn perpendicular to 4C, and DF perpendicular to 
AB; in like manner OF is drawn perpendicular to AL, and FG to 
AQ. Shew that ZG is parallel to BC. 

83. ABC is a right-angled triangle, and the sides AC, AB are 
produced to D and F; bisect PLC and LCD by the lines BE, CL, 
and from # let fall the perpendiculars H/F, ED. Prove (without 
assuming any properties of parallels) that 4 DF is a square. 

84. Two pairs of equal straight lines being given, shew how to 
construct with them the greatest parallelogram. 

85. With two given lines as diagonals describe a parallelogram 
which shall have an angle equal to a given angle. Within what 
limits must the given angle lie? 

86. Having given one of the diagonals of a parallelogram, the 
sum of the two adjacent sides and the angle between them, construct 
the parallelogram. 

87. One of the diagonals of a parallelogram being given, and the 
angle which it makes with one of the sides, complete the parallelo- 
gram, so that the other diagonal may be parallel to a given line. 

88. ABCD, A'B'C'D' are two parallelograms whose correspond- 
ing sides are equal, but the angle A is greater than the angle J’, 
prove that the diameter 40 is less than A’C” but BD greater than 
rigs . 

89. If in the diagonal of a parallelogram any two points equi- 
distant from its extremities be joined with the opposite angles, a 
figure will be formed which is also a parallelogram. 

90. From each angle of a parallelogram a line is drawn making 
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the same angle towards the same parts with an adjacent side, taken 
always in the same order; shew that these lines form another paral- 
lelogram s¢milar to the original one. 

91. Along the sides of. a parallelogram taken in order, measure 
AA'=BB'=CC'=DL)" : the figure A’B’C'D' will be a parallelogram. 

92. On the sides AL, BC, CD, DA, of a parallelogram, set off 
AE, BF, CG, DH, equal to each other, and join AP, BG, CH, DE: 
these lines form a parallelogram, and the difference of the angles 
AFB, DOC, equals the difference of any two proximate angles of 
the two parallclograms. . 

93. OB, OC are two straight lines at right angles to each other, 
through any point P any two straight lines are drawn intersecting 
OB, OC, in B, L', C, C', respectively. If D and D’ be the middle 
points of BB’ and CC’, shew that the angle B’PD’ is equal to the 
angle DOD’. 

94, ABCD is a parallelogram of which the angle @ is opposite to 
the angle A. If through A any straight line be drawn, then the dis- 
tance of Cis equal to the sum or difference of the distances of B and 
of D from that straight line, according as it lies without or within 
the parallelogram. 

95. Upon stretching two chains AC, BD, across a field ABCD, I 
find that BD and AC make equal angles with DC, and that AC 
makes the same angle with AD that BD does with BC; hence prove 
that AZ is parallel to CD. 

96. To find a point in the side or side produced of any parallelo- 
gram, such that the angle it makes with the line joining the point 
and one extremity of the opposite side, may be bisected by the line 
joining it with the other extremity. 

97. When the corner of the leaf of a book is turned down a second 
time, so that the lines of folding are parallel and equidistant, the 
espace in the second fold is equal to three times that in the first. 


Vie 


98. If the points of bisection of the sides of a triangle be joined, 
the triangle so formed shall be one-fourth of the given triangle. 

99, If in the triangle ABC, BC be bisected in D, AD joined and 
bisected in #, BH joined and bisected in F, and OF joined and bi- 
sected in @; then the triangle B/G will be equal to one-eighth of 
the triangle ABC, 

100. Shew that the areas of the two equilateral triangles in 
Prob, 59, p. 78, are, respectively, one-third and one-seventh of the 
area of the original triangle. 

101. To describe a triangle equal to a given triangle, (1) when 
the base, (2) when the altitude of the required triangle is given. 

102, To describe a triangle equal to the sum or difference of two 
given triangles. 

103. Upon a given base describe an isosceles triangle equal to a 
given triangle. 

104. Describe an equilateral triangle equal to a given triangle. 

105. Toa given straight line apply a triangle which shall be equal 
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to a given parallelogram and have one of its angles equal to a given 
rectilineal angle. 

106. Transform a given rectilineal figure into a triangle whose 
vertex shall be in a given angle of the figure, and whose base shall 
be in one of the sides, 

107. Divide a triangle by two straight lines into three parts 
which when properly arranged shall form a payallelagtire whose 
angles are of a given magnitude. 

“108. Shew that a scalene triangle cannot be divided into two 
parts which will coincide. 

109. If two sides of a triangle be given, the triangle will be 
greatest when they contain a right angle. 

110. Of all triangles having the same vertical angle, and whose 
bases pass through a given point, the least is that whose base is bi- 
sected in the given point. 

111. Of all triangles having the same base and the same perim- 
eter, that is the greatest which has the two undetermined sides equal. 

112. Divide a triangle into three equal parts, (1) by lines drawn 
from a point in one of the sides : (2) by lines drawn from the angles 
to a point within the triangle: (8) by lines drawn froin a given point 
within the triangle. In how many ways can the third case be done? 

113. Divide an equilateral triangle into nine equal parts. 

114. Bisect a parallelogram, (1) by a line drawn from a point in 
one of its sides: (2) by a line drawn from a given point within or 
without it: (3) by a line perpendicular to one of the sides: (4) by a 
line drawn parallel to a given line. 

115. From a given point in one side produced of a parallelogram, 
draw a straight line which shall divide the parallelogram into two 
equal parts. 

116. To trisect a parallelogram by lines drawn (1) from a given 
point in one of its sides, (2) from one of its angular peints, 
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117. To describe a rhombus which shall be equal to any given 
quadrilateral figure. 

118. Describe a parallelogram which shall be equal in area and 
perimeter to a given triangle. 

119. Find a point in the diagonal of a square produced, from 
which if a straight line be drawn parallel to any side of the square, 
and meeting another side produced, it will form together with the 
produced diagonal and produced side, a triangle equal to the square. 

-120. If from any point within a parallelogram, straight lines be 
drawn to the angles, the parallelogram shall be divided into four tri- 
angles of which each two opposite are together equal to one-half of 
the parallelogram. 

121. If ABCD be a parallelogram, and / any point in the dia- 
gonal AC, or AC produced; shew that the triangles HBC, LDC, 
are equal, as also the triangles HLA and LBD, 

122. ABCD is a parallelogram, draw D/G meeting BC in F, 

4* 
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and AB prodneed in @; join AF, CG; then will the triangles ABF, 
CFG be equal to one another. : 

123. ABUD is a parallelogram, # the point of intersection of its 
diagonals, and A any pointin AD. It AB, AC be joined, shew that 
the figure BAEC is one-fourth of the parallelogram, 

124, Let ABCD be a parallelogram, and 0 any point within it, 
through O draw lines parallel to the sides of ABCD, and join 0.4, 
OC; prove that* the difference of the parallelograms DO, BO is 
twice the triangle OAC. 

125. The diagonals AC, BD of a parallelogram intersect in O, and 
P isa point within the triangle 4 OB; prove that the difference of the 
triangles APL, CPD is equal to the sun of the triangles APC, BPD. 

126. lf AH be the common angular point of the parallelograms 
about the diameter AC (fig. Euc. 1. 48.) and BD be the other diam- 
eter, the difference of these parallelograms is equal to twice the 
triangle BAD. 

127. The perimeter of a square is less than that of any other par- 
allelogram of equal area. 

128. Shew that oy all equiangular parallelograms of equal perim- 
eters, that which is equilateral is the greatest. 

129. Prove that the perimeter of an isosceles triangle is greater 
than that of an equal right-angled parallelogram of the same altitude. 
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130. If a quadrilateral figure is bisected by one diagonal, the 
second diagonal is bisected by the first. 

131. If two opposite angles of a quadrilateral figure are equal, 
shew that the angles between opposite sides produced are equal. 

132. Prove that the sides of any four-sided rectilinear figure are 
together greater than the two diagonals, 

133. The stm of the diagonals of a trapezium is less than the 
sum of any four lines which can be drawn to the four angles, from 
any point within the figure, except their intersection, 

134. The longest side of a given quadrilateral is opposite to the 
shortest ; shew that the angles adjacent to the shortest side are to- 
gether greater than the sum of the angles adjacent to the longest side. 

135, Give any two points in the opposite sides of a trapezium, in- 
scribe in it a parallelogram having two of its angies at these points. 

136. Shew that, in every quadrilateral plane figure, two parallelo- 
grams ean be deseribed upon two opposite sides as diagonals, such that 
the other two diagonals shall be in the same straight line and equal. 

137. Describe a quadrilateral figure whose sides shall be equal 
to four given straight lines. What limitation is necessary ? 

138. If the sides of a quadrilateral figure be bisected and the 
points of bisection joined, the included figure is a parallelogram, and 
equal in area to half the original figure, 

139, A trapezium is such, that the perpendiculars let fall on a 
diagonal from the opposite angles are equal. Divide the trapezium 
into four equal triangles, by straight lines drawn to the angles from 
a point within it. 
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140. If two opposite sides of a trapezium be parallel to one an- 
other, the straight line joining their bisections, bisects the trapezium. 

141. If of the four triangles into which the diagonals divide a 
trapezium, any two opposite ones are equal, the trapezium has two 
of its opposite sides parallel. 

142. If two sides of a quadrilateral are parallel but not equal, 
and the other two sides are equal but not parallel, the opposite 
angles of the quadrilateral are together equal to two right angles: 
and conversely. 

143. If two sides of a quadrilateral be parallel, and the line join- 
ing the middle points of the diagonals be produced to meet the other 
sides; the line so produced will be equal to half the sum of the par- 
allel sides, and the line between the points of bisection equal to half 
their difference. ; 

144. To bisect a trapezium, (1) by a line drawn from one of its 
angular points; (2) by a line drawn from a given point in one side. 

145. To divide a square into four equal portions by lines drawn 
from any point in one of its sides. 

146. It is impossible to divide a quadrilateral figure (except it be 
a parallelogram) into equal triangles by lines drawn from a point 
within it to its four corners. 
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147. If the greater of the acute angles of a right-angled triangle, 
be double the other, the square on the greater side is three times the 
square on the other. 

148. Upon a given straight line construct a right-angled triangle 
such that the square of the other side may be equal to seven times 
the square on the given line. 

149. If from the vertex of a plane triangle, a perpendicular fall 
upon the base or the base produced, the difference of the squares on 
the sides is equal to the difference of the squares on the segments of 
the base. 

150. If from the middle point of one of the sides of a right-angled 
triangle, a perpendicular be drawn to the hypotenuse, the difference 
of the squares on the segments into which it is divided, is equal to 
tle square on the other side. 

151. If a straight line be drawn from one of the acute angles of a 
right-angled triangle, bisecting the opposite side, the square upon 
that line is less than the square upon the hypotenuse by three times 
the square upon half the line bisected. 

152. If the sum of the squares of the three sides of a triangle be 
equal to eight times the square on the line drawn from the vertex to 
the point of bisection of the base, then the vertical angle is a right 
angle. ] 

“153. If a line be drawn parallel to the hypotenuse of a right- 
angled triangle, and each of the acute angles be joined with the 
points where this line intersects the sides respectively opposite to 
them, the squares on the joining lines are together equal to the 
squares on the hypotenuse and on the line drawn parallel to it. 
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154. Let ACB, ADB be two right-angled triangles having a 
common hypotenuse AB, join CD, and on CD produced both ways 
draw perpendiculars AZ, BF. Shew that C#?+ CF?=DE?+DF?, 

155. If perpendiculars AD, BE, CF’ drawn from the angles on 
the opposite sides of a triangle intersect in @, the squares on AB, 
BC, and CUA, are together three times the squares on AG, BG, and 
CG. ‘ 

156. If ABC be a triangle of which the angle A is a right angle ; 
and BE, Cl’ be drawn bisecting the opposite sides respectively : 
shew that four times the sum of the squares on BE and CF is equal 
to five times the square on BC. 

157. If ABC be an isosceles triangle, and CD be drawn ‘per- 
pendicular to AB; the sum of the squares on the three sides is 


equal to 
AD? +2. BD? +3.0D*. 


158. The sum of the squares described upon the sides of a rhom- 
bus is equal to the squares described on its diameters. 

159. A point is taken within a square, and straight lines drawn 
from it to the angular points of the square, and perpendicular to the 
sides; the squares on the first are double the sum of the squares on 
the last. Shew that these sums are least when the point is in thie 
centre of the square, 

160. In the figure Euce., 1. 47, 

(a) Shew that the diagonals PA, AX of the squares on AB, AC, 
lie in the sume straight line. 

(b) If DF’, EK be joined, the sum of the angles at the bases of 
the triangles BLD, CLK is equal to one right angle. 

(c) If BG and CU be joined, those lines will be parallel. 

(d) If perpendiculars be let fall from #’ and A’ on BC produced, 
the parts produced will be equal; and. the perpendiculars together 
will be equal to BC. ; 

(e) Join GH, KE, FD, and prove that each of the triangles so 
formed, equals the given triangle ABC. , 

 (f) The sum of the squares on GH, KE, and FD will be equal 
to six times the square on the hypotenuse. 

(7) The difference of the squares on AB, AQ, is equal to the dif- 
ference of the squares on AD, AF. ; 

161. The area of any two parallelograms described on the two 
rides of a triangle, is equal to that of a parallelogram on the base, 
whose side is equal and parallel to the line drawn from the vertex 
of the triangle, to the intersection of the two sides of the former 
parallelograms produced to meet. 

162. If one angle of a triangle be a right angle, and another 
equal to two-thirds of a right-angle, prove from the First Book of 
Euclid, that the equilateral triangle described on the hypotenuse, is 
equal to the sum of the equilateral triangles described upon the sides 
which contain the right angle. 
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DEFINITIONS. 


fi 


Every right-angled parallelogram is called a rectangle, and is 
said to be contained by any two of the straight lines which contain 
one of the right angles. 


abl 


In every parallelogram, any of the parallelograms about a diam- 
eter together with the two complements, is called a gnomon. 
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“Thus the parallelogram HG together with the complements 4 F, FC, 
is the gnomon, which is more briefly expressed by the letters AGA, or 
EHC, which are at the opposite angles of the parallelograms which make 
the gnomon.” 


PROPOSITION I. THEOREM. . 


If there be two straight lines, one of which is divided into any number 
of parts; the rectangle contained by the two straight lines, is equal to the 
rectangles contained by the undivided line, and the several parts of the 


divided line. _ 


Let A and BC be two straight lines; 
and let BC be divided into any parts BD, DE, EC, in the points D, £. 
Then the rectangle contained by the straight lines 4 and BC, 
shall be equal to the rectangle contained by A and BD, together with 
that contained by A and DZ, and that contained by A and LC. 
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From the point B, draw BF at right angles to BC, (1. 11.) 
and make BG equal to A; (1. 3.) 
through G@ draw @Z parallel to BC, (1. 31.) 
and through D, 2, C, draw DK, EL, CH parallel to BG, meeting 
GH in K, L, &. 
Then the rectangle BH is equal to the rectangles BA, DL, EH. 
And BH is contained by A and BO, 
for it is contained by GB, BC, and GB is equal to A: 
and the rectangle BA is contained by A, BD, 
for it is contained by GB, BD, of which GP is equal to A: 
also DZ is contained by A, DE, 
because DAK, that is, BG, (1. 84.) is equal to A; 
and in like manner the rectangle //7 is contained by A, #C: 
therefore the rectangle contained by A, BC, is equal to the several 
rectangles contained by A, BD, and by A, DF, and by A, £C. 
Wherefore, if there be two straight lines, &e. Q.n.p. 


PROPOSITION Il. THEOREM. 

If a straight line be divided into any two parts, the rectangles contained 
hy the whole and each of the parts, are together equal to the square on the 
whole line. 

Let the straight line AB be divided into any two parts in the 
oint OL, 

Then the rectangle contained by AB, BC, together with that 
contained by AB, AC, shall be equal to the square on AB. 
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Upon AF deseribe the square — (1. 46.) and through C 

draw Uf" parallel to AD or BH, (1, 31.) meeting DL in FP 
Then AF’ is equal to the rectangles 44, C2 
And AJ? is the square on AB; 
_ and AF is the rectangle contained by BA, AC; 
for it is contained by DA, AC, of which DA is equal to AB: 
and CF is contained by AB, BC, 
for BF is equal to AB: 
therefore the rectangle contained by AB, AC, together with the 
rectangle A/?, BO is equal to the square on AB, 
if therefore a straight line, &e,  @.R.p. 


BOOK Il. PROP. ILL, IV. 87 


PROPOSITION III, THEOREM. 


If a straight line be divided into any two parts, the rectangle containcd 
by the whole and one of the parts, is equal to the rectangle contained by the 
iwo parts, together with the square on the aforesaid part. 

Let the straight line AB be divided into any two parts in the point C. 

Then the rectangle A, LC, shall be equal to the rectangle 

AG, CB, together with the square on BC. 
AG B 
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Upon BC describe the square CDFB, (1. 46.) and produce ZD to F, 
through A draw 4F parallel to CD or BE, (1. 31.) meeting HF in L. 
Then the rectangle AF is equal to the rectangles AD, CZ. 
And AF is the rectangle contained by AB, BC, 
for it is contained by AL, BE, of which BH is equal to BC: 
and AD is contained by AC, CB, for CD is equal to CB: 
and (Fis the square on BC: 
therefore the rectangle AB, BC, is equal to the rectangle AC, CB, 

together with the square on BC. 
If therefore a straight line be divided, &. Q.E.D. 


PROPOSITION IV. THEOREM. 


Tf a straight line be divided into any two parts, the square on the whole 
line is equal to the squares on the two parts, together with twice the rectangle 
contained by the parts. 


Let the straight line AB be divided into any two parts in C. 
Then the square on AV shall be equal to the squares on AC, and 
CB, together with twice the rectangle contained by AQ, CB. 
A Cc B 


D F E 

Upon AB describe the square ADP, (1. 46.) join BD, 

through C draw CGF parallel to AD or BE, (1. 31.) meeting BD 
in Gand Din X’; 

and through @ draw HGZ parallel to AL or DE, meeting AD in 
#, and BF in K; 

Then, because C7’ is parallel to AD and BD falls upon them, 
therefore the exterior angle BGC is equal to the interior and oppo- 
site angle BDA; (1. 29.) 

but the angle BDA is equal to the angle DPA, (1. 5.) 
because BA is equal to AD, being sides of a square ; 
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wherefore the angle B@C is equal to the angle DBA or GDC; 
and therefore the side BU is equal to the side CG@; (1. 6.) 
but LC is equal also to GX, and CG to BA; (1. 34.) 
wherefore the figure CGAB is equilateral. 
It is likewise rectangular ; 
for, since OG is parallel to BX, and BC meets them, 
therefore the angles ABC, BCG are equal to two right angles; (1. 29.) 
but the angle ABC is a right angle; (def. 30. constr.) 
wherefore BCG isa right angle: . 
rnd therefore also the angles CG.K, GHB, opposite to these, are right 
angles; (1. 34.) 
wherefore CGB is rectangular : 
but it is also equilateral, as was demonstrated ; 
wheretore it is a square, and it is upon the side CB. 
For the same reason /7F' is a square, 
and it is upon the side 7G, which is equal to AC. (1. 34.) 
Therefore the figures /7/, CX, are the squares on AC, CB. 
And because the complement AG is equal to the complement GZ, 
I. 43.) 
and that AG is the rectangle contained by AC, CB, 
for GC is equal to CB; 
therefore @£Z is also equal to the rectangle AC, CB; 
wherefore AG, GE are equal to twice the rectangle AC, CB; 
and HF, CK are the squares on AC, CB; 
wherefore the four figures HF, CK, AG, GE£, are equal to the 
squares on AC, CB, and twice the rectangle AC, CB: 
but HF, CK, AG, GE make up the whole figure AVA, which is 
the square on AB; Ms 
therefore the square on AB is equal to the squares on AC, CB, 
and twice the rectangle AC, CB. 
Wherefore, if a straight line be divided, &. Q.8.D. 
Cor. From the demonstration, it is manifest, that the parallelo- 
grams about the diameter of a square, are likewise squares. 


PROPOSITION V. THEOREM. 


If a straight line be divided into two e ie aby and also into two 
unequal parts ; the rectangle contained by the uv equal parts, together with 
the square on the line between the points of section, is equal to the square on 


half the line. 


Let the straight line AP be divided into two equal parts in the 
point (, and into two unequal parts in the point D. 

Then the rectangle AD, DB, together with the square on CD, 
shall be equal to the square on CB. 


A Oo Ds 
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Upon CB describe the square CEFB, (1. 46.) join BE, 
through D draw DHG parallel to CH or BL, (1. 31.) meeting DL 
in H, and ##’ in G. 
and through H draw KLM parallel to CB or ZF, mecting CF in 
I, and BF in M; 
also through A draw AX parallel to CZ or BM, mecting MLK in FX. 
Then because the complement CH is equal to the complement £//, 
(x. 48.) to each of these equals add DA ; 
therefore the whole CV is equal to the whole DI’; 
but because the line AC is equal to OB, 
therefore AZ is equal to CM, (1. 36.) 
therefore also AZ is equal to DF; 
to each of these equals add CH, 
and therefore the whole 4/ is equal to DF and CH: 
but A// is the rectangle contained by AD, DB, for DH is equal to DB; 
and DF’ together with C/H/ is the gnomon CMG; 
therefore the gnomon CMG is equal to the rectangle AD, DB: 
to each of these equals add ZG, which is equal to the square on 
GD: (ri. 4. Gor) 
therefore the gnomon CMG, together with ZG, is equal to the 
rectangle AD, DB, together with the square on CD: 
but the gnomon C.V/G@ and L@ make up the whole figure CEB, 
which is the square on OB; 
therefore the rectangle AD, DB, together with the square on CD 
is equal to the square on CB. 
Wherefore, if a straight line, &c. Q.4E.p. 
Cor. From this proposition it is manifest, that the difference of 
the squares on two unequal lines AC, CD, is equal to the rectangle 
contained by their sum AD and their ditference DB. 


-~ 


. PROPOSITION VI. THEOREM. 

Tf a straight line be bisected, and produced to any point ; the rectangle 
contained by the whole line thus produted, and the part of it produced, to- 
qether with the square on half the line bisected, is equal to the square on the 
straight line which is made up of the half and the part produced. 

Let thestraight line AB be bisected in C, and produced tothe point D. 

Then the rectangle AD, DP, together with the square on CB, 
shall be equal to the square on CD. 

A Cc BD 


E QF 
Upon CD describe the square CHFD, (1. 46.) and join DE, 
through PB draw BG parallel to CZ or DF, . 31.) meeting 
DE in H, and FF in G; 
through 7 draw KLM parallel to AD or LF, meeting DF in MU, 
and CF in L; 
and through A draw AX parallel to CZ or DM, meeting MLK in KX. 
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Then because the line AC is equal to CB, 
therefore the rectangle AZ is equal to the rectangle CH, (1. 36.) 
but CH is equal to FP; (1. 48.) 
therefore AL is equal to HF; 
to each of these equals add CM; 
therefore the whole A is equal to the gnomon OMG: 
but AJ/ is the rectangle contained by AD, DB, 
for DM is equal to DB: (1. 4. Cor.) 
therefore the gnomon (MG is equal to the rectangle AD, DB: 
to each of these equals add L@ which is equal to the square on CB; 
therefore the rectangle AD, DL, together with the square on 
CB, is equal to the gnomon CMG, and the figure ZG; 
but the gnomon CMG and LG make up the whole figure CEFD, 
which is the square on CD ; 
therefore the rectangle AD, DB, together with the square on 
OB, is a to the square on CD. 
herefore, if a straight line, &e. Q.E.D. * 


PROPOSITION VII. THEOREM. 
Tf a straight line be divided into any two parts, the squares on the whole 
line, and on one of the parts, are equal to twice the rectangle contained by 
the whole and that part, together with the square on the other part. 


Let the straight line AB be divided into any two parts in the point C. _ 


Then the squares on AZ, BC shall be equal to twice the rec- 
tangle AB, BC, together with the square on AC. 


A OB 
| es Al 
DF ® 


Upon AB describe the square ADEB, (1. 46.) and join BD; 
through (draw CF parallel! to AD or BH (1. 81.) meeting BD 
in G, and DF in P. 7 . 
through @ draw HGK parallel to AB or DE, meeting AD in H, 
and BF in K. 
Then because AG is equal to GB, (1. 48.) 
add to each of them CX ; ' 
therefore the whole AX is equal to the whole CZ; 
and therefore AK, CE, are double of AK: 
but AX, CE, are the gnomon AXA and the square CK; 
therefore the gnomon AA and the square CX are double of AX; 
but twice the rectangle AB, BC, is double of AK, 
for BK is equal to BO; (u. 4. Cor.) 
therefore the gnomon AAJ’ and the square CA, are equal to 
twice the rectangle AB, BC; 
to each of these equals add /7F, which is equal to the eqnare on AC, 
therefore the gnomon AAV, and the squares CA, HF, are equal 
to twice the rectangle AB, BC, and the square on AC ; 
but the gnomon AAV, together with the squares CK, HZ, make 
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up the whole figure ADZB and CK, which are the squares on AB 
and BC; 
therefore the squares on AB and BC are equal to twice the rec- 
tangle AB, BC, together with the square on AC. 
Wherefore, if a straight line, &c. Q.£.D. 


PROPOSITION VIII. THEOREM. 


If a straight line be divided into any two parts, four times the rectangle 
contained by the whole line, and one of the parts, together with the square on. 
the other part, is equal to the square on the straight line, which is made up 
of the whole and that part. 


Let the straight line AB be divided into any two partsin the point C. 

Then four times the rectangle 44, BC, together with the square 
on AC, shall be equal to the square on the straight line made up of 
AB and BC together. 


A Cc BD 
el Ki) /) 
M|- “iN 
a ya a 
ee 
o ee 


Produce AB to D, so that BD be equal to CB, (1.3.) 
upon AD describe the square AZ?D, (1. 46.) and join DZ, 
through B, C, draw BL, CH parallel to AZ or DF, and cutting DE 
in the points A, P respectively, and meeting “fin L, 7; 
through A, P, draw UGHN, XPLO parallel to AD or EF. 
Then because CB is equal to BD, CB to GA, and BD to KW; 
therefore G/T is equal to AN ; 
for the same reason, P/ is equal to RO; 
and because CB is equal to BD, and GK to KN, 
therefore the rectangle CX is equal to BN, and GR to RN; (1. 86.) 
but CF is equal to RN, (1. 43.) 
because they are the complements of the parallelogram CO ; 
therefore also BN is equal to GR; 
ind the four rectangles BN, CK, GR, RN, are equal to one another, 
_ and so are quadruple of one of them CA. 

Again, because UB is equal to BD, and BD to BK, that is, to OG; 
and because CB is equal to GK, that is, to GP; 
therefore ('G is equal to GP. 

And because ((@ is equal to GP, and PR to RO, 
therefore the rectangle A@ is equal to MP, and PL to RF; 
but the rectangle WP is equal to PZ, (1. 43.) 
because they are the complements of the parallelogram ML : 
wherefore also AG is equal to RF’: 

‘herefore the four rectangles AG, MP, PL, RF, are. equal to one 

another, and so are quadruple of one of them AG, 
And it was demonstrated, that the four CA, BN, GR, and RN, 
are quadruple of CX: 
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therefore the eight rectangles which contain the gnomon 4 OZ, 
are quadruple of AA. 
And because AX is the rectangle contained by AB, BOC, 
for BK is equal to BC ; 
therefore four times the rectangle 4.4, BO is quadruple of AI: 
but the gnomon AO// was demonstrated to be quadruple of A/T ; 
therefore four times the rectangle A, BCis equal to the gnomon A O/7; 
to each of these equals add X//, which is equal to the square on AV; 
therefore four times the rectangle AB, BC, together with the square 
on AC, is equal to the gnomon AOZ and the square X//; 
but the gnomon AOH and X// make up the figure ALD, which is 
the square on AD; ; 
therefore four times the rectangle AB, BC together with the 
square on AGC, is equal to the square on AJ, that is, on AB and BE 
added together in one straight line. 
Wherefore, if a straight line, &e.  Q.E.p. 


PROPOSITION IX. THEOREM. 


Tf a straight line be divided into two equal, and also into tro unequal 
parts ; the squares on the two unequal parts are together double of the square. 
on half the line, and of ihe square on the line between the points of section. 


Let the straight line AB be divided into two equal parts in the 
point C, and into two unequal parts in the point D. 
Then the squares on AD, DB together, shall be double of the 
squares on AC, CD. " # 
ay 


A GD" B 


From the point @ draw CF at right angles to AB, (1. 11.) 
make CF equal to AC or CB, (1. 8.) and join LA, EB ; 
through D draw DF’ parallel to CH, meeting LB in /, (1. 81) 
through #' draw /’G parallel to BA, and join AP. 

Then, because AC is equal to CZ, 
therefore the angle AZC is equal to the angle FAC; (1. 5.) 
and because ACF is a right angle, 
therefore the two other angles ALU, HAC of the triangle are to- 

gether equal to a right angle; (1. 82.) 
and since they are equal to one another ; 
therefore each of them is half a right angle. 
For the same reason, each of the angles CEB, EBV is half aright angle; 
and therefore the whole AEB is a right angle. 
And because the angle G/F is half a right angle, 
and /@F a right angle, 
for it is equal to the interior and opposite angle ECB, (1. 29.) 
therefore the remaining angle //@ is half a right angle ; 
wherefore the angle G/F is equal to the angle HFG, 
and the side G# equal to the side HG. (1. 6.) 
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Again, because the angle at B is half a right angle, 
and FDP a right angle, 
- for it is equal to the interior and opposite angle HOB, (1. 29.) 
therefore the remaining angle BED is half a right angle ; 
wherefore the angle at 6 is equal to the angle BFD, 
| and the side DF equal to the side DB. (1. 6.) 
; And because 4C is equal to CZ, 
| the square on AC is equal to the square on CE; 
_ therefore the squares on AC, CH are double of the square on AC; 
but the square on A/’ is equal to the squares on AC, CZ, (1. 47.) 
because ACF is a right angle ; 
therefore the square on A/ is double of the square on AC. 
Again, because /@ is equal to GF, 
the square on HG is equal to the square on GF’; 
. therefore the squares on #G, GF are double of the square on GF; 
but the square on #F'is equal to the squares on LG, GF’; (1. 47.) 
| therefore the square on Hf is double of the square on G/’; 
and GF'is equal to CD; (1. 34.) 
therefore the square on //'is double of the square on CD; 
but the square on A/’is double of the square on AC; 
therefore the squares on 4/7, HF are double of the squareson A 0, CD; 
but the square on AF’is equal to the squares on AZ, LF, 
because A/F is a right angle; (1. 47.) 
therefore the square on A/’is double of the squares on AC, CD; 
but the squares on AD, D/ are equal to the square on AF’; 
because the angle AD/'is a right angle; (1. 47.) 
*herefore the squareson AD, D/ are double of the squares on 40, CD; 
and Dis equal to DB; 
therefore the squareson AD, DP are double of the squares on AC, CD. 
If therefore a straight line be divided, &c. Q.E.p. 


PROPOSITION X. THECREM. 

Tf a straight line be bisected, and produced to any point, the square on 
the whole line thus produced, and the square on the part of it produced, are 
together double of the square on half the line bisected, and of the square on 
the line made up of the half and the part produced. 

Let the straight line AB be bisected in C, and produced to the 
point D. 

Then the squares on AD, DB, shall be double of the squares ox. 
AC, OD. 


From the point C draw (CF at right angles to AD, (1. 11.) 
make OF equal to ACG or OP, (1. 3.) and join AL, BB; 
through # draw /F parallel to AD, (1. 31.) 
and through J draw D/’ parallel to CZ, meeting L7Fin 1 
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Then because the str aight line /¥F' meets the parallels CEL, FD, 
therefore the angles CAF, EF) are equal to two right angles ; ‘a 29, } 
and therefore the angles BEF, EFD are less than two right angles. 

But straight lines, which with another straight line make the in- 
terior angles upon the same side of a line, less than two right angles, 
will meet if produced far enough; (1. ax. 12.) - 

therefore “7B, #'D will meet, if produced towards B, D; 
let them be produced and meet in G, and join AG. 
Then, because AC is equal to CZ, 
‘therefore the angle CEA is equal to the angle "BAC; (1. 5.) 
and the angle ACF is a right angle ; 
therefore each of the angles CHA, AC is half a right angle. (1. 32.) 
For the same reason, 
each of the angles CEB, EBC: is half a right angle ; 
therefore the whole A/B is a right angle. 
And because #2C is half a right angle, 
therefore DBG is also half a right angle, (1. 15.) 
for they are vertically opposite ; 
but BY is a right angle, 
because it is equal to the alternate angle DCE; (tr. 29.) 
therefore the remaining angle D@B is half a right angle ; 
and is therefore equal to the angle DBG ; 

wherefore also the side BY is equal to the side DG. (1. 6.) 

Again, because #G/ is half a right angle, and the angle at / is 
a right angle, being equal to the opposite angle HCD, (1. 34.) 

therefore the remaining angle 7G is half a right angle, 
and therefore equal to the angle PGF; 
wherefere also the side (/’ is equal to the side PE. (1. 6.) 
And because 2C is equal to CA ; 
the square on LC is pe to the square on OA ; 
therefore the squares on LC, CA are double of the square on CA; 
but the square on (A is equal to the squares on HC, CA; (1. 47.) 
therefore the square on A is double of the square on AC. 
Again, because GF’ is equal to FE, 
the square on @F’ is equal to the square on FF; 
therefore the squares on @/, FZ are double of the square on FF; 
but the square on ZG is equal to the squares on GP, FR; (1 47.) 
therefore the square on /@ is double of the square on FE; 
and 7 is equal to CD; (1. 84.) 
wherefore the square on L’'( is double of the square on CD 
but it was demonstrated, 
that the square on A is double of the square on AC; 
therefore the squares on HA, 2G are double of the squares on A ¢, CD; 
but the square on AG is equal to the squares on LA, BG; (1, 47.) 
therefore the square on AG is double of the squares on A C, CD: 

but the squares on A), D( are equal to the square on A G; 

therefore the squares on AD, DG arg double of the squares on AC, CD; 
but D@ is equal to DB; 
therefore the squares on AD), DBare double of the squares on AC, CD, 
Wherefore, if a straight line, &e. Q.k.p, 
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_ PROPOSITION XI. PROBLEM. 

To divide a given straight line into two parts, so that the rectangle con- 
tained by the whole and one of the parts, shall be equal to the square on the 
other part. 

Let AB be the given straight line. 

It is required to divide AB into two parts, so that the rectangle 
contained by the whole line and one of the parts, shall be equal to 
the square on the other part. 


‘ 
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A a B 
‘ > ; oat, 
A 7 ne: ee ‘ 
Rea 
c KD 


Upon AB describe the square ACDD; (1. 46.) 
bisect A (in F, (1. 10.) and join BL, © 
produce CA to /, and make FF equal to EB, (1. 3.) 
upon A’ describe the square PGHA. (1. 46.) 
Then AB shall be divided in ‘Z, so that the rectangle AB, LIT is 
equal to the square on AZ. f 
Produce GH to meet CD in KX. 

Then because the straight line A (is bisected in /, and produced to /, 
therefore the rectangle CF, A together with the square on AL} 
is equal to the square on FF’; (11. 6.) 

but /F is equal to FD; 
therefore the rectangle CF, FA together with the square on AL, 
is equal to the square on LB; 

‘but the squares on BA, AF are equal to the square on LB, (1. 47.) 

because the angle FAB is a right angle ; 
therefore the rectangle (/F, A, together with the square on AL, 
is equal to the squares on LA, AL; 
take away the square on AV, which is common to both; 
therefore the rectangle contained by C'/, /’A is equal to the square 
on BA. 
But the figure 7/7 is the rectangle contained by CF, FA, 
for FA is equal to FG; 
and AD is the square on AB; 
therefore the figure /’A is equal to AD; 
take away the common part AJ, 
therefore the remainder /'7/ is equal to the remainder HD; 
but HD is the rectangle contained by AB, LH, 
for AB is equal to BD; 
and FH is the square on AZ; 
therefore the rectangle AB, BH, is equal to the square on AL. 
Wherefore the straight line AB is divided in H, so that the 
rectangle AB, BH is equal to the square on AH. Q.EF. 
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PROPOSITION XII. THEOREM. 

In obtuse-angled triangles, if a perpendicular be drawn aki either of 
the acute angles to the opposite side produced, the square on the side subtend- 
ing the obtuse angle, is greater than the squares on the sides containing the 
obtuse angle, by twice the rectangle contained by the side upon which, when 
produced, the perpendicular falls, and the straight line intercepted without 
the triangle between the perpendicular and the obtuse angle. 

Let ABC be an obtuse-angled triangle, having the obtuse angle 
ACB, and from the point A, let AD be drawn perpendicular to BC 
produced. 

Then the square on AZ shall be greater than the squares on AQ, 
GB, by twice the rectangle BU, CD, 

~ c A 
CxtD 


B Cc D 
Because the straight line BD is divided into two parts in the point 0, 
therefore the square on BY) is equal to the squares on BC, CD, 
and twice the rectangle BC, CD; (1. 4.) 
to each of these equals add the square on DA ; 
therefore the squares on BD, DA are equal to the squares on BC, 
CD, DA, and twice the rectangle BC, CD ; 
but the square on BA is equal to the squares on BD, DA, (1. 47.) 
because the angle at D is a right angle ; 
and the square on CA is equal to the squares on CD, DA; 
therefore the square on BA is equal to the squares on BC, CA, and 
twice the rectangle BC, CD; , 
that is, the square on BA is greater than the squares on BO, CA, by 
twice the rectangle BO, CD. 
Therefore in obtuse-angled triangles, &e. Q.n.p. 


PROPOSITION XIII. THEOREM. 


In every triangle, the square on the side subtending either of the acute 
angles, is less than the squares on the sides containing that angle, by twice 
the rectangle contained hy either of these sides, and the straight line inter- 
cepted between the acute angle and the perpendicular let fall upon it from the 
opposite angle. 

Let ABC be any triangle, and the angle at PB one of its acute 
angles, and upon BC, one of the sides containing it, let fall the per- 
pendicular AY from the opposite angle. (1. 12.) 

Then the square on AC opposite to the angle B, shall be less 
than the squares on (2, BA, by twice the rectangle CB, BD, 

A 
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First, let AD fall within the triangle ABC. 

Then because the straight line OB is divided into two parts in D, 
the squares on CB, BD ure equal to twice the rectangle contained by 
CB, BD, and the square on DC; (u. 7.) 

to each of these equals add the square on AD; 
therefore the squares on CB, BD, DA, are equal to twice the 
rectangle ('b, LD, and the squares on AD, DC; 

but the square on 4B is equal to the squares on BD, DA, (.. 47,) 

because the angle BDA is a right angle ; 
and the square on AC’ is equal to the squares on AD. DG: 
therefore the squares on CB, BA are equal to the square on AC, 
and twice the rectangle OB, BD: 
that is, the square on AC alone is less than the-squares on CB, BA, 
by twice the rectangle CB, BD. 
Secondly, let AD fall without the triangle ABO. 
A 


A 
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B Cc 
Then, because the angle at D is a right angle, 
the angle ACB is greater than a right angle; (1. 16.) 
and therefore the square on AZ is equal to the squares on AC, OB, 
and twice the rectangle BC, CD; (1. 12.) 
to each of these equals add the square on BC; 
therefore the squares on AB, BC are equal to the square on AC, 
twice the square on BO, and twice the rectangle BC, CD; 
but because BD is divided into two parts in 0, 
therefore the rectangle DB, BC is equal to the rectangle BC, CD, 
and the square on BC; (rr. 3.) 
and the doubles of these are equal ; 
that is, twice the rectangle DB, BC is equal to twice the rectangle 
BC, CD and twice the square on BC: 
therefore the squares on AB, BC are equal to the square on AC, 
and twice the rectangle DB, BC: 
wherefore the square on A (alone is less than the squares on AB, BC; 
by twice the rectangle DB, BA. 
Lastly, let the side AC be perpendicular to BC. 
A 


T C 
Then BC is the straight line between the perpendicular and the 
acute angle at B; 
and it is manifest, that the squares on AB, BC, are equal to the 
square on AC, and twice the square on BC. (1. 47.) 
Therefore in any triangle, &c. Q.z.D. 


98 EUCLID’S ELEMENTS. 


PROPOSITION XIV. PROBLEM. 
To describe a square that shall be equal to a given rectilineal figure. 


Let A be the given rectilineal figure. 
It is required to describe a square that shall be equal to A. 


Describe the rectangular parallelogram BCD£ equal to the rec- 
tilineal figure A. (1. 45.) 
Then, if the sides of it, BA, LD, are equal to one another, 
it is a square, and what was required is now done. 
But if BL, LD, are not equal, 
produce one of them LL to F, and make /F equal to ED, 
bisect Blin G; (1. 10.) 
from the center (7, at the distance GB, or GF, describe the semicircle 
BHF, 
and produce JZ to meet the circumference in //. 
The square described upon 77 shall be equal to the given recti- 
lineal figure A. 
Join GH, 


Then because the straight line B/’ is divided into two equal parts 
in the point G, and into two unequal parts in the point 2; 
therefore the rectangle BL, LV, together with the square on EG, 
is equal to the square on GF’; (1. 5.) . 
but GF’ is equal to GIZ; (def. 15.) 
therefore the rectangle BL, /F, together with the square on EG, is 
equal to the square on G//; 
but the squares on 7/7, LG are equal to the square on GH; (1. 47.) 
therefore the rectangle DL, LF, together with the square on £G, 
is equal to the squares on HL, LG ; 
take away the square on /G, which is common to both; 
therefore the rectangle BE, LF is equal to the square on A/F, 
But the rectangle contained by BL, LF is the parallelogram BD, 
because LF is equal to LD); 
therefore BD is equal to the square on EH; 
but BD is equal to the rectilineal figure A; (constr.) 
therefore the square on 2 is equal to the rectilineal figure A, 
Wherefore a square has been made equal to the given rectilineal 
figure A, namely, the square described upon ZH. Q.4.¥. 


NOTES TO BOOK IL 


In Book 1., Geometrical magnitudes of the same kind, lines, angles and 
surfaces, more particularly triangles and parallelograms, are compared, 
either as being absolutely equal, or unequal to one another, 

In Book 11., the properties of right-angled parallelograms, but without 
refcrence to their magnitudes, are demonstrated, and an important extension 
is made of Hue. 1., 47, to acute-angled and obtuse-angled triangles. Euclid 
has given no definition of a rectangular parallelogram ov rectangle: proba- 
bly, because the Greek expression mapaAAnAdypaumov dpdSoydvioy, or dpSoye- 
viov simply, is a definition of the figure. In English, the term rectangle, 
formed from rectus angulus, ought to be defined before its properties are de- 
monstrated. A rectangle may be defined to be a parallelogram having one 
angle a right-angle, or a right-angled parallelogram; and a square isa rec- 
tangle having all its sides equal. 

As the squares in Euclid’s demonstrations are squares described or sup- 
posed to be described on straight lines, the expression ‘‘ the square on AB,” 
is a more appropriate abbreviation for ‘‘the square described on the line AB,” 
than ‘“‘the square of AB.” The latter expression more fitly expresses the 
arithmetical or algebraical equivalent for the square on the line AB. 

In Eue. 1., 35, it may be seen that there may be an indefinite number of 
parallelograms on the same base and between the same parallels whose areas 
are always equal to one another; but that one of them has all its angles 
right angles, and the length of its boundary less than the boundary of any 
other parallelogram upon the same base and between the same parallels, 
The area of this rectangular paralielogram is therefore determined by the 
two lines which contain one of its right angles. Hence it is stated in Def. 1, 
that every right-angled parallelogram is said to be contained by any two of 
the straight lines which contain one of the right angles. No distinction is 
made in Book 11., between equality and identity, as the rectangle may be 
said to be contained by two lines which are equal respectively to the two 
which contain one right angle of the figure. It may be remarked that the 
rectangle itself is bounded by four straight lines. 

It is of primary importance to discriminate the Geometrical conception 
of a rectangle from the Arithmetical or Algebraical representation of it. 
The subject of Geometry is magnitude not number, and therefore it would 
be a departure from strict reasoning on space, to substitute in Geometrical 
demonstrations, the Arithmetical or Algebraical representation of a rectangle 
for the rectangle itself. It is, however, absolutely necessary that the connex- 
ion of number and magnitude be clearly understood, as far as regards the 
representation of lines and areas. 

All lines are measured by lines, and all surfaces by surfaces. Some 
one line of definite length is arbitrarily assumed as the linear unit, and 
the length of every other line is represented by the number of linear 
units contained in it. The square is the figure assumed for the measure 
of surfaces. The square unit or the unit of: area is assumed to be that 
square, the side of which is one unit in length, and the magnitude of 
every surface is represented by the number of square units contained 
in it. But here it may be remarked, that the properties of rectangles 
and squares in the Second Book of Euclid are proved independently 
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of the consideration, whether the sides of the rectangles can be represented 
by any multiples of the same linear unit. If, however, the sides of 
rectangles are supposed to be divisible into an exact number of linear 
units, a numerical representation for the area of a rectangle may be 
deduced. 

On two lines at right angles to each other, take AB equal to 4, and AD 
equal to 3 linear units. 

Complete the rectangle ABCD, and through the points of division of 
AL, AD, draw EL, FM, GN parallel to AD; and IP, AQ parallel to 
AB respectively. 


D> he i oN ae 
Then the whole rectangle AC is divided into squares, all equal to each 
other. 
And AC is equal to the sum of the rectangles AZ, 2M, FN, GC; (1. 1.) 
also these rectangles are equal to one another, (1. 86.) 
therefore the whole AC is equal to four times one of them A Z. 

Again, the rectangle AZ is equal to the rectangles HH, HR, RD, and 
these rectangles, by construction, are squares described upon the equal lines 
All, HK, KD, and are equal to one another. 

Therefore the rectangle A JZ is equal to 8 times the square on 4 //, 

but the whole rectangle AC is equal to 4 times the rectangle AZ, 

therefore the rectangle AC is 4 x 8 times the square on AH, or 12 
square units: 

that is, the product of the two numbers which express the number of 
linear units in the two sides, will give the number of square units in the 
rectangle, and therefore will be an arithmetical representation of its area. 

And generally, if AB, AD, instead of 4 and 8, consisted of a and b 
linear units respectively, it may be shewn in a similar manner, that the area 
of the rectangle AC would contain ab square units; and therefore the prod- 
uct ab is a proper representation for the area of the rectangle AC. 

Hence, it follows, that the term rectangle in Geometry corresponds to 
the term product in Arithmetic and Algebra, and that a similar comparison 
may be made between the products of the two numbers which represent the 
sides of rectangles, as between the areas of the rectangles themselves. This 
forms the basis of what are called Arithmetical or Algebraical proofs of 
Geometrical properties. 

If the two sides of the rectangle be equal, or if 4 be equal to a, the 
figure is a square, and the area is represented by aa or a’. 

Also, since a triangle is equal to the half of a parallelogram of the same 
base and altitude; 

Therefore the area of a triangle will be represented by half the rectangle 
which has the same base and altitude as the triangle: in other words, if the 
leagth of the base be a units, and the altitude be 6 units; 

Then the area of the triangle is algebraically represented by dab. 

The demonstrations of the first eight propositions, exemplify the obvious 
axiom, that, ‘the whole area of every figure in each case, is equal to all 
the parts of it taken together.” 

Def. 2, The parallelogram HLA together with the complements 7 
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FO, is also a gnomon, as well as the parallelogram HG‘ together with the 
same complements. 

Prop. 1. For the sake of brevity of expression, ‘‘the rectangle con- 
tained by the straight lines AB, BC,” is called ‘‘the rectangle AB, BC;” 
and sometimes ‘‘the rectangle 4 BC.” 

To this proposition may be added the corollary: If two straight lines 
be divided into any number of parts, the rectangle contained by the two 
straight lines, is equal to the rectangles contained by the several parts of 
one line and the several parts of the other respectively. 

The method of reasoning on the properties of rectangles by means of 
the products which indicate the number of square units contained in their 
areas is foreign to Euclid’s ideas of rectangles, as discussed in his Second 
Book, which have no reference to any particular unit of length or measure 
of surface. 

Prop. 1. The figures BH, BK, DL, HH are rectangles, as may 
readily be shewn. For, by the parallels, the angle CHT is equal to HDX; 
and the angle #D& is equal to BDG (Eue. 1. 29.). But BDG is a right 
angle. Hence one of the angles in each of the figures BH, BK, DL, Hi 
is a right angle, and therefore (Euc. 1. 46, Cor.) these figures are rec- 
tangular. 

Prop. 1. Algebraically. (fig. Prop. 1.) 

Let the line LC contain a linear units, and the line A, 6 linear units of 
the same length. 

Also suppose the parts BD, DH, EC to contain m, n, p linear units 
respectively. 

Then ¢=m-|- 1 += p, 
multiply these equals by 6, 
therefore ab = bm-+-bn- bp. 


That is, the product of two numbers, one of which is divided into any 
number of parts, is equal to the sum of the products of the undivided num- 
ber, and the several parts of the other; 

or, if the Geometrical interpretation of the products be restored, 

The number of square units expressed by the product ab, is equal 
to the number of square units expressed by the sum of the products by, 
bn, bp. 

' “Prop. u. Algebraically. (fig. Prop. 11.) 

Let AB contain a linear units, and AC, CB, m apd vn linear units 
respectively. 

Then m+n =a, 
multiply these equals by a, 
therefore am + an = a’. 

That is, if a number be divided into any two parts, the sum of the 
products of the whole and each of the parts is equal to the square of the 
whole number. 

Prop. mi. Algebraically. (fig. Prop. m1.) 

Let AB contain a linear units, and let BC contain m, and AC, n linear 
units. 

Then a= m-+n, 
multiply these equals by m, 
therefore ma = m? + mn. 


That is, if a number be divided into any two parts, the product of the 
whole number and one of the parts, is equal to the square of that part, and 
the product of the two parts. 
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Prop. rv. might have been deduced from the two preceding propositions ; 
but Euclid has preferred the method of exhibiting, in the demonstrations of 
the second book, the equality of the spaces compared. 

In the corollary to Prop. xty1. Book I. it is stated that a parallelogram 
which has one right angle, has all its angles right angles. By applying 
this corollary, the demonstration of Prop. rv. may be considerably short- 
ened. 

If the two parts of the line be equal, then the square on the whole, line 
is equal to four times the square on half the line. 

Also, if a line be divided into any three parts, the square on the whole 
line is equal to the squares on the three parts, and twice the rectangles con- 
tained by every two parts. 

Prop. tv. Algebraically. (fig. Prop. rv.) 

Let the line AB contain a linear units, and the parts of it AC and BC, 
m and 7 linear units respectively. 

Then a =m-+ n, 
squaring these equals, .*. a? = (m--n)’, 
or a? = m? + 2mn-+ n?’. 

That is, if a number be divided into any two parts, the square of the 
number is equal to the squares of the two parts together with twice the prod- 
uct of the two parts. 

From Euc. 11., 4, may be deduced a proof of Eue. 1., 47. In the fig. take 
DL on DE, and HM on LB, each equal to BC, and join CH, HL, LM, MC. 
Then the figure /7LM/C is a square, and the four triangles CAH, HDL, 
LEM, MBC are equal to one another, and together are equal to the two 
rectangles AG, GL. 

Now AG, GE, FH, CK are together equal to the whole figure A DEB; 
and LMC, with the four triangles CA//, HDL, LEB, MBC also make up 
the whole figure A D/ZB ; 

Hence AG, GE, FH, CK are equal to HLMC together with the four 
triangles ; 

but AG, GF are equal to the four triangles, 
wherefore F//, CK are equal to HLMC, 


that is, the squares on AC, A// are together equal to the square on CH. 

Prop. v. It must be kept in mind, that the sum of two straight lines in 
Geometry, means the straight line formed by joining the two lines together, 
so that both may be in the same straight line. 

The following simple properties respecting the equal and unequal division 
of a line are worthy of being remembered, 

I. Since AB = 2BC = 2 (BD+ DC) = 2BD-+ 2D0, (fig. Prop. v.) 

and AB = AD+- DB; 
. 20D +- 2DB= AD+ DB, 
and by subtracting 2B from these equals, 
“. 20D = AD — DB, 
and CD = 4(AD— DB). 

That is, if a line AB he divided into two equal parts in C, and into two 
unequal parts in J, the part CY) of the line between the points of section is 
equal to half the difference of the unequal parts A) and DB, 

Il. Here AD = AC -+- CD, the sum of the unequal parts, (fig. Prop. v.) 

and DB = AC — CD their difference. 
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Hence by adding these equals together, 
~ AD-+ DB= 240, 
or the sum and difference of two lines AC, CD, are together equal to twice 
the greater line. 
And the halves of these equals are equal, 
~etAD-—-4. DB = AC, 
or, half the sum of two unequal lines AC, CD added to half their difference 
is equal to the greater line AC. 

III. Again, since AD = AC+ CD, and DB = AC— CD, 
by subtracting these equals, ¢ 

-. AD— DB = 20D, 
or, the difference between the sum and difference of two unequal, lines is 
equal to twice the less line. 

And the halves of these equals are equal, 

.4.AD—4.DB=CD, 
or, half the difference of two lines subtracted from half their sum is equal to 
the less of the two lines. 

IV. Since AC— CD = DB the difference, 

ee C= CLs 
and adding CD the less to each of these equals, 
. AO+ CD= 2CD-- DB, 
‘or, the sum of two unequal lines is equal to twice the less line together with 
the difference between the lines. : 
Prop. v. Algebraically. 
Let AB contain 2a linear units, 
" its half BC will contain a linear units. 

And let CD the line between the points of section contain m linear units. 
Then AD the greater of the two unequal parts, contains a+ m linear units ; 
and DB the less contains a — m units. 

Also m is half the difference of a+ m and a—m; 

(a+ m) (a—m) = a — im’, 
to each of these equals add m?; 
: (am) (a — m) + 1? = a’. 

That is, if a number be divided into two equal parts, and also into tvo 
unequal parts, the product of the unequal parts together with the square of 
half their difference, is equal to the square of half the number. 

Bearing in mind that AC, CD are respectively half the sum and half the 
difference of the two’ lines AD, DB; the corollary to this proposition may- 
be expressed in the following form: * The rectangle contained by two straight. 
lines is equal to the difference on the squares of half their sum and half their 


difference.” 

The rectangle contained by AD and DB, and the square on BC are each 
bounded by the same extent of line, but the spaces enclosed differ by the 
square on CD. 

A given straight line is said to be produced when it has its length increased 
in either direction, and the increase it receives, is called the part produced. 

‘If a point be taken in a line or in a line produced, the line is said to be 
Aizjded internally or externally, and the distances of the point from the 
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ends of the line are called the internal or external segments of the line, ac 
cording as the point of section is in the line or the line produced. 

Prop. vi. Algebraically. 

Let AB contain 2a linear units, then its half BC contains @ units; and 
let BD contain m units. 

Then AD contains 2a + m units, 
d .*. (2a -+- m) m = 2am 4- m?; 
to each of these equals add a’, 
.. (2a-++ m) m + a? = a? + 2am + mi. 
But a?-+ 2am -+ n* = (a-+-m)*, 
‘ .. (Qa--m) m+ @2 = (a-- my). 

That, is, If a number be divided into two equal numbers, and another 
number be added to the whole and to one of the parts; the product of the 
whole number thus increased and the other number, together with the square 
of half the given number, is equal to the square of the number which is 
made up of half the given number increased. 

The algebraical results of Prop. v. and Prop. v1. are identical, as it is 
obvious that the difference of a@-+-m and a —m in Prop. v. is equal to the 
difference of 2a-+-m and m in Prop. v1., and one algebraical result expresses 
the truth of both propositions. 

This arises from the two ways in which the difference between two un- 
equal lines may be represented geometrically, when they are in the same 
direction. 

In the diagram (fig. to Prop. v.), the difference DB of the two unequal 
lines AC and CD is exhibited by producing the less line CD), and making 
OB equal to AC the greater. 

Then the part produced DB is the difference between AC and CD, 

for AC is equal to CB, and taking CD from each, 
the difference of AC and CD is equal to the difference of CB and CD.* 

In the diagram (fig. to Prop. v1.), the difference )B of the two unequal 
lines CD and C/A is exhibited by cutting off from CD the greater, a part 
CB equal to CA the less. 

Prop. vir. Either of the two parts AC, CB of the line AB may be 
taken: and it is equally true, that the squares on 4B and AC are equal to 
twice the rectangle 4B, AC, together with the square on BC. 

Prop. vir. Algebraically. 

Let AB contain a linear units, and let the parts AC and CB contain m 
and n linear units respectively. 


Then a=m-+-n; 
squaring these equals, 
*, a? = m* +- 2mn + nn’, 
add »? to each of these equals, 
at +n? = m* + 2mn + Qn? 


But 2mn -+- 2n? = 2 (m-- n) n = 2an, 


* a? + n? = m? + Qan. 

That is, If a number be divided into any two parts, the square of the 
whole number and of one ofthe parts, is equal to twice the product of the 
whole number and that part, together with the square of the other part. 

Prop. virt, As in Prop. vit, either part of the line may be taken, 
and it is also true in this Proposition, that four times the rectangle con- 
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tained by AB, AC together with the square on BC, is equal to the square 
on the straight line made up of AB and AC together. 

The truth of this proposition may be deduced from Eue. 1. 4 and 7. 

For the square on 4D (fig. Prop. 8.) is equal to the squares on AB, BD, 
and twice the rectangle 44, 6D; (Kue. 1. 4.) or the squares on AB, BO, 
and twice the rectangle AB,-BC, because LC is equal to BD: and the 
squares on AB, BC are equal to twice the rectangle AB, BC with the 
square on AC: (Eue. 1. 7.) therefore the square on AVY is equal to four 
times the rectangle AB, BC together with the square on AC. 

Prop. vur. Algebraically. 

Let the whole line 42 contain a linear units of which the parts AC, CB 
contain m, 2 units respectively. 

Then m-- n =a, 
and subtracting or taking 7 from each, 
“.m=a—Nn, 
squaring these equals, 
ome = a — 2an + 2, 
and adding 4an to each of these equals, 
.. 4an + m? = a? + 2an-+ n*, 
But a*-+- 2an-+- 2? = (a-- n)’, 
. 4an--m* = (a-- 2)? 

That is, If a number be civided into any two parts, four times the prod- 
uct of the whole number and one of the parts, together with the square of 
the other part, is equal to the square of ¢he number made of the whole and 
the part first taken. 

Prop. vii. may be put under the following form: The square on the sum 
of two lines exceeds the square on their difference, by four times the ree- 
tangle contained by the lines. 

Prop. tx. The demonstration of this proposition may be deduced from 
Eue. u. 4 and 7. 

For (Eue. 1. 4.) the square on AD is equal to the squares on AC, CD 
and twice the rectangle AC, CD; (fig. Prop. 9.) and adding the square on 
DB to each, therefore the squares on AD, DB are equal to the squares on 
AC, OD and twice the rectangle AC, CD together with the square on DB; 
or to the squares on BC, CD and twice the rectangle BC, CD with the 
square on DB, because PC is equal to AC. 

But the squares on BC, CD are equal to twice the rectangle BC, CD, 
with the square on DB. (Eue. 11. 7.) ; 

Wherefore the squares on AD, DB are equal to twice the squares on 
BO and CD. 

Prop. 1x. Algebraically. : 

Let AB contain 2a linear units, its half AC or BC will contain a units; 
snd let CD the line between the points of section contain m units. 


Also AD the greater of the two unequal parts contains @ + m units, 
and DB the less contains @ — m units. 
Then (a ++ m)? = a? + 2am + in’, 
and (a — m)°? = a? — 2am +- m’. 
Hence by adding these equals, 
.. (a -+ my? -+ (a — m)? = 2a? +- 2m? 
Re 
a 
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That is, If a number be divided into two equal parts, and also into two 
unequal parts, the sum of the squares of the two unequal parts is equal to 
twice the square of half the number itself, and twice the square of half the 
difference of the unequal parts. 

The proof of Prop. x. may be deduced from Eue. 11. 4, 7, as Prop. 1x. 

Prop. x. Algebraically. 

Let the line AB contain 2a linear units, of which its half 40 or CB will 
contain @ units ; 

and let BD contain m units. 
Then the whole line and the part produced will contain 2a + m units, 
and half the line and the part produced will contain a + m units, 
*, (2a + my? = 4a? + 4am + m’, 
add m? to each of these equals, 
*. (2a + m)? + m? = 4a? + 4am + 2m’. 
Again, (a + m)? = a? + 2am + m’, 
add a? to each of these equals, 
(a +m)? + a? = 2a? + 2am + m’, 
and doubling these equals, 
. 2(a + mp + 2a? = 4a? + 4am + 2m. 
But iat +m) + m= 4a? + 4am + 2m’. 
Hence .*. (2a + m)? + m? = 2a? + 2 (a + mj’. 

That is, If a number be divided into two equal parts, and the whole num- 
ber and one of the parts be increased by the addition of another number, the 
squares of the whole number thus increased, and of the number by which it 
is increased, are equal to double the squares of half the number, and of half 
the number increased. 

The algebraical results of Prop, 1x. and Prop, x. are identical, (the enun- 
ciations of the two Props. arising, asin Prop. v. and Prop. v1., from the two 
ways of exhibiting the difference between two lines;) and both may be in- 
cluded under the following proposition: The square on the sum of tio lines 
and the square on their difference, are together equal to double the sum of 
the squares on the two lines. 

Prop. x1. Two series of lines, one series decreasing and the other series 
increasing in magnitude, and each line divided in the same manner, may be 
found by means of this proposition, 


(1) To find the decreasing series. 
In the fig. Eue. 1. 11, AB = AH + BH, 


and since AB. BH = AH’, .. (AH + BH). BH= AH’, 
* BH’? = Al’? — AH. BH= AH. (AH — BH). 
If now in 7A, HZ be taken equal to B//, 
then HL? = AH (AH — HL), or AH. AL= HL’: 


that is, A//is divided in Z, so that the rectangle contained by the whole 
line AH and one part, is equal to the square on the other part 7Z., Bya 
similar process, // may be so divided; and so on, by always taking from 
the greater part of the divided line, a part equal to the less. 
(2) To find the increasing series. 
From the fig. it is obvious that CP’. FA = CA?, 
Hence C?’ is divided in A, in the same manner as AB is divided in H, 
by adding AF’ a line equal, lo the greater segment, to the given line CA or 


NOTES TO BOOK IL. 107 


AB. And by successively adding to the last line thus divided, its greaver 
segment, a series of lines increasing in magnitude may be found similarly 
divided to AB. 

It may also be shewn that the squares on the whole line and on the less 
segment are equal to three times the square on the greater segment. 
(Eue. x11. 4.) 

To solve Prop. x1. algebraically, or to find the point H in AB such that: 
the rectangle contained by the whole line AB and the part HB shall be 
equal to the square on the other part 4H. 

Let AB contain a linear units, and AH one of the unknown parts con- 
tain x units, 

then the other part HB contains a — zx units. 
And .*. a (a — x) = 2’, by the problem, 
or z* + ax = a’, a quadratic equation. 
ta VYb—a 
5) é 
The former of these values of x determines the point H. 


Whence z = 


VW b— I 


So that « = oe ae AB = AZ, one part, 


3— 5 
anda—x=a—AH= = tS . AB = HB, the other part. 

It may be observed that the parts AH and HB cannot be numerically 
expressed by any rational number. Approximation to their true values in 
terms of AZ, may be made to any required degree of accuracy, by extending 
the extraction of the square root of 5 to any number of decimals. 


V5+1 
aca 


< 


To ascertain the meaning of the other result 2 = — 


In the equation a (a — x) = 2, 
for x write — x, then a (a + x) = 2”, 
which when translated into words gives the following problem. 


To find the length to which a given line must be produced so that the 
rectangle contained by the given line and the line made up of the given line 
and the part produced, may be equal to the square on the part produced. 

Or, the problem may also be expressed as follows : 

To find two lines having a given difference, such that the rectangle con- 
tained by the difference and one of them may be equal to the square on the 


other. 
It may here be remarked that Prop. x1. Book u. affords a simple Geo- 
metrical construction for a quadratic equation. 


Prop. xtr. Algebraically. 
Assuming the truth of Hue. 1. 47. 


Let BC, CA, AB contain a, 6, ¢ linear units respectively, 
and let CD, DA, contain m, n units, 
then BD contains a + m units. 
And therefore, c? = (a + m)? + n’, from the right-angled triangle 4 BD, 
also 6? = m? + n? from ACD; 
0 —P=(at+myP—m 
= a? + 2am + m? — m? 
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=a? + 2am, 
=? + a? + 2am, ? 
that is, c? is greater than 4? + a* by 2am. 
Prop. xu. Case m. may be proved more simply as follows. 
Since BD is divided into two, parts in the point D, 
therefore the squares on Cb, LD are equal to twice the rectangle con- 
tained by CB, BD and the square on CD; (11. 7.) 
add the square on AJ to each of these equals ; 
therefore the squares on CB, LD), DA are equal to twice the rectangle 
CB, BD, and the squares on CD and DA, 
but the squares on BD, DA are equal to the square on AB, (1. 47.) 
and the squares on CD, DA ave equal to the square on AC, 
therefore the squares on CB, BA are equal to the square on AC, and 
twice the rectangle Ch, BD. That is, &e. 
Prop. xm. Algebraieally. 
Let BO, CA, AB contain respectively a, 6, ¢ linear units, and let BD 
and AJ also contain m and 7 units. 


Case 1. Then DC contains a — m units, 
Therefore c? = x? + m? from the right-angled triangle ABD, 
and 6? =n? + (a—m)* from ADC; 
ee — b? =m? —(a—m) 
= m* — a® + 2am — m? 
= —a’ + 2am, 
a? +c? = 0? + 2am, 
or 02+ 2am = a? + ¢, 
that is, 2? is less than a* + ¢? by 2am, 
Case ur. DO =m — a units. 
. ¢? = m? + n® from the right-angled triangle ABD, 
and b?=(m—a)? +7? from ACD, 
Ce — P= m= (m — a)’, 
= m? — m* 4+ 2am — a? 
= 2am — a’, 
a +ci= BF + 2am, 
or 6? + 2am =a? +e’, 
that is, 4° is less than a? + ¢? by 2am. 
Case 11. Here m is equal to a, 
And b? + a® = c*, from the right-angled triangle ABC, 
Add to each of these equals a’, . 
84 Wa? = 4+ a, 
that is, 6? is less than ¢? + a® by 2a”, or 2aa. 


These two propositions, Euc, mu. 12, 18, with Eue. 1. 47, exhinit the 
relations which subsist between the sides of an obtuse-angled, an acute- 
angled, and right-angled triangle respectively. 


NOTE ON THE ABBREVIATIONS AND ALGEBRAIOAL 
SYMBOLS EMPLOYED IN GEOMETRY. 


THE ancient Geometry of the Greeks admitted no symbols besides the 
diagrams and ordinary language. In later times, after symbols of opera- 
tion had been devised by writers on Algebra, they were very soon adopted 
and employed on account of their brevity and convenience, in writing: 
purely geometrical. Dr. Barrow was one of the first who introduced alge- 
braical symbols into the language of Elementary Geometry, and distinctly 
states in the preface to his Euclid, that his object is ‘‘ to content the desires 

* of those who are delighted more with symbolical than verbal demonstra- 
tions.” As algebraical symbols are employed in almost all works on the 
mathematics, whether geometrical or not, it seems proper in this place to 
give some brief account of the marks which may be regarded as the alpha- 
bet of symbolical language. 

The mark — was first used by Robert Recorde, in his treatise on Algebra 
entitled, ‘‘ The Whetstone of Witte,” 1557. He remarks: ‘‘ And to avoide 
the tediouse repetition of these woordes : is equalle to : I will sette as I doe 
often in woorke use, a paire of paralleles, or Gemowe lines of one lengtke, 
thus: =, bicause noe 2 thynges can be more equalle.” It was employed by 
him as simply affirming the equality of two numerical or algebraical expres- 
sions. Geometrical equality is not exactly the same as numerical equality, 
and when this symbol is used in geometrical reasonings, it must be under- 
stood as having reference to pure geometrical equality. 

The signs ‘of relative magnitude, > meaning, és greater than, and <, és 
less than, were first intro duced into algebra by Thomas Harriot, in his 
“ Artis Analytice Praxis,” which was published after his death in 1631, 

The signs + and — were first employed by Michael Stifel, in his “ Arith- 
metica Integra,” which was published in 1544. The sign + was employed 
by him for the word plus, and the sign —, for the word minus. These signs 
were used by Stifel strictly as the arithmetical or a algebraical signs of addi- 
tion and subtraction. 

The sign of multiplication x was first introduced by Oughtred in his 
“ Clavis Mathematica,” which was published in 1638 In algebraical multi- 
plication he either connects the letters which form the factors of a product 
by the sign x, or writes them as words without any sign or mark between 
~ them, as ‘had been done before by Harriot, who first introduced the small 
letters to designate known and unknown quantities. However concise and 
convenient the notation AB x BC or AB. BC may be in practice for “the 
rectangle contained by the lines AB and BC”; the student is cautioned 
against the use of it, in the early part of his geometrical studies, as its use 
is s likely to occasion a misapprehei sion of Euclid’s meaning, by confounding 
the idea of Geometrical equality with that of Arithmetical equality. Later 
writers on Geometry who employed the Latin language, explained the nota- 
tion AB x BO, by ‘ AB ductum in BC” ; that is, if the line AB be car- 
ried along the line BO in a normal position to it, until it come to the end © ip 
it will then form with BC, the rectangle contained by AB and BC. Dr. 
Barrow sometimes expresses ‘‘ the rectan¢ gle contained by AB and BO” by 
“the rectangle ABC.” 

Michael Stifel was the first who introduced integral exponents to denote 
the powers of algebraical symbols of quantity, for which he employed capital 
letters. Vieta afterwards used the vowels to denote known, and the conso- 
nants, unknown quantities, but used words to designate ihe powers. Simon 
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Stevin, in his treatise on Algebra, which was published in 1605, improved 
the notation of Stifel, by placing the figures that indicated the powers within 
small circles. Peter Ramus adopted the initial letters 7, g, ¢, bg of latus, 
quadratus, cubus, biqguadratus, as the notation of the first four powers. 
larriot exhibited the different powers of algebraical symbols by repeating 
the symbol, two, three, four, &c. times, according to the order of the power. 
Descartes restored the numerical exponents of powers, placing them at the 
right of the numbers, or symbols of quantity, as at the present time. Dr. 
Barrow employed the notation ABg, for “the square on the line AB,” in 
his edition of Euclid. The notations AS*, AB‘, for “the square and cube 
on the line whose extremities are A and B,” as well as AB x BC, for “‘ the 
rectangle contained by AB and BC,” are used as abbreviations in almost all 
works on the Mathematics, though not wholly consistent with the algebraical 
notations a* and a’. 

The symbol 4/, being originally the initial letter of the word radix, was 
first used by Stifel to denote the square root of the number, or of the symbol, 
before which it is placed, : 

The Hindus, in their treatises on Algebra, indicated the ratio of two num- 
bers, or of two algebraical symbols, by placing one above the other, without 
any line of separation. The line was first introduced by the Arabians, from 
whom it passed to the Italians, and from them to the rest of Europe. This 
notation has been employed for the expression of geometrical ratios by al- . 
most all writers on the Mathematics, on account of its great convenience. 
Oughtred first used points to indicate proportion; thus, a: b:: ¢: d, means 
that a bears the same proportion to 0, as ¢ does to d. 


QUESTIONS ON BOOK IL. 


1. Is rectangle the same as reetus angulus ? Explain the distinction, and 
give the corresponding Greek terms. 

2. What is meant by the sum of two, or more than two straight lines in 
Geometry ? 

3. Is there any difference between the straight lines by which a rectangle 
is said to he contained, and those by which it is bounded ? 

4. Define a gnomon. How many gnomons appear from the same con- 
struction in the same rectangle? Find the difference between them, 

5. What axiom is assumed in proving the first eight propositions of the 
Second Book of Euclid? 

6. Of equal squares and equal rectangles, which must necessarily coin- 
cide ? 

7. How may a rectangle be dissected so as to form an equivalent rec- 
tangle of any proposed length ? 

8. When the adjacent sides of a rectangle are commensurable, the area of 
the rectangle is properly represented by the product of the number of units 
in two adjaceut sides of the rectangle. Tllustrate this by considering the case 
when the two adjacent sides contain 8 and 4 units respectively, and distinguish 
between the units of the factors and the units of the product, Shew generally 
that arectangle whose adjacent sides are represented by the integers a and 4, 
is represented by ab. Also shew, that in the same sense, the rectangle ia 
represented by = if the sides be represented by 5 . a 

mn mn 


QUESTIONS ON BOOK II ay 


9. Why may not Algebraical or Arithmetical proofs be substituted (as be- 
ing shorter) for the demonstrations of the Propositions in the Second Book 
of Euclid ? 

10. In what sense is the area of a triangle said to be equal to half the 
product of its base and its altitude? What two propositions of Euclid may 
be adduced to prove it? 

11. How do you shew that the area of a rhombus is equal to half the 
rectangle contained by the diagonals ? ; 

12. How may arule be deduced for finding a numerical expression for 
the area of any parallelogram, when two adjacent sides are given ? 

13. The area of a trapezium which has two of its sides parallel is equal 
to that of a rectangle contained by its altitude and half the sum of its par- 
allel sides. What propositions of the First and Second Books of Euclid are 
employed to prove this? Of what service is the above in the mensuration 
of fields with irregular borders ? 

14. From what propositions of Euclid may be deduced the following rule 
for finding the area of any quadrilateral figure :—‘t Multiply the sum of the 
perpendiculars drawn from opposite angles of the figure upon the diagonal 
joining the other two angles, and take half the product.” 

15. In Euclid 1. 3, where must be the point of division of the line, so 
that the rectangle contained by the two parts may be a maximum? Exem- 
plify in the case where the line is 12 inches long. 

16. How may the demonstration of Euclid mu. 4, be legitimately short- 
ened? Give the Algebraical proof, and state on what suppositions it can be 
regarded as a proof. 

17. Shew that the proof of Euc. 11. 4, can be deduced from the two pre- 
vious propositions without any geometrical construction. 

18. Shew that if the two complements be together equal to the two squares, 
the given line is bisected. 

19. If the line 48, as in Eue. 11. 4, be divided into any three parts, enun- 
ciate and prove the analogous proposition. 

20. Prove geometrically that if a straight line be trisected, the square on 
the whole line equals nine times the square on a third part of it. 

21. Deduce from Eue. 11. 4, a proof of Eue. 1. 47. 

22. If a straight line be divided into two parts, when is the rectangle 
contained by the parts, the greatest possible 2? and when is the sum of the 
squares of the parts, the least possible 2 

23. Shew that if a line be divided into two equal parts and into two un- 
equal parts; the part of the line between the points of section is equal to 
half the difference of the unequal parts. ; 

24. If half the sum of two unequal lines be increased by half their differ- 
ence, the sum will be equal to the greater line; and if the sum of two lines be 
diminished by half their difference, the remainder will be equal to the less line. 

25. Explain what is meant by the znternal and external segments of a 
line ; and shew that the sum of the external segments of a line or the difier- 
ence of the internal segments is double the distance between the points of 
section and bisection of the line. 

26. Shew how Euce. 1. 6, may be deduced immediately from the preced- 
ing Proposition. 

27. Prove Geometrically that the squares on the sum and difference of 
two lines are equal to twice the squares on the lines themselves. 

28, A given rectangle is divided by two straight lines into four rectan- 
les. Given the areas of the two which have not common sides: find the 


areas of the other two. 
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29. In how many ways may the difference of two lines be exhibited ? 
Enunciate the propositions in Book 11. which depend on that circumstance. 

30. How may a seriesof lines be found similarly divided to the line 4B 
in Eue. 11. 11? 

31. Divide Algebraically a given line (a) into two parts, such that the 
rectangle contained by the whole and one part may be equal to the square 
of the other part. Deduce Kuclid’s construction from one solution, and ex- 
plain the other. 

32. Given the lesser segment of a line, divided as in Bue. 1. 11, find the 

reater, 
33. Enunciate the Arithmetical theorems expressed by the following Al- 
gebraical formule, 

(a+b) = a? + 2ab+0?: a—b? = (a+b) (a—b) : (a—b)? = @—2ab+ 0, 
and state the corresponding Geometrical propositions. 

34, Shew that the first of the Algebraical propositions, 

(a+) (a—x) + a? =a’: (a+ a2) +(a—x)? = 2a? + 227, 
is equivalent to the two propositions v. and v1., and the second of them, to 
the two propositions 1x. and x. of the Second Book of Euclid. 

35. Prove Eue. 11. 12, when the perpendicular BE is drawn from 2 on 
AC produced to #, and shew that the rectangle BC, CD is equal to the 
rectangle AC, OF. 

36. Include the first two cases of Bue. 11. 13, in one proof. 

37. In the second case of Bue. 1. 13, draw a perpendicular C# from the 


obtuse angle C’ upon the side AZ, and prove that the square on AB is equal” 


to the rectangle AB, AH together with the rectangle BC, BD. 

38. Enunciate Kue. i. 13, and give an Algebraical or Arithmetical proof 
of it. 

39. The sides of a triangle are as 3, 4, 5. Determine whether the angles 
between 3, 4; 4,5; and 8,5; respectively are greater than, equal to, or less 
than, a right angle. 

40. Two sides of a triangle are 4 and 5 inches in length, if the third side 
be 6"/\, inches, the triangle is acute-angled, but if it be 6°/,5 inches, the tri- 
angle is obtuse-angled. 

41. A triangle has its sides 7, 8, 9 units respectively; a strip of breadth 
2 units being taken off all round from the triangle, find the area of the re- 
mainder, 

42. If the original figure, Eue. 1. 14, were a right-angled triangle, whose 
sides were represented by 8 and 9, what number would represent the side 
of a square of the same area? Shew that the perimeter of the square is less 
than the perimeter of the triangle. 

43. If the sides of a rectangle are 8 feet and 2 fect, what is the side of 
the equivalent square ? ° 

44, * All plane reetilineal figures admit of quadrature.” Point out the 
succession of steps by which Euclid establishes the truth of this propo- 
sition, 

45. Explain the construction (without proof) for making a square equal 
to a plane polygon. 

46. Shew from Bue, 1m, 14 that any algebraical surd as ya can be repre- 
sented by a line, if the unit be a line. 

47. Could any of the propositions of the Second Book be made corolla 
ries to other propositions, with advantage? Point out any such proposi- 
tions, and give your reasons for the alterations you would make, 


GEOMETRICAL EXERCISES ON BOOK II. 


PROPOSITION I. PROBLEM. 


Divide a given straight line into two parts such, that their rectangle may 
be equal to a given square; and determine the gr eatest square which the rec- 
tangle can equal. 


Let AB be the given straight line, and let J7 be the side of the 
given square. 

It is required to divide the line AZ into two parts, so that the 
rectangle contained by them may be equal to the square on J. 


Bisect AB in - Ww ae ae C, and radius CA or CB, describe 
the semicircle ADB. 

At the point B draw BF at right angles to AB and equal to JW. 

Through /, draw £D parallel to AZ and cutting the semicircle 
i 2) 


and draw DF’ parallel to 2B meeting AB in F. 
Then AB is divided in £} so that the rectangle AF, FB is equal 
to the square on WZ. (1. 14.) 
The square will be the greatest, when /’D touches the semicircle, 
or when J/ is equal to half of the given line AB. 


PROPOSITION If. THEOREM. 


The square on the excess of one straight line above another is less than the 
squares on the two lines by twice their rectangle. 

Let AB, BO be the two straight lines, whose difference is AC. 

Then the square on AC is less than the squares on AB and BC 
by twice the rectangle contained by AB and BC. 


A Cas 


: Constructing as in Prop. 4. Book m. 
Because the complement AG is equal to GZ, 
add to each CK, 
therefore the whole AX is equal to the whole CE; 


114 GEOMETRICAL EXERCISES 


and AX’, CE together are double of AX ; 
but AA, C# are the gnomon AAF and OF, 
and A/‘ is the rectangle contained by AB, BC; 
therefore the gnomon AAF and CAH 
are equal to twice the rectangle AB, BC, 
but AZ, UX are equal to the squares on AB, BC; 
taking the former equals from these equals, 
therefore the difference of A/ and the gnomon AA‘ is equal to 
the difference between the squares on AL, BC, and twice the rec- 
tangle AL, DC; 


but the difference A/# and the gnomon AFF is the figure ZF | 


which is equal to the square on AQ. 


Wherefore the square on AC is equal to the difference between 
the squares on AD, LC, and twice the rectangle AB, BC. 


PROPOSITION TIT. THEOREM. 
In any triangle the squares on the two sides are together double of the 
squares on half the base and on the straight line joining its bisection with 
the opposite angle. 


Let ABC be a triangle, and A/ the line drawn from the vertex 
A to the bisection D of the base BC. 


Tn 
se le 


D 


From A draw AZ perpendicular to BC. 
Then, in the obtuse-angled triangle ABD, (11. 12.) ; 
the square on AB exceeds the squares on AD, DB, by twice the 
rectangle BD, DE: 
and in the acute-angled triangle ADC, (11. 13.) ; 
the square on A is less than the squares on AD, DC, by twice 
the rectangle CD, DE: 
wherefore, since the rectangle BD, DE is equal to the rectangle CD, 
DE; it follows that the squares on AB, AC are double of the 
squares on AD, DB. . 


PROPOSITION IV, THEOREM. 


If straight lines be drawn from each angle of a triangle bisecting the op- 
posite sides, four times the swn of the squares on these lines is equal to three 


times the sum of the squares on the sides of the triangle. a 


Let ABC be any triangle, and let AD, BE, CF be drawn from 
A, B, 0, to D, F, F, the bisections of the opposite sides of the tri- 
angle: draw A@ perpendicular to BC. 


ON BOOK IL. 115 


mY De CC 


Then the square on AB is equal to the squares on BD, DA together 
with twice the rectangle BD, D(, (1. 12.) 
and the square on 4 ( is equal to the squares on CD, DA dimin- 
ished by twice the rectangle CD, DG; (1. 13.) 
therefore the squares on 44, AC are equal to twice the square on 
BD, and twice the square on AD; for DC is equal to BD. 
and twice the squares on AB, AC are equal to the square on BC, 
and four times the square on AD: for BC is twice BD. 
Similarly, twice the squares on AL, BC are equal to the square on 
AQ, and four times the square on BL: 
also twice the squares on BO, CA are equal to the square on AB, 
and four times the square on FC: 
hence, by adding these equals, 
four times the squares on AB, AC, BC are equal to four times the 
squares on AD, BE, CF together with thesquareson AB, AC, BC: 
and taking the squares on AL, AC, BC from these equals, 
therefore three times the squares on AB, AC, BC are equal to 
four times the squares on AD, BE, CF. 


PROPOSITION V. THEOREM. 


The sum of the perpendiculars let fall from any point within an equilat- 
eral triangle, will be equal to the perpendicular let fall from one of its angles 
upon the opposite side. Is this proposition true when the point is in one of 
the sides of the triangle? In what manner must the proposition be enun- 
ciated when the point is without the triangle ? 


Let ABC be an equilateral triangle, and P any point within it: 
and from P let fall PD, P2, PF’ perpendiculars on the sides 4B, BC, 
‘CA respectively, also from A let fall_A @ perpendicular on the base BC, 
Then AG is equal to the sum of PD, PL, PF 


From P draw PA, PB, PC to the angles A, B, 0. 
Then the triangle A BC is equal to the three triangles PAB, PBC, 
POA, 
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But since every rectangle is double of a triangle of the same base 
and altitude, (1. 41.) 
therefore the rectangle A@, BC, is equal to the three rectangles 
AB, PD; AO, PF and BE P#. 
Whence the line A@ is equal to the sum of the lines PD, PE, PF. 
If the point P fall on one side of the triangle; or coincide with 2: 
then the trimgle ABC is equal to the two triangles APC, BPA: 
whence AG is equal to the sum of the two perpendiculars PD, PL. 
If the point P fall without the base LC of the triangle : 
then the triangle AZ is equal to the difference between the sum 
of the two triangles APC, BPA, and the triangle PCD. 
Whence A@ is equal to the difference between the sum of PD, 
PF, and PE. 


i 


6. If the straight line AP be divided into two unequal parts in 
D, and into two unequal parts in /, the rectangle contained by AZ, 
EB, will be greater or less than the rectangle contained by AD, DB, 
according as // is nearer to, or further from, the middle point of AB, 
than D. 

7. Produce a given straight line in such a manner that the square 
on the whole line thus produced, shall be equal to twice the square 
on the given line, 

8. If AP be the line so divided in the points C and £, (fig. Eue. 
(1. 5.) Shew that AB? =4. CD? +4. AD. DB. 

9. Divide a straight line into two parts, such that the sum of 
their squares may be the least possible. 

10. Divide a line into two parts, such that the sum of their 
squares shall be double the square on another line. 

11. Shew that the difference between the squares on the two un- 
equal parts (fig. Euc. 1. 9.) is equal to twice the rectangle contained 
by the whole line, and the part between the points of section. 

12. Shew how in all the possible cases, a straight line may be 
geometrically divided into two such parts, that the sum of their 
squares shall be equal to a given square. 

13. Divide a given straight line into two parts, such that the 
squares on the whole line and on one of the parts shall be equal to 
twice the square on the other part. 

i4. Any rectangle is the half of the rectangle contained by the 
diameters of the squares on its two sides, 

15. If a straight line be divided into two equal and into two un 
equal parts, the squares on the two unequal parts are equal to twice 
the rectangle contained by the two unequal parts, together with four 
times the square on the line between the points of section. 

16. If the points C, ) be equidistant from the extremities of the 
straight line 47, shew that the sqnares constructed on AD and AC, 
exceed twice the rectangle AC, A/) by the square constructed on CD, 

17. If any point be taken in the plane of a parallelogram from 
which perpendiculars are let fall on the diagonal, and on the sides 
which include it, the rectangle of the diagonal and the perpendicular 
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on it, is equal to the sum or difference of the rectangles of the sides 
and the perpendiculars on them. 

18. ALCD is a rectangular parallelogram, of which A, @ are 
opposite angles, # any point in BC, Fany point in CD. Prove that 
twice the area of the triangle 4//’ together with the rectangle 2A, 
DF is equal to the parallelogram AC. 


i, 


19. Shew how to produce a given line, so that the rectangle con- 
tained by the whole line thus produced, and the produced part, shall 
be equal to the square (1) on the given line (2) on the part produced. 

20. If in the figure Euc. mu. 11, we join Bf and CH, and produce 
CH to meet Gin L, CL is perpendicular to BF, 

21. If a line be divided, as in Euc. m. 11, the squares on the 
whole line and one of the parts are together three times the square 
on the other part. 

22. If in the fig. Euc. m. 11, the points / D be joined cutting 
AHB, GHK in f, d respectively ; then shall f= Dd. 


EET. 


23. If from the three angles of a triangle, lines be drawn to the 
points of bisection of the opposite sides, the squares on the distances 
between the angles and the common intersection, are together one- 
third of the squares on the sides of the triangle. 

24. ABC is a triangle of which the angle at Cis obtuse, and the 
angle at Bis half a right angle: Dis the middle point of AZ, and 
CEH is drawn perpendicular to Ab. Shew that the square on AC is 
double of the squares on AD and DEF. 

25. If an angle of a triangle be two-thirds of two right angles, 
shew that the square on the side subtending that angle is equal to 
the squares on the sides containing it, together with the rectangle 
contained by those sides. 

26. The square described on a straight line drawn from one of the 
angles at the base of a triangle to the middle point of the opposite 
side, is equal to the sum or difference of the square on half the side 
bisected, and the rectangle contained between the base and that part 
of it, or of it produced, which is intercepted between the same angle 
and a perpendicular drawn from the vertex. 

27. ABC is a triangle of which the angle at C is obtuse, and the 
angle at B is half aright angle: D is the middle point of AZ, and 
OF is drawn perpendicular to AB. Shew that the square on AC is 
double of the squares on AD and DE. 

28. Produce one side of a scalene triangle, so that the rectangle 
under it and the produced part may be equal to the difference of the 
squares on the other two sides. 

29. Given the base of any triangle, the area, and the line bisect- 
ing the base, construct the triangle, 
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30. Shew that the square on the hypotenuse of a right-angled 
triangle, is equal to four times the area of the triangle together with 
the square on the difference of the sides, 

31. In the triangle ABC, if AD be the perpendicular let fall upon 
the side BC; then the square on AC together with the rectangle 
contained by BC, BD is equal to the square on AB together with 
the rectangle CB, CD. 

32. ALC is a triangle, right-angled at C, and CD is the perpen- 
dicular let fall from C upon AB; if AA is equal to the sum of the 
sides AC, CB, and LA to the sum of AB, CD, shew that the square 
on /K together with the square on CD is equal to the square on LV. 

33. ALC is a triangle having the angle at Ba right angle: it is 
required to find in AB a point P such that the square on 40 may 
exceed the squares on AP and PC by half the square on AB. 

34. In a right-angled triangle, the square on that side which is 
the greater of the two sides containing the right angle, is equal to 
the rectangle by the sum and difference of the other sides. 

35. The hypotenuse AB of a right-angled triangle APC is tri- 
sected in the points D, 4; prove that if CD, CH be joined, the sum 
of the squares on the sides of the triangle CDZ is equal to two-thirds 
of the square on AD. 

36. rom the hypotenuse of a right-angled triangle portions are 
cut off equal to the adjacent sides: shew that the square on the mid- 
dle segment is equivalent to twice the rectangle under the extreme 
seginents, 


WV 


87. Prove that the square on any straight line drawn from the 
vertex of an isosceles triangle to the base, is less than the square on 
a side of the triangle by the rectangle contained by the segments of 
the base: and conversely. 

88. If from one of the equal angles of an isosceles triangle a per- 
pendicular be drawn to the opposite side, the rectangle contained by 
that side and the segment of it intercepted between the perpendicu- 
lar and base, is equal to the half of the square described upon the base, 

39. If in an isosceles triangle a perpendicular be let fall from one 
of the equal angles to the opposite side, the square on the perpen- 
dicular is equal to the square on the line intercepted between the 
other equal angle and the perpendicular, together with twice the 
rectangle contained by the segments of that side, 

40, The square on the base of an isosceles triangle whose vertical 
angle is a right angle, is equal to four times the area of the triangle. 

41. Deseribe an isosceles obtuse-angled triangle, such that the 
square on the side subtending the obtuse angle may be three times 
the square on either of the sides containing the obtuse angle. 

42, If AB, one of the sides of an isosceles triangle ABC, be pro- 
duced beyond the base to D, so that BD = AB, shew that 


CD* = AB* +2,.BC". 


eT 
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43. If ABC be an isosceles triangle, and DZ’ be drawn parallel 
to the base BC, and HAbe joined; provethat BE? = BC x DE + CE. 
44, If ABC be an isosceles triangle of which the angles at B and 
C are each double of A; then the square on 4 (is equal to the square 
on LC together with the rectangle contained by AU and BC. 
WE. 

45. Shew that in a parallelogram the squares on the diagonals 
ace equal to the sum of the squares on all the sides. 

46. If ABCD be any rectangle, A and 0 being opposite angles, 
and (0 any point either within or without the rectangle: 

Ae + OC = OF + OFF. 

47. In any quadrilateral figure, the sum of the squares on the 
diagonals together with four times the square on the line joining 
their middle points, is equal to the sum of the squares on all the sides. 

48. In any trapezium, if the opposite sides be bisected, the sum 
of the squares on the other two sides, together with the squares on the 
diagonals, is equal to the sum of the squares on the bisected sides, 
together with four times the square on the line joining the points of 
bisection. 

49, The squares on the diagonals of a trapezium are together 
double the squares on the two lines joining the bisections of the 
opposite sides. 

50. In any trapezium two of whose sides are parallel, the squares 
- on the diagonals are together equal to the squares on its two sides 
which are not parallel, and twice the rectangle contained by the sides 
which are parallel. 

51. If the two sides of a trapezium be parallel, shew that its 
area is equal to that of a triangle contained by its altitude and half 
the sum of the parallel sides. 

52. Ifatrapezium have two sides parallel, and the other two equal, 
shew that the rectangle contained by the two parallel sides, together 
with the square on one of the other sides, will be equal to the square 
on the straight line joining two opposite angles of the trapezium. 

53. If squares be described on the sides of any triangle and the 
angular points of the squares be joined; the sum of the squares on the 
sides of the hexagonal figure thus formed is equal to four times the 
sum of the squares on the sides of the triangle. 


Vit 


54. Find the side of a square equal toa given equilateral triangle. 

55. Find a square which shall be equal to the sum of two given 
rectilineal figures. ; 

56. To divide a given straight line so that the rectangle under its 
segments may be equal to a given rectangle. 

57. Construct a rectangle equal to a given square and having the 
difference of its sides equal to a given straight line. 

58. Shew how to describe a rectangle equal to a given square, 
and having one of its sides equal to a given straight line. 


BOOK I. 


DEFINITIONS. 


L 


Equat circles are those of which the diameters are equal, or 
trom the centers of which the straight lines to the circumferences 
are equal. 

This is not a definition, but a theorem, the truth of which is evident; for, 
if the circles be applied to one another, so that their centers coincide, the 
cireles must likewise coincide since the straight lines from the centers are 
equal. 


IL. 


A straight line is said to touch a circle when it meets the circle, 
and being produced does not cut it. 


Ill. 


Circles are said to touch one another, which meet, but do not cut 
one another, 
IV, 
' Straight lines are said to be equally distant from the center of a 
cirele, when the perpendiculars drawn to them from the center are 
aqual. 


And the straight line on which the greater perpendicular falls, is 
said to be further from the center. 


VI. 
A segment of a circle is the figure contained by a straight line, 
and the are or the part of the cireumference which it cuts off, 


Mee.” 
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Vil. 

The angle of a segment is that which is contained by a straight 

line and a part of the circumference. 
VER, 

An angle in a segment is any angle contained by two straight 
lines drawn from any point in the arc of the segmont, to the ex- 
tremities of the straight line which is the base of the segment. 

TX. 


_ An angle is said to insist or stand upon the part of the circum- 
ference intercepted between the straight lines that contain the angle. 


ly 


X. 


A sector of a circle is the figure contained by two straight lines 
drawn from the center and the are between them. 


XI. 


Similar segments of circles are those in which the angles ara 
equal, or which contain equal angles. 


CN 
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PROPOSITION I, PROBLEM. 
To find the center of a given cirele. 


Let ABC be the given circle: it is required to find its center 
c 


¥|G 
AN |D/B 
E 


Draw within it any straight line 4B to meet the circumference 
A, B; and bisect ABin D; (1. 10.) from the point D draw DC at 
right angles to AB, (1. 11.) meeting the circumference in C, produce 
CD to EF to meet the circumference again in /, and bisect CH in /. 
Then the point /’ shall be the center of the circle ABC. 
For, if it be not, if possible, let G be the center, and join GA, GD, GB. 
Then, because DA is equal to YB, (constr.) 
and DG common to the two triangles ADG, BDG, 
the two sides AD, DG, are equal to the two BD, DG, each to each ; 
and the base GA is equal to the base GB, (1. def. 15.) 
because they are drawn from the center @: 
therefore the angle AD@ is equal to the angle GDB: (1. 8.) 
but when a straight line standing upon another straight line 
makes the adjacent angles equal to one another, each of the angles is 
aright angle; (1. def. 10.) 
therefore the angle GDB is a right angle: 
but “DB is likewise a right angle: (constr.) 
wherefore the angle /' DB is equal to the angle GDB, (ax. 1.) 
the greater angle equal to the less, which is impossible ; 
therefore @ is not the center of the circle ABO, 
In the same manner it can be shewn that no other point out of 
the line (7 is the center ; 
and sinee (CF7 is bisected in F, 
any other point in CZ divides CZ into unequal parts, and cannot 
be the center. 
Therefore no point but /’is the center of the cirele ABC. 
Which was to be found, 
Cor. From this it is manifest, that if in a cirele a straight line 
bisects another at right angles, the center of the cirele is in the line 
which bisects the other. 


PROPOSITION I. THEOREM, 


Tf any two points be taken in the circumference of a cirele, the straight 
line which joins them shall fall within the cirele. 


Let ABC be a circle, and A, B any two points in the circumference. 
Then the straight line drawn from A to B shall fall within the circle. 
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For if AB do not fall within the circle, 
let it fall, if possible, without the circle as AB; 
find D the center of the circle ABC, (mm. 1.) and join DA, DB; 
in the circumference AB take any point F, 
join DF, and produce it to meet AB in £. 
Then, because DA is equal to DB, (1. def. 15.) 
therefore the angle DA is equal to the angle DAB; (1. 5.) 
and because AZ, a side of the triangle DAF, is prcduced to B, 
the exterior angle DB is greater than the interior and opposite 
angle DAH; (. 16.) 
but DAZ was proved to be equal to the angle DBE; 
therefore the angle D/B is greater than the angle DBE; 
but to the greater angle the greater side is opposite, (1. 19.) 
therefore DB is greater than D/H: 
but DB is equal to DF’; (a. def. 15.) 
wherefore Df'is greater than D£, 
the less than the greater, which is impossible ; 
therefore the straight line drawn from A to B does not fall with- 
out the circle. 
In the same manner, it may be demonstrated that it does not fall 
upon the circumference ; 
therefore it falls within it. 
Wherefore, if any two points, &c. Q.5.D. 


PROPOSITION III. THEOREM. 


Lf a straight line drawn through the center of a circle bisect a straight 
line in it which does not pass through the center, it shall cut it at right 
angles: and conversely, if it cut it at right angles, it shall bisect it. 


Let ABC be a circle; and let CD, a straight line drawn through 
the center, bisect any straight line 44, which does not pass through 
the center, in the point /. 

Then @D shall cut AB at right angles. 


Take Z the center of the circle, (1. 1.) and join HA, EB. 
Then, because A/’ is equal to FB, (hyp.) 
and FZ common to the two triangles 4/2, BFE, 
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there are two sides in the one equal to two sides in the other, 
each to each ; 
and the base A is equal to the base LB; (1. def. 15.) 
therefore the angle A/‘# is equal to the angle BFE; (1. 8.) 
but when a straight line standing upon another straight line 
makes the adjacent angles equal to one another, 
each of them is a right angle; (1. def. 10.) 
therefore each of the angles AVE, BFE, is a right angle: 
wherefore the straight line CD, drawn through the center, bi- 
secting another AB that does not pass through the center, cuts the 
same at right angles. 
Conversely, let CD cut AB at right angles. 
Then @D shall also bisect AB, that is, A/’ shall be equal to FB. 
The same construction being made, 
because, HL, HA, from the center are equal to one another, 
(1. def. 15.) 
therefore the angle HAF’ is equal to the angle FBP; (1. 5.) 
and the right angle A/F is equal to the right angle BF‘; (1. def. 10.) 
therefore, in the two triangles, ZAI, EBF, 
there are two angles in the one equal to two angles in the other, 
each to each ; 
and the side YF, which is opposite to one of the equal angles in 
each, is common to both ; 
therefore the other sides are equal; (1. 26.) 
therefore A/F is equal to FB. 
Wherefore, if a straight line, &e. Q.E.D. 


PROPOSITION IV. THEOREM. 


If in a circle two straight lines cut one another, which do not both pass 
through the center, they do not bisect each other. 


Let ABCD be a circle, and AC, BD two straight lines in it which 
eut one another in the point /, and do not both pass through the center. 
Then AG, BD, shall not bisect one another, 


ry a ns 
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For, if it be possible, let 42 be equal to HC, and BE to ED. 
If one of the lines pass through the center, 
it is plain that it cannot be bisected by the other which does not 
pass through the center: 
but if neither of them pass through the center, 
find /’ the center of the circle, (m1. 1.) and join BF. 
Then because /’/, a straight line drawn through the center, bi- 
sects another AC which does not pass through the center, (hyp.) 
therefore /’/ cuts AO at right angles: (m1. 8.) 
wherefore PFA is a vight angle. 
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Again, because the straight line /Z bisects the straight line BD, 
which does not pass through the center, (hyp.) 
therefore /’/’ cuts LD at right angles: (a. 3.) 
wherefore “HB is a right angle: 
but /#A was shewn to be a right angle; 
therefore the angle /’#A is equal to the angle “FB, (ax. 1.) 
the less equal to the greater, which is impossible : 
therefore AC, LD do not bisect one another. 
Wherefore, if in a circle, &. Q.E.D. 


PROPOSITION V. THEOREM. 
If two circles cut one another, they shall not have the same center. 


Let the two circles ABC, CDG, cut one another in the points B, C. 
They shall not have the same center. 


If possible, let / be the center of the two circles; join ZC, 
and draw any straight line “/’G meeting the circumferences in Fand @. 
And because / is the center of the circle ABC, 
therefore HF’ is equal to HC: (1. def. 15.) 
again, because Z is the center of the circle CDG, 
therefore #G is equal to HC: (1. def. 15.) 
but #F was shewn to be equal to LC; 
therefore HF'is equal to LG, (ax. 1.) 
the less line equal to the greater, which is impossible. 
Therefore / is not the center of the circles ABC, CDG. 
Wherefore, if two circles, &c. Q.E.D. 


PROPOSITION VI. THEOREM. 
Tf one circle touch another internally, they shall not have the same center. 


Let ee circle CDE touch the circle ABC internally in the point 4 
They shall not have the same center. 


(Ys 
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If possible, let / be the center of the two circles: join P’C, 
snd draw any straight line /#B,meeting the cireumferencesin# and B, 
And because /’is the center of the circle ABC, 

FB is equal to FC; (1. def. 15.) 
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also, because /’ is the center of the circle CDE, 
FE is equal to FC: (1. def. 15.) 
but /’B was shewn to be equ:l to /C; 
therefore FZ is equal to 1B, (ax. 1.) 
the less line equal to the greater, which is impossible : 
therefore /’ is not the center of the circles ABC, CDE. 
Therefore, if two circles, &c.  Q.E.D. 


PROPOSITION VII. THEOREM. 


If any point be taken in the diameter of a circle which is not the center, 
of all the straight lines which can be drawn from it to the circumference, the 
greatest is that in which the center is, and the other part of that diameter is 
the least ; and, of the rest, that which is nearer to the line which passes 
through the center is always greater than one more remote: and from the 
same point there can be drawn only two equal straight lines to the cireum- 
ference one upon each side of the diameter. 


Let ABCD be a circle, and A/ its diameter, in which let any 
point /’ be taken which is not the center : 
let the center be /. 
Then, of all the straight lines /B, IC, LG, &e. that can be 
drawn from /' to the circumference, 
FA, that in which the center is, shall be the greatest, 
and J’), the other part of the diameter AD, shail be the least: 
and of the rest, “2, the nearer to /’A, shall be greater than /’'C 
the more remote, and /’C greater than 7G, 


np “~ 


. 
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Join BE, CE, GE. 
Becanse two sides of a triangle are greater than the third side, (1. 20.) 
therefore BE, EF are greater than BF’: 
but A/Z is equal to BH; (1. def. 15.) 
therefore AZ, FF, that is, A/’ is greater than BF. 
Again, because BF is equal to CZ, 
and common to the triangles BET, CLF, 
the two sides BE, LF are equal to the two CZ, ELF, each to each ; 
but the angle BEF is greater than the angle CEJ’; (ax. 9.) 
therefore the base B/’is greater than the base CF. (1, 24.) 
For the same reason CF is greater than GF. 
Again, because (7, FF are greater than LG, (1, 20.) 
and 2G is equal to LD; 
therefore GF, FE are greater than PD; 
take away the common part /'F, 
and the remainder @F is greater than the remainder 7D, (ax. 5.) 
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Therefure, 7A is the greatest, 
and FD the least of all the straight lines from /’ to the circumference; 
and BF is greater than CF, and Cf’ than GF. 
Also, there can be drawn only two equal straight lines from the 
point F’to the circumference, one upon each side of the diameter. 
At the point #, in the straight line #7, make the angle EH 
aqual to the angle #HG, (1. 23.) and join PH. 
Then, because GF is equal to LH, (1. def. 15.) 
and #F common to the two triangles GHF, HEF; 
the two sides GE, HF are equal to the two HE, HF, each to each; 
and the angle GHF is equal to the angle HEF’; (constr.) 
therefore the base /'@ is equal to the base /H: (1. 4.) 
but, besides 7H, no other straight line can be drawn from F' to the 
circumference equal to ’@: 
for, if possible, let it be “XA: 
and because FX is equal to #'G, and FG to FH, 
therefore PX is equal to //Z; (ax. 1.) 
that is, a line nearer to that which passes through the center, is equal 
to one which is more remote ; 
which has been proved to be impossible. 
Therefore, if any point be taken, &c. Q.E.D 


PROPOSITION VU. THEOREM. 


Tf any point be taken without a cirele, and straight lines be drawn from 
it to the circumference, whereof one passes through the center; of ‘those 
which fall wpon the concave part of the cireumference, the greatest is that 
which passes through the center ; and of the rest, that which is nearer to the 
one passing through the center is always greater than one more remote: but 
of those which fall upon the convex part of the circumference, the least is 
that between the point without the circle and the diameter ; and of the rest, 
that which is nearer to the least is always less than one more remote ; and 
only two equal straight lines ean be drawn from the same point to the cireum- 
ference, one upon each side of the line which passes through the center. 


Let ABC be a circle, and D any point without it, from which let 
the straight lines DA, DE, DI’, DC be drawn to the circumference, 
whereof DA passes through the center. 


Of those which fall upon the concave part of the circumference 
AEF, the greatest shall be DA, which passes through the center; 
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and any line nearer to it shall be greater than one more remote, 
viz. DE shall be greater than D/) and DF greater than DC; 
but of those which fall upon the convex part of the cireumference HLAG, 
the least shall be DG between the point J) and the diameter AG; 
and any line nearer to it shall be less than one more remote, 
viz. DK less than DL, and DL less than DH. 
Take M the center of the circle ABC, (m1. 1.) 
and join M2, MF, MC, ALK, ML, MH, 
And because AWM is equal to IZ, 
add 1D to each of these equals, 
therefore AD is equal to 2M, MD: (ax. 2.) 
but #41, MLD are greater than LD; (1. 20.) 
therefore also AJ is greater than ED. 

Again, because .V/? is equal to J, and 1D common to the tri- 
angles EMD, FMD; EM, MD, are equal to FM, MD, each to each ; 
but the angle “I/D is greater than the angle FIZ); (ax. 9.) 
therefore the base // is greater than the base #'D. (1. 24.) 

In like manner it may be shewn that /’) is greater than CD. 
Therefore DA is the greatest ; 
and DF greater than DF, and DF greater than DC. 

And, because /K, KD are greater than A/D, (1. 20.) 
and MV’ is equal to MG, (1. def. 15.) 
the remainder AV is greater than the remainder GD, (ax. 5.) 
that is, GD is less than AD: 

and because MZ/ is a triangle, and from the points M/, D, the 
extremities of its side MD, the straight lines 1/4, DX are drawn to 
the point A within the triangle, 

therefore MK, AD are less than MZ, LD: (1. 21.) 
but JF is equal to WZ; (1. def. 15.) 
therefore, the remainder DR is less than the remainder DZ. (ax. 5.) 
In like manner it may be shewn, that DZ is less than D//, 
Therefore, DG is the least, and DI less than DL, and DZ less 
than DH. ‘ 

Also, there can be drawn only two equal straight lines from the 
point D to the cireumference, one upon each side of the line which 
passes through the center. 

At the point Jf, in the straight line WD, 
make the angle DMB equal to the angle )AVK, (1. 23.) and join DB. 

And because WX is equal to ZL, and J/) common to the tri- 

angles KD, BMD, 
the two sides A.M, WD are equal to the two BA, MD, each to each; 

and the angle AID is equal to the angle BMD; (constr. 
therefore the base DA’ is equal to the base DB: (1. 4.) 
but, besides )B, no straight line equal to DA can be drawn from D 
to the circumference, 
for, if possible, let it be DN; 
and because DAK’ is equal to DN, and also to DB, 
therefore DB is equal to DN; 
that is, a line nearer to the least is equal to one more remote, 
which has been proved to be impossible, 
If therefore, any point, &e.  Q.E.D, 
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PROPOSITION IX. THEOREM. 


If a point be taken within a circle, from which there fall more than two 
equal straight lines to the circumference, that point is the genter of the circle. 
Let the point D be taken within the circle 4 BC, from which to 
the circumference there fall more than two equal straight lines, viz. 
DA, DB, DC. 

Then the point D shall be the center of the circle. 


oa 
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For, if not, let /, if possible, be the center: 
join DZ, and produce it to meet the circumference in /% G; 
then FG is a diameter of the circle ABC: (1. def. 17.) 
and because in /’G, the diameter of the circle ABO, there is taken 
the point Y), which is not the center, 
therefore D@ is the greatest line drawn from it to the circumference, 
and DC is greater than DB, and DB greater than DA: (an. 7.) 
but these lines are likewise equal, (hyp.) which is impossible: 
therefore # is not the center of the circle ABC. 
In like manner it may be demonstrated, 
that no other point but D is the center ; 
D therefore is the center. 
Wherefore, if a point be taken, &c. Q.E.D. 


PROPOSITION X. THEOREM. 
One circumference of a circle cannot cut another in more than cwo points. 
If it be possible, let. the circumference ABC cut the circumference 
DEF in more thapv two points, viz. in Bb, G, £. 
< 
1 I: 
(> 
ae 
KOK 
C 
Take the center A of the circle ABC, (m. 8.) and join KB, KG, KF, 
Then because 4 is the center of the circle ABC, 
therefore KR, KG, KW are all equal to each other: (1. def. 15.) 
and because within the circle DHF there is taken the point A, from 
which te the circumference DF fall more than two equal straight 
lines KB, &G, KF; 
therefore the point is the center of the circle DF: (am. 9.) 


but J is also the center of the circle ABC; constr.) 
6* 
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therefore the same point is the center of two circles that cut one 
another, which is impossible. (a. 5.) 
Therefore, one circumference of a circle cannot cut another in 
more than twopoints. Q.E.D. 


PROPOSITION XI.. THEOREM. 


If one cirele touch another internally in any point, the straight line 
‘which joins their centers being produced, shall pass through that point of 
contact. 


Let the circle ADF touch the eircle ABC internally in the point 4; 
and let /’ be the center of the circle ALC, and & the center of the 
circle ADF; 
then the straight line which joins the centers /, @, being produced, 
shall pass through the point 4. 


For, if /@ produced do not pass throngh the point A, 
let it fall otherwise, if possible, as GDH, and join AP, AG. 
Then, because two sides of a triangle are together greater than 
the third side, (1. 20.) 
therefore FG, GA are greater than FA: 
but “A is equal to FH; (1. def. 15.) 
therefore /’G, GA are greater than ///; 
take away from these unequals the common part FG; 
therefore the remainder A@ is greater than the remainder G/7; (ax. 5.) 
but A@ is equal to GD); (1. def, 15.) 
therefore GD is greater than GH, 
the less than the greater, which is impossible. 
Therefore the straight line which joins the points i 7, being produced, 
cannot fall otherwise than upon the point A, 
that is, it must pass through it. 
Therefore, if one circle, &e. Q.e.p. 


va 


PROPOSITION XII. THEOREM. 


Tf two circles touch each other externally in any point, the straight line 
which joins their centers, shall pass through that point of contact. 


Let the two circles ABC, ADP, touch each other externally in 
the-point A; 
and let # be the center of the circle ABC, and & the center of ADF. 
Then the straight line which joins the points /, G, shall pass through 
the point of contact A, 
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If not, let it pass otherwise, if possible, as “CDG, and join HA, AG 
And because /’is the center of the circle ABC, 
FA is equal to FC: 
also, because @ is the center of the circle ADZ, 
GA is equal to GD: 
therefore F'A, AG are equal to #'C, D@; (ax. 2.) 
wherefore the whole /@ is greater than FA, AG: 
put #G@ is less than A, AG; (1. 20.) which is impossible . 
therefore the straight line which joins the points /, G, cannot 
pass otherwise than through A the point of contact, 
that is, /G must pass through the point A. 
Therefore, if two circles, &c. Q.£.D. 


PROPOSITION XII. THEOREM. 


One circle cannot touch another in more points than one, whether it 
touches it on the inside or outside. 
For, if it be possible, let the circle #4’ touch the circle ABC 
in more points than one. 
and first on the inside, in the points B, D. 


Join BD, and draw GH bisecting BD at right angles. (1. 11.) 
Because the points 4, Dareinthe circumferences of each of the circles, 
therefore the straight line LD falls within each of them; (m1. 2.) 
therefore their centers are in the straight line GH which bisects 

BD at right angles; (a. 1. Cor.) 
therefore GH passes through the point of contact: (m. 11.) 
but it does not pass through it, 
because the points B, D are without the straight line G77; 
which is absurd: 
therefore one circle cannot touch another on the inside in more 
points than one. 
Nor can two circles touch one another on the outside in more 
than one point. 
For, if it be possible, 
let the circle ACK touch the ie ABC in the points 4, C; 
join AC. 


132 EUCLID’S ELEMENTS. 


Because the two points A, @ are in the circumference of the 
circle ACK, 
therefore the straight line AC which joins them, falls within tho 
circle ACK: (am. 2.) 
but the circle ACK is without the circle ABC; (hyp.) 
therefore the straight line AC is without this last circle : 
but, because the points A, C areinthe circumference of the circle ABC, 
the straight line AC must be within the same circle, (11. 2.) 
which is absurd : 
therefore one circle cannot touch another on the outside in more 
than one point: 
and it has been shewn, that they cannot touch on the inside in more 
points than one. 
Therefore, one circle, &e. Q.u.D. 


PROPOSITION XIV. THEOREM. 


Equal straight lines in a eirele are equally distant from the center ; and 
conversely, those which are equally distant from the center, are equal to one 
another. 


Let the straight lines AB, CD, in the circle ABDC, be equal to 
one another. . 
Then AB and CD shall be equally distant from the center. 


Cc 


Take # the center of the circle ABDC, (m1, 1.) 
from # draw LF, £G perpendiculars to AB, CY), (« 12.) and 
join BA, £C. 
Then, because the straight line #F passing through the center, 
euts AB, which does not pass through the center, at right angles , 
EF bisects APB in the point #: (tm, 3.) 
therefore AF’ is equal to PB, and AP double of AF. 
For the same reason CD is double of CG: 
but AB is equal to CD: (hyp.) 
therefore AF is equal to CG, (ax. 7.) 
And because A/? is equal to FC, (1. def. 15.) 
the square on AZ is equal to the square on LC: 
but the squares on A/, FF are equal to the square on AZ, (1, 47.) 
because the angle APE is aright angle ; 
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and for the same reason, the squares on HG, GC are equal to the 
square on LC; 
therefore the squares on A/, FH are equal to the squares on 
CG, GE: (ax. 1.) 
but the square on A is equal to the square on CG, 
because A/’is equal to CG; 
therefore the remaining square on /F is equal to the remaining 
square on WG, (ax. 3.) 
and the straight line HF is therefore equal to EG: 
but straight lines in a circle are said to be equally distant from 
the center, when the perpendiculars drawn to them from the center 
are equal: (i. def. 4.) 
therefore 4B, CD are equally distant from the center. 
Conversely, let the straight lines 4B, CD be equally distant from 
the center, (11. def. 4.) 
that is, let FZ be equal to ZG; 
then AB shall be equal to CD. 
For the same construction being made, 
it may, as before, be demonstrated, 
that AB is double of A/, and CD double of CG, 
and that the squares on /'/, AF’ are equal to the squares on EG, GC: 
but the square on /'/’is equal to the square on ZG, 
because /'H is equal to LG; (hyp.) 
therefore the remaining square on AJ’ is equal to the remaining 
square on C@: (ax. 3.) 
and the straight line AF is therefore equal to CG: 
but AB was shewn to be double of 4/7, and (D double of CG: 
wherefore AB is equal to CD. (ax. 6.) 
Therefore equal straight lines, &c. Q.E.D. 


PROPOSITION XV. THEOREM. 

The diameter is the greatest straight line ina circle ; and of the rest, that 
which is nearer to the center is always greater than one more remote: and 
conversely the greater is nearer to the center than the less. 

Let ABCD be acircle of which the diameter is 4D, and the center 77: 
and let BC be nearer to the center than FG. 
Then AD shall be greater than any straight line BC, which is not 
diameter, and LC shall be greater than FG. 


From £ draw £H, perpendicular to BC, and LK to FG, (1. 12.) 
and join LB, EC, EF. 
And because AF is equal to HA, and ED to EC, (1. def. 15.) 
therefore AD is equal to HB, FC: (ax. 2.) 
but ZB, HC are greater than BC; (1. 20.) 
wherefore also AD is greater than BC. 
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And, because BC is nearer to the center than /’G, (hyp.) 
therefore #7 is less than HA: (mi. def. 5.) 
but, as was demonstrated in the preceding proposition, 
BC is double of BH, and #'G double of AK, 
and the squares on LH, HB are equal to the squares on LA, KF: 
but the square on H’// is less than the square on LA, 
because /H is less than #F ; 
therefore the square on BH is greater than the square on FA, 
and the straight line B/ greater than 7K, 
and therefore BC is greater than FG. 
Next, let BC be greater than FG ; 
then BO shall be nearer to the center than FG, that is, the same 
construction being made, /// shall be less than LA. (m1. def. 5.) 
Because LC is greater than 2G, 
BH likewise is greater than HF’: 
and the squares on, BH, HF are equal to the squares on /'X, K/’ 
of which the square on B/7 is greater than the square on 7K, 
because BH is greater than /’ : 
therefore the square on #// is less than the square on 2A, 
and the straight line #77 less than LK : 
and therefore 2 is nearer to the center than F/G. (a1. def. 5.) 
Wherefore the diameter, &e. Q.E.D. 


PROPOSITION XVI. THEOREM. 


The straight line drawn at right angles to the diameter of a nip bli 
the extremity of it, falls without the circle ; and no straight line can be drawn 
rom the extremity between thet straight line and the circumference, so as not 
to cut the circle: or, which is the same thing, no straight line can make so 
great an acute angle with the diameter at its extremity, or so small an angle 
with the straight line which is at right angles to it, as not to cut the cirele. 


Let ABC be a circle, the center of which is ), and the diameter AP. 
Then the straight line drawn at right angles to AB from its ex- 
tremity A, shall fall without the circle. 


For, if it does not, let it fall, if possible, within the circle, as AO; 
and draw DC to the point (, where it meets the circumference. 
And because DA is equal to DC, (1. def. 15.) 
the angle AC is equal to the angle ACD: (1. 5.) 
but DAC isa right angle; (hyp. 
therefore ACD is a right angle ; 
and therefore the angles DAO, ACD are equal to two right angles ; 
which is impossible: (1, 17.) 
therefore the straight line drawn from A at right angles to BA, does 

not fa'l within the cirele. 
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In the same manner it may be demonstrated, 
that it does not fall upon the circumference ; 
therefore it must fall without the circle, as AB, 
Also, between thestraight line A /’and the circumference, no straight 
line can be drawn from the point A which does not cut the circle. 
For, if possible, let A/’ fall between them, 


and from the point D, let DG be drawn perpendicular to AF, (1. 12.) 
and let it meet the circumference in H. 
And because 4G@D is a right angle, 
and DAG less than a right angle, (1. 17.) 
therefore DA is greater than DG: (1. 19.) 
but DA is equal to DH; (1. def. 15.) 
therefore D# is greater than DG, 
the less than the greater, which is impossible : 
therefore no straight line can be drawn from the point A, between 
AF and the circumference, which does not cut the circle: 
or, which amounts to the same thing, however great an acute angle 
a straight line makes with the diameter at the point A, or however 
small an angle it makes with AV, the circumference must pass be- 
tween that straight line and the perpendicular AZ. Q.E.D. 

Cor. From this it is manifest, that the straight line which is 
drawn at right angles to the diameter of a circle from the extremity 
of it touches the circle; (1m. def. 2.) and that it touches it only in one 
point, because, if it did meet the circle in two, it would fall within it. 
(om. 2.) ** Also, it is evident, that there can be but one str aight line 
which touches the circle in the same point.” 

PROPOSITION XVII. PROBLEM. 

To draw a straight line from a given point, either without or in the cir- 
cumference, which shall touch a given circle. 

First, let A be a given point without the given circle BCD; 
it is required to draw astraight line from A which shall touch the cirele. 


Find the center Z of ‘ies cir ianlhs (mr. 1.) and join AZ; 
and from the center J, at the distance BA, describe the circle AFG; . 
from the point D draw DF at right angles to #A, (1. 11.) meeting 
the circumference of the circle AFG in Tes 
and join HBF, AB. 
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Then AB shall touch the circle BCD in the point B. 
Because / is the center of the circles BCD, AFG. (1. def. 15.) 
therefore #A is equal to £/, and LD to EB; 
therefore the two sides AZ, £B, are equal to the two FZ, LD, 

each to each ; 
and they contain the angle at / common to the two triangles AZB, 
FED; 
therefore the base DF’ is equal to the base AB, (1. 4.) 
and the triangle “7D to the triangle AFB, 
and the other angles to the other angles: 
therefore the angle “BA is equal to the angle LDF: 
but EY Fis a right angle, (constr.) 
wherefore BA is a right angle: (ax. 1.) 
and /B is drawn from the center : 
but a straight line drawn from the extremity of a diameter, at right 
angles to it, touches the circle: (im. 16. Cor.) 
therefore AP touches the circle ; 
and it is drawn from the given point A. 
Secondly, if the given point be in the circumference of the circle), 
as the point D, 
draw DF to the center /, and DF at right angles to DE: 
then DF touches the circle. (1m. 16. Cor.) Q.E.F. 


PROPOSITION XVII. THEOREM. 


If a straight line touch a circle, the straight line drawn from the center 
to the point of contact, shall be perpendicular to the line touching the cirele. 


Let the straight line DZ touch the circle ABC in the point 0; 
take the center /, and draw the straight line /C. (1m. 1.) 
Then FC shall be perpendicular to DE. 

A 


ae 


D C GE 
If FC be not perpendicular to DZ; from the point F, if possible, 
let FBG be drawn perpendicular to DE. 
And because /'@( is a right angle, 
therefore GCF is an acute angle ; (1. 17.) 
and to the greater angle the greater side is opposite: (1. 4) 
therefore FC is greater than FG: 
but /C is equal to FB; (1. def. 15.) 
therefore /’2 is greater than FG, 
the less than the greater, which is impossible: 
therefore /'@ is not perpendicular to DL. 
In the same manner it may be shewn, 
that no other line is perpendicular to DZ besides FO, 
that is, “Cis perpendicular to DE. 
Therefore, if a straight line, &e. Q.n.p. 
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PROPOSITION XIX. THEOREM. 


Tf a straight line touch a cirele, and from the point of contact a straight 
line be drawn at right angles to the touching line, the center of the circle 
shall be in that line. 


Let the straight line DZ touch the circle ABC in C, 
and from ( let CA be drawn at right angles to DZ. 
Then the center of the circle shall be in CA. 


D Cc E 
For, if not, let / be the center, if possible, and join CF. 
Because DF touches the circle ABC, 
and /’0 is drawn from the center to the point of contact, 
therefore /’C is perpendicular to D#; (im. 18.) 
therefore /'C# is a right angle: 
but 4 C/ is also a right angle; (hyp.) 
therefore the angle /CZ is equal to the angle ACZ#, (ax. 1.) 
the less to the greater, which is impossible: 
therefore /’is not the center of the circle ABC. 
In the same manner it may be shewn, 
that no other point which is not in CA, is the center; 
that is, the center of the circle is in CA. 
Therefore, if a straight line, &c. Q.E.p. 


PROPOSITION XX. THEOREM. 


The angle at the center of a cirele is double of the angle at the cirewm- 
ference upon the same base, that is, upon the same part of the circumference. 


Let ABC be a circle, and BHC an angle at the center, and BAC 
an angle at the circumference, which have BC the same part of the 
circumference for their base. 

Then the angle BHC shall be double of the angle BAC. 


Join AF, and aoa it to F. 
First, let the center of the circle be within the angle BAC. 
Because £’A is equal to ZB, 
therefore the angle ZBA is equal to the angle GAB; (1. 5.) 
therefore the angles HAL, HBA are double of the angle EAB: 
but the angle BHF is equal to the angles HAB, EBA; (1. 82.) 
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therefore also the angle BHF is double of the angle FAB: 
for the same reason, the angle /’#C is double of the angle HAC: 
therefore the whole angle BEC is double of the whole angle BAC. 
Secondly, let the center of the circle be without the angle BAC, 


It may be demonstrated, as in the first case, 
that the angle #7 is double of the angle FAC, 
and that /’'/Z, a part of the first, is double of “AB, a part of the other; 
therefore the remaining angle BL is double of the remaining 
angle BAC. 
Therefore the angle at the center, &c. @..D. 


PROPOSITION XXI. THEOREM. 
The angles in the same segment of a cirele are equal to one another, 


Let ABCD be a circle, 
and BAD, BED angles in the same segment BALD. 
Then the angles BAD, BLD shall be equal to one another. 
First, let the segment BAD be greater than a semicircle. 
A 1D} 


Take F, the center of the circle ABCD, (m. 1.) and join BF, FD. 
Because the angle B/D is at the center, and the angle BAD at 
the circumference, and that they have the same part of the circum- 
ference, viz. the are BCD for their base; 
therefore the angle B/D is double of the angle BAD: (a1, 20.) 
for the same reason the angle B/D is double of the angle BED: 
therefore the angle BAS is equal to the angle BED. (ax. 7.) 
Next, let the segment BALD be not greater than a semicircle. 
AE 


B dD 


© 

Draw AF to the center, and produce it to C, and join OZ. 
Because AC is a diameter of the circle, 

therefore the segment BA DC is greater than a semicirele ; 

and the angles in it BAC, BHC are equal, by the first case: 
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for the same reason, because CBE'D is greater than a semicircle, 
the angles CAD, CED, are equal: 
therefore the whole angle BAD is equal to the whole angle BED. (ax.2.) 
Wherefore the angles in the same segment, &.  Q.E.D. 


PROPOSITION XXII. THEOREM. 


The opposite angles of any quadrilateral figure inscribed in a circle, are 
together equat to two right angles. 


Let 4 £CD be a quadrilateral figure in the circle ABCD. 
Then any two of its opposite angles shall together be equal to two 


right angles. 
D 
A B 


Join AC, BD. 
And because the three angles of every triangle are equal to two 
right angles, (i. 82.) 
the three angles of the triangle CAB, viz. the angles CAB, ABC, 
BCA, ave equal to two right angles: 
but the angle CAB is equal to the angle CDB, (am. 21.) 
because they are in the same segment CDAB; 
and the angle ACB is equal to the angle ADB, 
because they are in the same segment ADCB: 
therefore the two angles CAB, ACB are together equal to the whole 
angle ADC: (ax. 2.) 
to each of these equals add the angle ABC ; 
therefore the three angles ABC, CAB, BCA are equal to the 
two angles ABC, ADC: (ax. 2.) 
but ABC, CAB, BCA, are equal to two right angles ; 
therefore also the angles ABC, APC are equal to two right angles, 
In the same manner, the angles BAD, DCB, may be shewn to 
be equal to two right angles. 
Therefore, the opposite angles, &c. Q.E.D. 


PROPOSITION XXIII. THEOREM. 


Upon the same straight line, and upon the same side of it, there cannot 
be two similar segments of circles, not coinciding with one another. 
If it be possible, upon the same straight line AB, and upon the 
same side of it, let there be two similar segments of cireles, 4 Cs4 
ADB, not coinciding with one another. 
D 


A B 
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Then, because the circumference A CB eutsthe circumference ADB 
in the two points A, B, they cannot cut one another in any 
other point: (11. 10.) 
therefore one of the segments must fall within the other : 

let ACB fall within ADB: 
draw the straight line BCD, and join CA, DA. 

Because the segment 4 CZ is similar to the segment ADP, (hyp.) 
and that similar segments of circles contain equal angles; (11. def. 11.) 
therefore the angle ACB is equal to the angle ADB, 
the exterior angle to the interior, which is impossible. (1. 16.) 

Therefore, there cannot be two similar segments of circles upon 
the same side of the same line, which do not coincide. Q.£.p. 


PROPOSITION XXIV. THEOREM. 
Similar segments of circles upon equal straight lines, are equal to one another. 


Let AFB, CFD be similar segments of circles upon the equal 
straight lines AD, CD. 
Then the segment AWB shall be equal to the segment CFD. 
E : 


c ie 
A B C D 
For if the segment AZB be applied to the segment CFD, 
so that the point A may be on (, and the straight line AB upon CD, 
then the point B shall coincide with the point D, 
because AB is equal to CD: 
therefore, the straight line AZ coinciding with CD, 
the segment AB must coincide with the segment CD, (11, 23.) 
and therefore is equal to it. (1. ax. 8.) 
Wherefore similar segments, &e. Q.E.D. 


PROPOSITION XXV. PROBLEM, 

A segment of a circle being given, to describe the circle of which it is the 
segment. 
Let ABC be the given segment of a circle. 

It is required to describe the cirele of which it is the segment. 

Bisect AC in D, (1. 10.) and from the point D draw DB at right 
angles to AQ, (1. 11.) and join AL. 

First, let the angles ABD, BAD be equal to one another : 


B 
hx 
A D O 
then the straight line DA is equal to DB, (1. 6.) and therefore, to D0; 
and because the three straight lines DA, DB, DO are all equal, 
therefore DP is the center of the circle. (111. 9.) 
From the center , at the distance of any of the three DA, DB, 
DC, describe a circle ; 
this shall pass through the other points ; 
and the circle of which ABC is a segment has been described : 
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and because the center D isin AC, the segment ABC is a semicircle. 
But if the angles ABD, BAD are not equal to one another : 


B 
B 
mas 
E 
ep 6G 


at the point A, in the straight line AB, - 
make the angle BAF equal to the angle ABD, (1. 23.) 
and produce #D, if necessary, to meet A/' in L£, and join EC. 
Because the angle AB# is equal to the angle BAL, 
therefore the straight line #A is equal to HG: (1. 6.) 

and because AD is equal to DC, and DH common to the tri- 
angles ADH, CDE, 
the two sides AD, DE, are equal to the two CD, DE, each to each ; 

and the angle ADE is equal to the angle CDE, 
for each of them is a right angle ; (constr. ) 
therefore the base HA is equal to the base HC: (a. 4.) 
but #A was shewn to be equal to HB: 
wherefore also /B is equal to HC’: (ax. 1.) 
and therefore the three straight lines HA, #B, HC are equal to 
one another: 
wherefore / is the center of the circle. (am. 9.) 

From the center /, at the distance of any of the three HA, ZB, 

EC, describe a circle ; 
this shall pass through the other points ; 
and the circle of which ABC is a segment, is described. 

And it is evident, that if the angle ABD be greater than the 
angle BAD, the center /# falls without the segment ABC, which 
therefore is less than a semicircle : 

but if the angle ABD be less than BAD, the center £ falls 
within the segment ABC, whichis therefore greater than asemicircle. 

Wherefore a segment of a circle being given, the circle is de- 
scribed of which it is a segment. Q.E.F. 


PROPOSITION XXVI. THEOREM. 
In equal circles, equal angles stand upon equal arcs, whether the angles 
be at the centers or ‘circumferences. 
Let ABC, DEF be equal circles, 
_ and let the angles BGC, LHF at their centers, 
and BAO, EDF at their circumferences be equal to each other. 
Then the arc BAC shall be equal to the are ZLF. 
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Join BO, EF. 
And because the circles ABC, DEF are equal, 
the straight lines drawn from their centers are equal; (11. def. 1.) 
therefore the two sides BG, GC, are equal to the two HH, HF, each 
to each : 
and the angle at @ is equal to the angle at H; (hyp.) 
therefore the base BC is equal to the base HF. (1. 4.) 
And because the angle at A is equal to the angle at D, (hyp.) 
the segment BAC is similar to the segment LD/’: (im. def. 11.) 
and they are upon equal straight lines BC, LF: . 
but similar segments of circles upon equal straight lines, are equa) 
to one another, (11. 24.) 
therefore the segment BAC is equal to the segment EDI: 
but the whole circle ABC is equal to the whole DEF’; (hyp.) 
therefore the remaining segment LAC is equal to the remaining 
segment LL/, (1. ax. 3.) 
and the are BAC to the are ELF. 
Wherefore, in equal circles, &c. Q.£.D. 


PROPOSITION XXVII. THEOREM. 


In equal circles, the angles which stand upon equal ares, are equal to one 
another, whether they be at the centers or circumferences, 


Let ABC, DEF be equal circles, 
and let the angles BGC, FHF at their centers, 
and the angles BAC, EDF at their circumferences, 
stand upon the equal ares BC, EF. 

Then the angle BGC shall be equal to the angle FHF, 
and the angle BAC to the angle LDF. 
A D 


If the angle B@C be equal to the angle ITF, 
it is manifest that the angle BAC is also equalto LDF. (1. 20. and 
tax. 7.) 
But, if not, one of them must be greater than the other: 
if possible, let the angle BGC be greater than EHF, 
and at the point G, in the straight line BG, 
make the angle BGA equal to the angle FHF. (1. 28.) 
Then because the angle BGK is equal to the angle LHF, 
and that equal angles stand upon equal ares, when they are at 
the centers; (11. 26.) 
therefore the are BX is equal to the are BF; 
but the are #7’ is equal to the are BO; (hyp.) 
therefore also the are BX is equal to the are BC, 
the less equal to the greater, which is impossible: (1. ax. 1.) 
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therefore the angle BGC is not unequal to the angle LHF’; 
that is, it is equal to it: 
but the angle at A is half of the angle BGC, (in. 20.) 
and the angle at D, half of the angle FHF; 
therefore the angle at A is equal to the angle at D. (1. ax. 7.) 
Wherefore, in equal circles, &¢. Q.E.D. 


PROPOSITION XXVIT. THEOREM. 

In equal circles, equal straight lines cut off equal ares, the greater equal 

to the greater, and the less to the less. 
Let ABC, DEF be equal circles, 
and BC, FF equal straight lines in them, which cut off the two 
greater arcs BAO, LDF, and the two less BGC, LHF. 
Then the greater arc BAC shall be equal to the greater EDF, 
and the less are BGC to the less LHF. 


Take X, LZ, the centers of the circles, (111. 1.) and join BA, KC, EL, LF. 
Because the circles ABC, DEF are equal, 
the straight lines from their centers are equal: (i. def. 1.) 
therefore BA, KC are equal to FL, LF, each to each: 
and the base BC is equal to the base #F, in the triangles BCA, EFL ; 
therefore the angle BC is equal to the angle ELF: (1. 8.) 
but equal angles stand upon equal ares, when they are at the 
centers: (11. 26.) 
therefore the arc BGC is equal to.the are LAF: 
but the whole circumference A BC is equal to the whole EDF; (hyp.) 
therefore the remaining part of the circumference, 
viz. the arc BAC, is equal to the remaining part HDF. (1. ax. 3.) 
Therefore, in equal circles, &c. Q.E.D. 


PROPOSITION XXIX. THEOREM. 
In equal cireles, equal ares are subtended by equal straight lines. 
Let ABC, DEF be equal circles, 
and let the ares BGC, HHF also be equal, 
and joined by the straight lines BC, EF. 
Then the straight line BC shall be equal to the straight line LF. 
A ; D 
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lake K, L, (m. 1.) the centers of the circles, and join BK, KC, EL, LL. 
Because the are BEC is equal to the are LHF, 
therefore the angle BAC is equal to the angle BL/’: (an. 27 ) 
and because the circles ABC, DEF, are equal, 
the straight lines from their centers are equal; (11. def. 1.) 
therefore BA, AKC, are equal to LL, LF, each to each: 
and they contain equal angles in the triangles BCA, LIL; 
therefore the base BC is equal to the base LF. (1. 4.) 
Therefore, in equal circles, &e.  Q.E.D. 


PROPOSITION XXX. PROBLEM. 
To bisect a given are, that is, to divide it into two equal parts. 


Let ADB be the given are: 
it is required to bisect it. 


D 
es 
k "CO 73 


Join AB, and bisect it in @; (1. 10.) 
from the point ( draw CD at right angles to AB. (1. 11.) 
Then the are ADB shall be biseeted in the point D. 
Join AD, DB. 
And because A (is equal to CB, 
-and (CD) common to the triangles ACD, BCD, 
the two sides AC, CD) are equal to the two BC, CD, each to each; 
and the angle ACD is equal to the angle BCD, 
because each of them is a right angle : 
therefore the base AD is equal to the base BD. (1. 4.) 
But equal straight lines cut off equal ares, (111. 28.) 
the greater are equal to the greater, and the less are to the less; 
and the ares AD), DB are each of them less than a semicircle ; 
because D(, if produced, passes through the center: (m. 1. Gor.) 
theretore the are AD is equal to the are DB. 
Therefore the given are ADB is bisected in PD. Q.n.r, 


PROPOSITION XXXI. THEOREM. 


Ina cirele, the angle in a semicirele is a right angle ; but the angle in a 
segment greater than a semicircle is less than a right angle ; and the angle 
in a segment less than a semicircle is greater than a right angle. 


Let ABCD be a circle, of which the diameter is BO, and center F, 
and let CA be drawn, dividing the cirele into the segments A BC, ADC. 
Join BA, AD, DC. 

Then the angle in the semicircle BAC shall be a right angle ; 
and the angle in the segment AC, which is greater than a semi- 
circle, shall be less than a right angle ; 
and the angle in the segment AVC, which is less than a semicircle, 
shall be greater than a right angle. 
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Join AZ, and produce BA to / 
First, because ZB is equal to HA, (a def. 15.) 
the angle HAB is equal to HBA; u. 5.) 
also, because HA is equal to LC, 
the angle HCA is equal to HAC; 
wherefore the whole angle BAC is equal to the two angles HBA, 
HOA; (, ax. 2.) 
but “AC, the exterior angle of the triangle ABC, is equal to the 
two angles HBA, ECA; (1. 82.) 
therefore the angle BAC is equal to the angle FAC; (ax. 1.) 
and therefore each of them is a right angle; (1. def. 10.) 
wherefore the angle BAC in a semicircle is a right angle. 
Secondly, because the two angles ABC, BAC of the triangle 
ABC are together less than two right angles, (1. 17.) 
and that GAC has been proved to be a right angle; 
therefore 440 must be less than a right angle: 
and therefore the angle in a segment AC greater than a semicircle, 
is less than a right angle. 

And lastly, because ALCD is a quadrilateral figure in a circle, 
any two of its opposite angles are equal to two right angles: (11. 22.) 
therefore the angles ABC, ADC, are equal to two right angles: 
and ABC has been proved to be less than a right angle ; 
wherefore the other ADC is greater than a right angle. 
Therefore, ina circle the angle in asemicircleis aright angle; &c. Q.r.p. 

Cor. From this it is manifest, that if one angle of a triangle be 

equal to the other two, it isa right angle: because the angle adjacent 

| to it is equal to the same two; (1. 32.) and when the adjacent angles 
are equal, they are right angles. (a. def. 10.) 


PROPOSITION XXXII, THEOREM. 

Tf a straight line touch a ecirele, and from the point of contact a straight 
line be drawn meeting the circle; the angles which this dine makes with the 
line touching the circle shall be equal to the angles which are in the alternate 
segments of the “tele, 

' Let the suaight line #/ touch the circle ABCD in B, 
and from the point B let the straight line BD be drawn, meeting 
the circumference in J, and dividing it into the segments DCB, DAB, 
of which DCB is less than, and DAB greater than a semicircle. 

Then the angles which 4) makes with the touching line ZF, 

shall be equal to the angles in the alternate segments of the circle; 
that is, the angle DBF shall be equal to the angle which is in the 
segment oe 
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and the angle DBF shall be equal to the angle in the alternate 
segment DCB. € 
; A 


Cc 


BE B KF 


From the point B draw BA at right angles to HF, (1. 11.) meeting 
the circumference in A; 
take any point Cin the are DB, and join AD, DC, CB. 
Because the straight line ZF touches the cirele ABCD in the 
point B, 
and BA is drawn at right angles to the touching line from the 
point of contact 2, 
the center of the circle is in BA: (11. 19.) 
therefore the angle ADB in a semicircle is a right angle: (m1. 81.) 
and consequently the other two angles BAD, ABD, are equal to 
aright angle; (1. 32.) 
but ABF is likewise a right angle; (constr.) 
therefore the angle 4 BF is equal to the angles BAD, ABD; (1. ax.1,) 
take from these equals the common angle "ABD: 
therefore the remaining angle DLF'is equal to the angle BA J), (1. ax. 3.) 
which is in BA, the alternate segment of the circle, 
And because A BCP is a quadrilateral figure in a circle, 
the opposite angles BAD, BCD are equal to two right angles: (11. 22. 
but the angles DBF, DBE ave likewise equal to two right angles ; 
(1. 13.) 
therefore the angles DBF, DBE are equal to the angles BAD, 
BOD, (1. ax, 1.) 
and DBF has been proved equal to BAD; 
therefore the remaining angle / BZ is equal to the angle BCD in . 
BDC, the alternate segment of the circle. (1. ax. 2.) 
Wherefore, if a straight line, &e. QED, 


PROPOSITION XXX. PROBLEM. 


Upon a given straight line to describe a segment of a circle, which shall 
contain an angle equal ta a given rectilineal angle. 


Let AB be the given straight line, 
and the angle ( the given rectilineal angle. 
It is required to describe upon the given straight line 42, a seg- 
ment of a circle, which shall contain an angle equal to the angle C. 
First, let the angle C be by right angle. 


re 
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Bisect AB in F. (1. 10.) 
and from the center /7 at the distance /’B, describe the semicircle AHB, 
and draw AH, BH to any point Hin the circumference. 
Therefore the angle AHBZ in a semicircle is equal to the right 
angle C. (am. 31.) 
But if the angle @ be not a right angle: 


H 


B 


at the point A, in the straight line 4B, 
make the angle BAD equal to the angle C, (1. 23.) 
and from the point A draw AF at right angles to AD) (ls) 
bisect AB in F, (. 10.) 
and from /’ draw F@ at right angles to AB, (1. 11.) and join GB. 
Because AF is equal to FB, and FG@ common to the triangles 
AFG, BFG, 
the two sides AF, FG@ are equal to the two BF, FG, each to each, 
and the angle "AFG is equal to the angle BFG: (a. def. 10.) 
therefore the base 4G is equal to the base GB: (1. 4.) 
and the circle described from the center G, at the dis‘ance GA, 
shall pass through the point B: 
let this be the circle AIZB. 
The segment AB shall contain an angle equal to the given rec- 
tilineal angle @. 
Because from the point A the extremity of the diameter AZ, 
AD is drawn at right angles to AL, 
therefore AD touches the circle: (mr. 16. Cor.) 
-and because AB, drawn from the point of contact A, cuts the circle, 
the angle DAB is equal to the angle in the alternate segment 
AHB: (11. 82.) 
but the angle DAB is equal to the angle @: (constr.) 
therefore the angle Cis equal to the angle in the segment AHP. 
Wherefore, upon the given straight line 4B, the segment AHP 
of a circle is described, which contains an angle equal to the given 
angle (. Q.E.F. 


PROPOSITION XXXIV. PROBLEM. 


From a given circle to cut off a segment, which shall contain an angle 
equal to a given rectilineal angle. 

Let ABC be the given circle, and D the given rectilineal angle. 

It is required to cut off from the circle ABC a segment that shall 
contain an angle equal to the given angle D. 
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a. 


B F 
Draw the straight line ZF touching the circle ABC in any point 
B, (a. 17.) 
and at the point B, in the straight line BF, 
make the angle /BC equal to the angle D. (1. 23.) 
Then the segment BAC shall contain an angle equal to the given 
angle D. 
Because the straight line /¥F touches the circle ABC, 
and BO is drawn from the point of contact B, 
therefore the angle /’BC is equal to the angle in the alternate seg- 
ment LAC of the circle: (11, 82.) 
but the angle /BC is equal to the angle D; (constr.) 
therefore the angle in the segment BAC is equal to the angle D. 
(1. ax. 1.) 
Wherefore from the given circle ABC, the segment DAC is cut 
off, containing an angle equal to the given angle D.  Q.E.F. 


PROPOSITION XXXV. THEOREM. 

Tf two straight lines cut one another within a circle, the rectangle con- 
tained by the segments of one of them, is equal to the rectangle contained by 
the segments of the other. 

Let the two straight lines 4C, BD, cut one another in the point 
E, within the circle ABCD. 

Then the rectangle contained by AZ, £C shall be equal to the 
rectangle contained by BL, ED, 


First, if AC, BD pass each of them through the center, so that 
F is the center ; 
it is evident that since AZ, EC, BE, ED, being all equal, (1. def. 15.) 
therefore the rectangle AZ, LC is equal to the rectangle BL, LD. 
Secondly, let one of them BD pass through the center, and cut 
the other AC, which does not pass through the center, at right 
angles, in the point 2. . 
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Then, if BD be bisected in F, 
Fis the center of the circle ABCD. 
Join AF. 

Because BD which passes through the center, cuts the straight 
line AC, which does not pass through the center, at right angles in £, 
therefore A/' is equal to HC: (au, 3.) 

and because the straight line 6D is cut into two equal parts in the 
point #, and into two unequal parts in the point £ 
therefore the rectangle BL, LD, together with the square on EF, 
is equal to the square on /’6; (11. 5.) 
° that is, to the square on FA: 
but the squares on AZ, HF, are equal to the square on FA: (1. 47.) 
therefore the rectangle BH, LD, together with the square on LJ, 
is equal to the squares on AZ, HF: (7. ax. 1.) 
take away the common square on LF, 
and the remaining rectangle BL, /D is equal to the remaining 
square on A/’; (1. ax. 3.) 
that is, to the rectangle AZ, #C. 
Thirdly, let BD, which passes through the center, cut the other 4 C; 
which does not pass through the center, in /, but not at right angles. 


D 


A C 
B 


Then, as before, if BD be bisected in F, 
fis the center of the circle. 
Join AF, and from /' draw #'@ perpendicular to AC; (1.12) 
therefore AG is equal to GC; (im. 3.) 
wherefore the rectangle AZ, #C, together with the square on EG, 
is equal to the square on AG: (um. 5.) 
to each of these equals add the square on GF; 
therefore the rectangle 4, HC, together with the squares on LG, 
GF, is equal to the squares on AG, GF’; (1. ax. 2.) 
but the squares on HG, GF, are equal to the square on HF’; (1. 47.) 
and the squares on "AG, GF are equal to the square on AF: 
therefore the rectangle AB HC, together with the square on "EF 
is equal to the square on AF: 
that is, to the square on FB: 
but the square on FB is equal to the rectangle BE, LD, together 
with the square on HF’; (1. 5.) 
therefore the rectangle AL, "EC, to gether with the square on EF, 
is equal to the rectangle BE, ED, together with the square on 
HE. (i, ax, 1.) 
take away the common square on Z7, 
and the remaining rectangle AZ, LC, is therefore equal to the 
remaining rectangle BE, ED, (ax,.8;) 
Lastly, let neither of the straight lines AC, BD pass through the 
center. 
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poe, 


B / 
C 
G 


Take the center /, (m. 1.) 
and through £ the intersection of the straight lines AC, DB, 
draw the diameter GLH, 
And because the rectangle AZ, ZC is equal, as has been shewn,- 
to the rectangle GZ, LH; ° 
and for the same reason, the rectangle BH, LD is equal to the 
same rectangle G/, E/T; 
therefore the rectangle 42, £C is equal to the rectangle BE, BD, 
(1. ax. 1.) 
Wherefore, if two straight lines, &e. Q.E.D. 


PROPOSITION XXXVI. THEOREM. 

Tf from any point without a circle two straight lines be drawn, one o 
which cuts the cirele, and the other touches it ; the rectangle contained by the 
whole line which euts the cirele, and the part of it without the circle, shall be 
equal to the square on the line which touches it. 

Let D be any point without the circle ABC, 
and let DOA, DB be two straight lines drawn from it, 
of which DCA cuts the circle, and YB touches the same. 
Then the rectangle AD, DC shall be equal to the square on DB, 
Either CVA passes through the center, or it does not: 
first, let it pass through the center £. 


Join BB, 
therefore the angle EBD is a right angle. (1. 18.) 
And because the straight line AC is bisected in 4, and produced 
to the point J, ° 
therefore rectangle AD, DC, together with the square on LC, is 
equal to the square on LD; (1. 6.) 
but CZ is equal to LR; 
therefore the rectangle A), DC, together with the square on LR, 
is equal to the square on BD: 
but the square on /'/ is equal to the squares on LB, BD, (1. 47.) 
because LBD is a right angle: 
therefore the rectangle AD, DC, together with the square on LL, 
is equal to the squares on LL, BY: (ax. 1.) 


BOOK III. PROP. XXXVI. ASS 


take away the common square on HB; 
therefore the remaining rectangle AD, DC is equal to the square 
on the tangent DL. (ax. 8.) 
Next, if DOA does not pass through the center of the circle ABC. 


Take # the center of the circle, (1m. 1.) 
draw HF perpendicular to AC, (1. 12.) and join HB, HC, ED. 
Because the straight line YZ whith passes through the center, 
cuts the straight line AC, which does not pass through the center, 
at right angles; it also bisects 4C, (m. 3.) “eas 
therefore A/F is equal to FC; 
and because the straight line AC is bisected in /, and produced to D, 
the rectangle AD), DC, together with the square on £'C, 
is equal to the square on #'D: (at. 6.) 
to each of these equals add the square on FZ; 
therefore the rectangle AD, DC, together with the squares on CF, FE, 
is equal to the squares on DF, FH: (a. ax. 2.) 
but the square on #D is equal to the squares on DJ, FEF, (1. 47.) 
because HF) is a right angle; 
and for the same reason, 
the square on #C is equal to-the squares on OF, FE; 
therefore the rectangle AD, DC, together with the square on EC, 
is equal to the square on HD: (ax. 1.) 
but CH is equal to HB; 
_ therefore the rectangle AD, DC, together with the square on ZB, 
is equal to the square on /D: 
but the squares on #B, BD, are equal to the square on LD, (1. 47.) . 
' because FLD is a right angle: 
therefore the rectangle AD, DC, together with the square on LB, 
is equal to the squares on LB, BD; 
take away the common square on 1B; 
and the remaining rectangle AD, DC is equal to the square on 
DB. (i. ax. 3.) 
Wherefore, if from any point, &. Q.E.D. 
Cor. If from any point without acircle, there be drawn two straight’ 
A 


152 EUCLID’S ELEMENTS. 


lines cutting it, as AB, AC, the rectangles contained by the whole 
lines and the parts of them without the circle, are equal to one 
another, viz. the rectangle BA, AF, to the rectangle CA, AF: for 
each of them is equal to the square on the straight line 4D), which 
touches the circle. 


PROPOSITION XXXVII. THEOREM. 


Lf from a point without a cirele there be drawn two straight lines, one o 
which cuts the circle, and the other meets it ; if the rectangle contained by t 
‘whole line which cuts the circle, and the part fit without the cirele, be equal to 
the square on the line which meets it, the line which meets, shall touch the circle. 


Let any point D be taken without the circle ABC, 
and from it let two straight lines DCA and DB be drawn, of which 
DCA cuts the circle in the points C, A, and DB meets it in 
the point B. 
If the rectangle 4D, DC be equal to the square on DB; 
then DB shall touch the circle. 


Draw the straight line DZ, touching the circle ABC, in the point 
BH (gn, 17.) 
find /) the center of the circle, (m1. 1.) 
and join FE, FB, FD. 
Then FLD is aright angle: (mt. 18.) 
and becanse )# touches the circle ABC, and DCA cuts it, 
therefore the rectangle AD, DC'is equal tothe square on DEF; (11. 86.) 
but the rectangle AD, DQ, is, by hypothesis, 
equal to the square on DB; 
therefore the square on DZ is equal to the square on DB; (1. ax. 1.) 
and the straight line YZ equal to the straight line DB: 
and #'# is equal to FB; (1. def. 15.) 
wherefore DE, LF are equal to DB, BF, each to each: 
and the base /') is common to the two triangles DEF, DBF; 
therefore the angle DF is equal to the angle DBF: (1. 8.) 
but DEF was shewn to be a right angle; 
therefore also DBF is a right angle: (1. ax. 1.) 
and BF, if produced, is a diameter ; 
and the straight line which is drawn at right angles to a diameter, 
from the extremity of it, touches the cirele ; (1, 16, Oor.) 
therefore DPB touches the circle ABC. : 
Wherefore, if from a point, We. Q.E.p. 


NOTES TO BOOK IIL 


Ix the Third Book of the Elements are demonstrated the most elementary 
properties of the circle, assuming all the properties of figures demonstrated 
in the First and Second Books. 

It may be worthy of remark, that the word circle will be found sometimes 
taken to mean the surface included within the circumference, and sometimes 
the circumference itself. Euclid has employed the word (repipépera) periphe- 
ry, both for the whole, and for a part of the circumference of a circle. If 
the word cirewmference were restricted to mean the whole circumference, and 
the word are to mean a part of it, ambiguity might be avoided when speak- 
ing of the circumference of a circle, where only a part of it is the subject 
under consideration. A circle is said to be given in position, when the posi- 
tion of its center is known, and in magnitude, when its radius is known. 

Def. 1. And it may be added, or of which the circumferences are equal. 
And conversely : if two circles be equal, their diameters and radii are equal; 
us also their circumferences. : 

Def. 1. states the criterion of equal circles. Simson calls it a theorem; 
and Euclid seems to have considered it as one of those theorems, or axioms, 
which might be admitted as a basis for reasoning on the equality of circles. 

Def. 11. There seems to be tacitly assumed in this definition, that a 
straight line, when it meets a circle and does not touch it, must necessarily, 
when produced, cut the circle. 

A straight line which touches a circle, is called a tangent to the circle; 
and a straight line which cuts a circle is called a secant. 

Def. tv. The distance of a straight line from the center of a circle ig 
the distance of a point from a straight line, which has been already ex- 
plained in note to Prop. 1. page 53. 

Def. vi. x. An are of a circle is any portion of the circumference ; 
and a chord is the straight line joining the extremities of an are. Every 
chord except a diameter divides'a circle into two unequal segments, one 
greater than, and the other less than a semicircle. And in the same man- 
ner, two radii drawn from the center to the circumference, divide the 
circle into two unequal sectors, which become equal when the two radii 
are in the same straight line. As Euclid, however, does not notice re- 
entering angles, a sector of the circle seems necessarily restricted to the 
figure which is less than a semicircle. A quadrant is a sector whose radii 
are perpendicular to one another, and which contains a fourth part of the 
circle. 

Def. viz. No use is made of this definition in the Elements. 

Def. x1. The definition of similar segments of circles as employed in 
the Third Book is restricted to such segments as are also equal. Props. 
xx, and xxv. are the only two instances, in which reference is made to 
similar segments of circles. 

Prop. 1. ‘Lines drawn in a circle,” always mean in Euclid, such lines 
only as are terminated at their extr emities by the circumference. 

If the point G be in the diameter CE, but not coinciding with the point 
F, the demonstration given in the text does not hold ood. At the same 
time, it is obvious that G cannot be the center of the circle, because GO 


iy not equal to (7H. 
# 
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Indirect demonstrations are more frequently employed in the Third Book 
than in the First Book of the Elements. Of the demonstrations of the 
forty-eight propositions of the First Book, nine are indirect: but of the 
thirty-seven of the Third Book, no less than fifteen are indirect demonstra- 
tions. The indirect is, in general, less readily appreciated by the learner, 
than the direct form of demonstration. The indirect form, however, is 
equally satisfactory, as it excludes every assumed hypothesis as false, except 
that which is made in the enunciation of the proposition. It may be here 
remarked that Euclid employs three methods of demonstrating converse 
propositions. First, by indirect demonstrations as in Eue. 1. 6: ur. 1, &e. 
Secondly, by shewing that neither side of a possible alternative can be true, 
and thence inferring the truth of the proposition, as in Eue. 1. 19, 25. 
Thirdly, by means of a construction, thereby avoiding the indirect mode of 
demonstration, as in Bue. 1. 47: 111. 387. 

Prop. 11. In this proposition, the circumference of a circle is proved to 
be essentially different from a straight line, by shewing that every straight 
line joining any two points in the are falls entirely within the circle, and can 
neither coincide with any part of the circumference, nor meet it except in 
the two assumed points. It excludes the idea of the circumference of a 
circle being flexible, or capable, under any circumstances, of admitting the 
possibility of the line falling outside the circle. 

If the line could fall partly within and partly without the circle, the 
cireumference of the circle would intersect the line at some point between 
its extremities, and any part without the circle has been shewn to be impos- 
sible, and the part within the circle is in accordance with the enunciation 
of the Proposition. If the line could fall upon the circumference and 
coincide with it, it would follow that a straight line coincides with a curved 
line. 

From this proposition follows the corollary, that ‘a straight line cannot 
cut the cireumference of a circle in more points than two.” 

Commandine’s direct demonstration of Prop. 1. depends on the following 
axiom, ‘‘ If a point be taken nearer to the center of a circle than the cir- 
cumference, that point falls within the circle.” 

Take any point # in AB, and join Da, DE, DB. (fig. Bue. 11. 2.) 

Then because A is equal to )B in the triangle DAL; 
therefore the angle ).AB is equal to the angle DBA ; (1. 5.) 
but since the side AZ of the triangle DAF is produced to B, 
therefore the exterior angle DZB is greater than the interior and opposite 

angle DAF; (1. 16.) 

but the angle DAF is equal to the angle DBE, 
therefore the angle D/B is greater than the angle DBE. 
And in every triangle, the greater side is subtended by the greater angle ; 
therefore the side DB is greater than the side DF; 
but DB from the center meets the circumference of the circle, 
therefore DH does not meet it. 
Wherefore the point falls within the circle : 
and is any point in the straight line AB: 

therefore the straight line AJB falls within the circle. 

Prop. vil. and Prop, vit, exhibit the same property; in the former, 
the point is taken in the diameter, and in the latter in the diameter pro- 
duced. 

Prop. vi. An are of a circle is said to be conver or concave with re- 
spect toa point, according as the straight lines drawn from the point meet 
the outside or inside of the circular are: and the two points found in the 
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circumference of a circle by two straight lines drawn from a given point to 
touch the circle, divide the circumference into two portions, one of which is 
convex and the other concave, with respect to the given point. 

Prop. 1x. This appears to follow as a Corollary from Euce. 11. 7. 

Prop. x1. and Prop. x1r. In the enunciation it is not asserted that the 
contact of two cireles is confined to a single point. The meaning appears 
to be, that supposing two circles to touch each other in any point, the 
straight line which joins their centers being produced, shall pass through 
that point in which the circles touch each other. In Prop. xm. it is proved 
that a circle cannot touch another in more points than one, by assuming two 
points of contact, and proving that this is impossible. 

Prop. xur. The following is Euclid’s demonstration of the case, in 
which one circle touches another on the inside. 

If possible, let the circle HBF’ touch the circle ABC on the inside, in 
more points than in one point, namely in the points B, D. (fig. Euce. 11. 13.) 
Let P be the center of the circle ABC, and Q the center of HBF. Join 
P, Q; then PQ produced shall pass through the points of contact B, D. 
For since P.is the center of the circle ABC, PB is equal to PD, but PB is 
greater than QJ), much more then is QB greater than QD. Again, since 
the point @ is the center of the circle HBF, QB is equal to QD; but QB 
has been shewn to be greater than QD, which is impossible. One circle 
therefore cannot touch another on the inside in more points than in one 
point. 

Prop. xv1. may be demonstrated directly by assuming the following 
axiom: ‘Ifa point be taken further from the center of a circle than the cir- 
cumference, that point falls without the circle.” 

If one circle touch another, either internally or externally, the two cir- 
cles can have, at the point of contact, only one common tangent. 

Prop. xvu. When the given point is without the circumference of the 
given circle, it is obvious that two equal tangents may be drawn from the 
given point to touch the circle, as may be seen from the diagram to Prop. 
VIL. 

The best practical method of drawing a tangent to a circle from a given 
point without the circumference, is the following: join the given point and 
the center of the circle, upon this line describe a semicircle cutting the 
given circle, then the line dsawn from the given point to the intersection 
will be the tangent required. 

Circles are called concentric circles when they have the same center. 

Prop. xvii. appears to be nothing more than the converse to Prop. xv1., 
because a tangent to any point of a circumference of a circle is a straight 
line at right angles at the extremity of the diameter which meefs the cir- 
cumference in that point. 

Prop. xx. This proposition is proved by Euclid only in the case in 
which the angle at the circumference is less than a right angle, and the 
demonstration is free from objection. If, however, the angle at the cir- 
cumference be a right angle, the angle at the center disappears, by the two 
straight lines from the center to the extremities of the are becoming one 
straight line. And, if the angle at the circumference be an obtuse angle, 
the angle formed by the two lines from the center, does not stand on the 
same arc, but upon the are which the assumed are wants of the whole cir. 
cumference. 

If Euclid’s definition of an angle be strictly observed, Prop. xx. is 
geometrically true, only when the angle at the center is less than two right 
angles. If, however, the defect of an angle from four right angles may 
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be regarded as an angle, the proposition is universally true, as may be 
proved by drawing a line from the angle in the circumference through the 
center, and thus forming two angles at the center, in Euclid’s strict sense 
of the term. . 

In the first case, it is assumed that, if there be four magnitudes, such that 
the first is double of the second, and the third double of the fourth, then the 
first and third together shall be double of the second and fourth together : 
also in the second case, that if one magnitude be double of another, and a 
part taken from the first be double of a part taken from the second, the 
vemainder of the first shall be double the remainder of the second, which 
is, in fact, a particular case of Prop. v. Book v. 

Prop. xx1._ Ilence, the locus of the vertices of all triangles upon the 
same base, and which have the same vertical angle, is a circular are. 

Prop. xxu. The converse of this Proposition, namely: If the opposite 
angles of a quadrilateral figure be equal to two right angles, a circle can be 
deseribed about it, is not proved by Euclid. 

It is obvious from the demonstration of this proposition, that if any side 
of the inscribed figure be produced, the exterior angle is equal to the oppo- 
site angle of the figure. 

Prop. xxi. It is obvious from this proposition that of two circular 
segments upon the same base, the larger is that which contains the smaller 
angle. 

Prop. xxv. The three cases of this proposition may be reduced to 
one, by drawing any two contiguous chords to the given are, bisecting 
them, and from the points of bisection drawing perpendiculars. The 
point in which they meet will be the center of the circle. This problem 
is equivalent to that of finding a point equally distant from three given 
oints, 

Props. xxv1.—xx1x. The properties predicated in these four proposi- 
tions with respect to equal cireles, are also true when predicated of the 
same circle. 

Prop. Xxxt. suggests a method of drawing a line at right angles to an- 
other when the given point is at the extremity of the given line. And that 
if the diameter of a circle be one of the equal sides of an isosceles triangle, 
the base is bisected by the cireumference. 

Prop. xxxy. The most general case of this Proposition might have been 
first demonstrated, and the other more simple eases deduced from it. But 
this is not Euclid’s method. He always commences with the more simple 
case and proceeds to the more difficult afterwards, The following process is 
the reverse of Euclid’s method: 

Assuming the construction in the last fig. to Eue, m1, 35. Join A, FD, 
and draw /’/ perpendicular to AC, and LZ perpendicular to BD, Then 
(Xue. 11. 5.) the rectangle A, HC with square on #A’ is equal to the square 
on AK: add to these equals the square on /’A’: therefore the rectangle 
Alki, HO, with the squares on LA, XA is equal to the squares on AA, FR. 
But the squares on “A, 7A’ are equal to the square on /7*, and the squares 
on AK, /'K are equal to the square on AM Hence the rectangle AF, 
EC, with the square on #7’ is equal to the square on A/. ‘1 

In a similar way may be shewn, that the rectangle BH, LD with the 
square on #/’ is equal to the square on J’), And the square on FD is 
equal to the square on AD, Wherefore the rectangle A, HO, with the 
square on Cis equal to the rectangle BY, LDP with the square on AF, 
Take from these equals the square on 4/7, and the rectangle A, HO is 
equal to the rectaugle BA, 2D, 
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The other more simple cases may easily be deduced from this ge eral 
case. 

The converse is not proved by Euclid; namely,—If two straight lines 
intersect one another, so that the rectangle ‘contained by the parts of one is 
equal to the rectangle contained by the parts of the other; then a circle 
may be described passing through the extremities of the two lines. Or, in 
other words:—If the diagonals of a quadrilateral figure intersect one an- 
other, so that the rectangle contained by the segments of one of them is 
equal to the rectangle contained by the segments of the other; then a circle 
may be described about the quadrilateral. 

Prop. xxxvr. The converse of the corollary to this proposition may be 
thus stated :—If there be two straight lines, such that, when produced to 
meet, the rectangle contained by one of the lines produced, and the part 
produced, be equal to the rectangle contained by the other line produced 
and the part produced; then a circle can be described passing through the 
extremities of the two straight lines. Or, If two opposite sides of a quadr i- 
lateral figure be produced to meet, and the rectangle contained by one of 
the sides : produced and the part produced, be equal to the rectangle con- 
tained by the other side produced and the part produced; then a circle may 
be described about the quadrilateral figure. 

Prop. xxxvu. The demonstration of this theorem may be made shorter 
by a reference to the note on Euclid 11. Def. 2: for if DB meet the circle 
in 4 and do not touch it at that point, the line must, when produced, cut the 
cirele in two points. 

It is a circumstance worthy of notice, that in this proposition, as well as 
in Prop. xtyvur. Book 1. Euclid departs from the ordinary ex absurdo mode 
of proof of converse propositions. 


QUESTIONS ON BOOK IIT. 


1. Devine accurately the terms radius, arc, cireumference, chord, secant. 
How does a sector differ in form from a segment of a circle? Are they 
in any case coincident ? : 

3. What is Euclid’s eriterion of the equality of two circles? What is 
meant by a given circle? How many points are necessary to determine the 
magnitude and position of a circle ? 

4. When are segments of circles said to be similar? Enunciate the 
propositions of the Third Book of Euclid, in which this definition is em- 
ployed. Is it employed in a restricted or general form ? 

5. In how many points can a circle be cut by a straight line and by an- 
other circle ? 

6. When are straight lines equally distant from the center of a circle ? 

7. Shew the necessity of an indirect demonstration in Eue. 11. 1. 

8. Find the center of a given circle without bisecting any straight line. 

9, Shew that if the circumference of one of two equal circles pass through 
the center of the other, the portions of the two circles, each of which lies 
without the.cireumference of the other circle, are equal. 

10. If a straight line passing through the center of a circle bisect a 
straight line in it, it shall cut it at right angles, Point out the cxception ; 
and shew that if a straight line bisect the are and base of a segment of a 
circle, it will, when- produced, pass through the center. 

11. If any point be taken within a circle, and a right line be drawn from 
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it to the circumference, how many lines can generally be drawn equal to it? 
Draw them. 

12. Iind the shortest distance between a circle and a given straight line 
without it. ; 

13. Shew that a cirele can only have one center, stating the axioms upon 
which your proof depends. 

14. Why would not the demonstration of Euc, m1. 9, hold good, if there 
were only two such equal straight lines ? 

15. T'wo parallel chords in a cirele are respectively six and eight inches 
in length, and one inch apart ; how many inches is the diameter in length ? 

16. Which is the greater chord in a circle whose diameter is 10 inches; 
that whose length is 5 inches, or that whose distance from the center is 
4 inches ? 

17. What is the locus of the middle points of all equal straight lines in 
a circle? 

18. The radius of a circle BODGF, (fig. Eue. 111. 15.) whose center is 2, 
is equal to five inches. The distance of the line /’G' from the center is four 
inches, and the distance of the line BC from the center is three inches, re- 
quired the lengths of the lines FG, BC. 

19. If the chord of an are be twelve inches long, and be divided into two 
segments of eight and four inches by another chord: what is the length of 
the latter chord, if one of its segments be two inches ? 

20. What is the radius of that cirele of which the chords of an are and 
of double the are are five and eight inches respectively ? 

21. If the chord of an are of a circle whose diameter is 8} inches, be 
five inches, what is the length of the chord of double the are of the same 
circle ? 

22. State-»when a straight line is said to touch a circle, and shew from 
your definition that a straight line cannot be drawn to touch a circle from a 
point within it. 

23. Can more circles than one touch a straight Tine in the same point ? 

24, Shew from the construction, Euc. 1m. 17, that fro equal straight 
lines, and only two, can be drawn touching a given circle from a given 
point without it: and one, and only one, from a point in the cireumfer- 
ence, 

25. What is the locus of the centers of all the circles which touch a 
straight line in a given point? 

26. How may a tangent be drawn at a given point in the cireumference 
of a circle, without knowing the center ? 

27. In a circle place two chords of given length at right angles to each 
other. 

28. From Eue. ur. 19, shew how many circles equal to a given cirele 
may be drawn to touch a straight line in the same point. 

29. Enunciate Bue, mt. 20, Is this true, when the base is greater than a 
semicircle? If so, why has Euclid omitted this case ? 

30. The angle at the center of a circle is double of that at the cireum- 
ference. How will it appear hence that the angle in a semicircle is a right 
angle ? 

31. What conditions are essential to the possibility of the inscription and 
circumseription of a circle in and about a quadrilateral figure ? 

82. What conditions are requisite in order that a parallelogram may be 
inscribed in a circle? Ave there any analogous conditions requisite that a 
parallelogram may be described about a circle? 

83. Define the angle ir a segment of a circle, and the angle on a seg: 
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ment; and shew, that in the same circle, they are together equal to two right 
angles. 

34. State and prove the converse of Euc. 11. 22. 

35. All circles which pass through two given points have their centers in 
a certain straight line. 

36. Describe the circle of which a given segment is a part. Give Euclid’s 
more simple method of solving the same problem independently of the mag-~ 
nitude of the given segment. 

37. In the same circle equal straight lines cut off equal circumferences. 
If these straight lines have any point common to one another, it must not be 
in the circumference. Is the enunciation given cornplete ? 

38. Enunciate Eue. 11. 81, and deduce the proof of it from Eue. 11. 20. 

39. What is the locus of the vertices of all right-angled triangles which 
ean be described upon the same hypotenuse ? 

40. How may a perpendicular be drawn to a given straight line from one 
of its extremities without producing the line ? 

41. If the angle ina semicircle be a right angle; what is the angle in a 
quadrant ? 

42. The sum of the squares of any two lines drawn from any point in a 
semicircle to the extremity of the diameter is constant. xpress that con- 
stant in terms of the radius. 

43. In the demonstration of Euce. 11. 30, it is stated that ‘‘ equal straight 
lines cut off equal circumferences, the greater equal to the greater, and the 
less to the less: ” explain by reference to the diagram the meaning of this 
statement. 

44. How many circles may be described so as to pass through one, two, 
and three given points? In what case is it possible for a circle to pass 
through three given points? 

45. Compare the circumference of the segment (uc. ut, 83. ) with the 
whole circumference when the angle contained in itis a right angle anda half. 

4. Include the four cases of Bue. m1. 35, in one general pr oof. 

47. Enunciate the propositions which are converse to Props. 32, 35, of 
Book ut. 

48. If the position of the center of a circle be known with respect to a | 
given point outside a circle, and the distance of the circumference to the 
point be ten inches: what is the length of the diameter of the circle, if a 
tangent drawn from the given point be fifteen inches ? 

49. If two straight lines be drawn from a point without a circle, and be 
both terminated by the concave part of the circumference, and if one of the 
lines pass through the center, and a portion of the other line intercepted by 
the circle, be equal to the radius: find the diameter of the circle, if the two 
lines meet the convex part of the circumference, a, 6; units respectively from 
the given point. 

50. Upon what propositions depends the demonstration of Euc, m1. 35 ? 
Is any extension made of this proposition in the Third Book ? 

51. What conditions must be fulfilled that a circle may pass through four 
given points ? 

52, Why is it considered necessary to demonstrate all the separate cases 
of Eue. rt. 35, 36, geometrically, which are comprehended in one formula, 
when expressed by Algebraic symbols ? 

53. Enunciate the “eonverse propositions of the Third Book of Euclid 
which are not demonstrated ex absurdo: and state the three methods which 
Euclid employs in the demonstration of converse propositions in the First 
and Third Books of the Elements. 
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PROPOSITION I. THEOREM. 


If AB, CD be chords of a cirele at right angles to each other, prove that 
the sum of the arcs AC, BD is equal to the sum of the ares AD, BC. 


Draw the diameter /'GZ parallel to AZ, and cutting CD in 
D 


@ 
Then the ares FDG and FUG are each half the circumference, 
Also since CD is bisected in the point Z/, 
the are /'D) is equal to the are FC, 
and the are /) is equal to the ares A, AD, of which, AF is 
equal to BG, 
therefore the arcs AD, BE are equal to the are FC; 
add to each CG, 
therefore the arcs 4D, BC are equal to the ares ?'C, CG, which make 

up the half cireumference. 
Hence also the ares AC, DB are equal to half the cireumference. 

Wherefore the ares 4D, BC are equal to the ares AC, DB. 


PROPOSITION IL PROBLEM, 


The diameter of a circle having been produced to a given point, it is re- 
quired to find in the part produced a point, from which if a tangent be drawn 
to the cirele, it shall be equal to the segment of the part produced, that is, be- 
tween the given point and the point found. 


Analysis. Let ALP be a circle whose center is C, and whose 
diameter AB is produced to the given point J. 

Suppose that G is the point required, such that the segment GD 
is equal to the tangent G/ drawn from @ to touch the cirele in 2. 


Join DE and produce it to meet the cireumference again in FP; 
join also CF and OF. 
Then in the triangle G/F, because GD is equal to GE, 
therefore the angle GD is equal to the angle GDL; 
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and because CF is equal to CF, 
the angle C#F'is equal to the angle CFF; 
therefore the angles CHEF, GED are equal to the angles CFE, 
GDE: 
but since GF is a tangent at ZF, 
therefore the angle C#@ is a right angle, (1. 18.) 
hence the angles CHF, GEHF are equal to a right angle, 
and consequently, the angles C/E, ED@ are also equal to aright 
angle, 
wherefore the remaining angle CD of the triangle C/'D is a right 
angle, 
and therefore CF is perpendicular to AD. 
Synthesis. From the center C, draw CF perpendicular to 4D 
meeting the circumference of the circle in /: 
join DF cutting the circumference in FZ, 
join also CZ, and at # draw £G perpendicular to CZ and inter- 
secting BD in G. 
Then G@ will be the point required. 
For in the triangle CFD, since CD is a right angle, the angles 
CFD, CDF are together equal to a right angle; 
also since CHG is a right angle, 
therefore the angles CHF, GHD are together equal to a right 


angle ; 
therefore the angles CHF, GED are equal to the angles C/D, 
CDF; 


but because CF’ is equal to OF, 
the angle CH is equal to the angle CFD, 
wherefore the remaining angle GHD is equal to the remaining 
angle CDF, 
and the side GD is equal to the side GZ of the triangle LGD, 
therefore the point @ is determined according to the required 
conditions. 


PROPOSITION UI. THEOREM. 


Tf a chord of a circle be produced till the part produced be equal to the 
madius, and if from its extremity a line be drawn through the centre and 
meeting the convex and concave circumferences, the convex és one-third of the 
concave circumference. 


Let AB any chord be produced to @, so that BC is equal to the 
radius of the circle: 


and let C# be drawn from ( through the center D, and meeting 
the convex circumference in F, and the coneave in &. 
Then the arc LF'is one-third of the are AZ. 
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Draw FG parallel to AB, and join DB, DG. 
Since the angle D/G@ is equal to the angle DGE; (1. 5.) 
and the angle GDF is equal to the angles ) EG, DGE; (1. 32.) 
therefore the angle GDC is double of the angle Dig. 
But the angle BDO is equal to the angle BCD, (1. 5 
and the angle CEG is equal to the alter nate angle AOE - (1. 29.) 
therefore the angle GDC is double of the “angle CDB, 
add to these equals the angle CDB, 
therefore the whole angle GDB is treble of the angle CDB, 
but the angles GDB, CDB at the center J), are subtended by the 
ares BF. BG, of Which BG is equal to "AE. 
Wherefore the circumference AZ is treble of the oireumference 
BF, and BF is one-third of AL. 
Hence may be solved the following problem: 
ALF, BF are two ares of a circle intercepted between a chord and 
a given diameter. Determine the position of the chord, so that one . 
are shall be triple of the other. 


PROPOSITION IV. THEOREM. 


AB, AC and ED are tangents to the circle CFB; at whatever point be- 
tween C and B the tangent EFD is drawn, the three sides of the triangle 
AED are equal to twice AB or twice AC: also the angle subtended by the 
tangent E¥D at the center of the circle, is a constant quantity. 


Take & the center of the circle, and join GB, GE, GF, GD, GC. 
Then LB is equal to LF, and DC to DF’; (1m. 37.) 


therefore ZD is equal to FB and DC; 
to each of these add AX, AD, 
wherefore AD, AF, ED are equal to AB, AC; 
and AB is equal to AQ, 
therefore AD, AF, ED are equal to twice AB, or twice AC; 
or the perimeter of the triangle A/D is a constant quantity. 
Again, the angle LG /’is half of the angle BGF, 
and the angle DG F is half of the angle C@F, 
therefore the angle D@F is half of the angle OGB, 
or the angle subtended by the tangent #D) at @, is half of the angle 
contained between the two radii which meet: the circle at the points 
where the two tangents 42, AC meet the circle. 


PROPOSITION V, PROBLEM. 


(iven the base, the vertical angle, and the perpendicular in a plane tri- 
angle, to construct it. 
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Upon the given base AZ describe a segment of a circle contain- 
ing an angle equal to the given angle. (a1. 83.) 


aaa 
\ 
WZ NV 


A 


At the point B draw BC perpendicular to AB, and equal to the 
altitude of the triangle. (1. 11, 3.) 1 

Through (, draw CDE£ parallel to AB, and meeting the cireum- 
ference in D and #. (i. 31.) 

Join DA, DB; also HA, EB; 
then LAL or DAB is the triangle required. 

It is also manifest, that if CDZ# touch the circle, there will be 
only one triangle which can be constructed on the base AB with 
the given altitude. 


PROPOSITION VI. THEOREM. 


If two chords of a cirele intersect each other at right angles either within 
or without the circle, the sum of the squares described upon the four seg- 
ments, is equal to the square described upon the diameter. 


Let the chords 44, CD intersect at right angles in Z. 


Draw the diameter AF, and join AC, AD, CF, DB. 
Then the angle 4 CF’ in a semicircle is a right angle, (m1. 31.) 
and equal to the angle ALD: 
also the angle ADC is equal to the angle AFC. (at. 21.) 
Hence in the triangles ADE, AFC, there are two angles in the 
one respectively equal to two angles in the other, 
consequently, the third angle CA/’ is equal to the third angle 
DAB: 
therefore the arc DB is equal to the are CF, (am. 26.) 
and therefore also the chord DB is equal to the chord CZ. (am. 29.) 
Because A/C is a right-angled triangle, 
the squares on AZ, #O are equal to the square on AC; (1. 47.) 
similarly, the squares on DZ, #B are equal to the square on Db; 
therefore the squares on AL, LC, DE, HB, are equal to the squares 
on AC, DB; 
but DB was proved equal to FC, 
and the squares on AC, /C are equal to the square on AF, 
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wherefore the squares on AF, EC, DE, FB, are equal to the square 
on AF’, the diameter of the circle. 

When the chords meet without the circle, the property is proved 
in a similar manner. 7 


i 


7. TuroveH a given point within a circle, to draw a chord which 
shall be bisected in that point, and prove it to be the least. 

8. To draw that diameter of a given circle which shall pass at a 
given distance from a given point. 

9. Find the locus of the middle points of any system of parallel 
chords in a circle. 

10. The two straight lines which join the opposite extremities 
of two parallel chords, intersect in a point in that diameter which 
is perpendicular to the chords. 

11. The straight lines joining towards the same parts, the ex- 
tremities of any two lines in a circle equally distant from the center, 
are parallel to each other. 

12. A, B, C, A’, B’, C" are points on the circumference of a 
circle; if the lines AB, AC be respectively parallel to A’B’, A'C’, 
shew that BOC" is parallel to B'C. 

13. Two chords of a circle being given in position and magnitude, 
describe the circle. 

14. Two circles are drawn, one lying within the other; prove 
that no chord to the outer circle can be bisected in the point in 
which it touches the inner, unless the circles are concentric, or the 
chord be perpendicular to the common diameter. If the circles 
have the same center, shew that every chord which touches the 
inner circle is bisected in the point of contact. 

15. Draw a chord in a circle, so that it may be double of its 
perpendicular distance from the center. 

16. The ares intercepted between any two parallel chords in a 
circle are equal. 

17. If any point P be taken in the plane of a circle, and PA, 
PB, PC,..be drawn to any number of points A, B, C,.. situated 
symmetrically in the circumference, the sum of PA, PB, ..is least 
when / is at the center of the circle. 


’ Il. 


' 18, The sum of the ares subtending the vertical angles made by 
any two chords that intersect, is the same, as long as the angle of 
intersection is the same. 

19. From a point without a circle two straight lines are drawn 
cutting the convex and concave circumferences, and also respectively 
parallel to two radii of the circle. Prove that the difference of the 
concave and convex ares intercepted by the cutting lines, is equal to 
twice the are intercepted by the radii. 

20. In a circle with center 0, any two chords, AB, CD are drawn 


ON BOOK III. 165 


cutting in FE, and OA, OB, OC, OD are joined; prove that the 
angles AOC+BOD =2.AEC, and AOD+BOC =2.AED. 

21. If from any point without a circle, lines be drawn cutting the 
| circle and making equal angles with the longest line, they will cut: 
“off equal segments, 

SS 22. If the corresponding extremities of two intersecting chords 
of a circle be joined, the triangles thus formed will be equiangular. 

23. Through a given point within or without a circle, it is required 
to draw a straight line cutting off a segment containing a given angle. 

24, If on two lines containing an angle, segments of circles be 
described containing angles equal to it, the lines produced will touch 
the segments. 

25. Any segment of a circle being described on the base of a tri- 

| angle; to describe on the other sides segments similar to that on the 
base. 

26. If an are of a circle be divided into three equal parts by three 

- straight lines drawn from one extremity of the are, the angle con- 
tained by two of the straight lines is bisected by the third. 

27. If the chord of a given circular segment be produced to a 
fixed point, describe upon it when so produced a segment of a circle 
which shall be similar to the given segment, and shew that the two 
segments have a common tangent. P 

28. If AD, CE be drawn perpendicular to the sides BC, AB of 
the triangle ABO, and DZ be joined, prove that the angles ADL, 
and ACE are equal to each other. 

. 29. If from any point in a circular are, perpendiculars be let fall 
on its bounding radii, the distance of their feet is invariable. 

; 

) 

| 

) 

| 

| 


Eur. 


30. If both tangents be drawn, (fig. Euc. m. 17.) and the points 
of contact joined by a straight line which cuts #A in H, and on HA 
as diameter a circle be described, the lines drawn through /# to toue:: 
this circle will meet it on the circumference of the given circle. 

31. Draw, (1) perpendicular, (2) parallel to a given line, a line 
touching a given circle. . 

32. If two straight lines intersect, the centers of all circles that 
can be inscribed between them, lie in two lines at right angles to 
_ each other. 

33. Draw two tangents to a given circle, which shall contain an 
angle equal to a given rectilineal angle. 

34. Describe a circle with a given radius touching a given line, 
and so that the tangents drawn to it from two given points in this 
line may be parallel, and shew that, if the radius vary, the locus of 
the centers of the circles so described is a circle. 

35. Determine the distance of a point from the center of a given 
circle, so that if tangents be drawn from it to the circle, the concave 
part of the circumference may be double of the convex. 

36. In achord of a circle produced, it is required to find a point, 
from which if a straight line be drawn touching the circle, the line 
so drawn shall be equal to a given straight line. 
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37. Find a point without a given circle, such that the sum of the 
two lines drawn from it touching the circle, shall be equal to the 
line drawn from it through the center to meet the circle. 

38. If from a point without a circle two tangents be drawn; the 
straight line which joins the points of contact will be bisected at right 
angles by a line drawn from the center to the point without the circle. 

39. If tangents be drawn at the extremities of any two diameters 
of a circle, and produced to intersect one another; the straight lines 
joining the opposite points of intersection will both pass through 
the center. 

40. If from any point without a circle two lines be drawn touch- 
ing the circle, and from the extremities of any diameter, lines be 
drawn to the point of contact cutting each other within the circle, 
the line drawn from the points without the circle to the point of in- 
tersection, shall be perpendicular to the diameter. 

41. If any chord of a circle be produced equally both ways, and 
tangents to the circle be drawn on opposite sides of it from its ex- 
tremities, the line joining the points of contact bisects the given chord. 

42. AB is a chord, and AD is a tangent to a circle at A. DPQ 
any secant parallel to AB meeting the circle in P and Q. Shew 
that the triangle PAD is equiangular with the triangle GAB, 

43. If from any point in the circumference of a circle a chord and 
tangent be drawn, the perpendiculars dropped upon them from the 
middle point of the subtended are, are equal to one another, 


TV 


44. In a given straight line to find a point at which two other 
straight lines being drawn to two given points, shall contain a right 
angle. Shew that if the distance between the two given points be 
greater than the sum of their distances from the given line, there 
will be two such points; if egual, there may be only one; if less, 
the problem may be impossible. 

45. Find the point in a given straight line at which the tangents 
to a given circle will contain the greatest angle. 

46. Of all straight lines which can be drawn from two given 
points to meet in the convex circumference of a given circle, the sum 
of those two will be the least, which make equal angles with the 
tangent at the point of concourse, 

47. DF is a straight line touching a cirele, and terminated by 
AD, BF, the tangents at the extremities of the diameter A.B, shew 
that the angle which D/’subtends at the center is a right angle. 

48, If tangents Am, Bn be drawn at the extremities of the diam- 
eter of a semicirele, and any line in m/Pn crossing them and touch- 
ing the circle in ?, and if AN, BM be joined intersecting in O and 
cutting the semicircle in Hand /’; shew that O, P, and the point of 
intersection of the tangents at # and F are in the same straight line, 

49. If from a point P without a cirele, any straight line be drawn 
cutting the circumference in A and B, shew that the straight lines 
joining the points A and PB with the bisection of the chord of con- 
tact of the tangents from P?, make equal angles with that chord, 
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Vv. 


50. Describe a circle which shall pass through a given point and 
which shall touch a given straight line in a given point. 

51. Draw a straight line which shall touch a given circle, and 
make a given angle with a given straight line. 

52. Deseribe a circle the circumference of which shall pass 
through a given point, and touch a given circle in a given point. 

53. Deseribe a circle with a given center, such that the circle so 
described and a given circle may touch one another internally. 

54. Describe the circles which shall pass through a given poinc 
and touch two given straight lines. 

55. Describe a circle with a given center, cutting a given circle 
in the extremities of a diameter. 

56. Describe a circle which shall have its center in a given 
straight line, touch another given line, and pass through a fixed 
point in the first given line. 

57. The center of a given circle is equidistant from two given 
straight lines; to describe another circle which shall touch the two 
straight lines and shall cut off from the given circle a segment con- 
taining an angle equal to a given rectilineal angle. 


VE 


58. If any two circles, the centers of which are given, intersect 
each other, the greatest line which can be drawn through either 
point of intersection and terminated by the circles, is independent 
of the diameters of the circles. 

59. Two equal circles intersect, the lines joining the points in 
which any straight line through one of the points of section, which 
meets the circles with the other point of section, are equal. 

60. Draw through one of the points in which any two circles cut 
one another, a straight line which shall be terminated by their cir- 
cumferences and bisected in their point of section. 

61. Describe two circles with given radii which shall cut each 
other, and have the line between the points of section equal to a 
given line. 

62. Two circles cut each other, and from the points of intersec- 
tion straight lines are drawn parallel to one another, the portions in- 
tercepted by the circumferences are equal. 

63. ACB, ADB are two segments of circles on the same base 
AB, take any point @ in the segment ACB; join AC, BC, and pro- 
duce them to meet the segment ADB in D and / respectively : shew 
that the are D/ is constant. 

64. ADB, ACB, are the ares of two equal circles cutting one 
another in the straight line 4B, draw the chord ACD cutting the 
inner circumference in @ and the outer in D, such that AD and DB 
together may be double of AC and CB together. 

65. If from two fixed points in the circumference of a circle, 
straight lines be drawn intercepting a given arc and meeting without 
the circle, the locus of their intersections is a circle. 
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66. If two circles intersect, the common chord produced bisects 
the common tangent. 

67. Shew that, if two circles cut each other, and from any point 
in the straight line produced, which joins their intersections, two tan- 
gents be drawn, one to each circle, they shall be equal to one another.. 

68. Two circles intersect in the points A and £; through A and 
B any two straight lines CAD, EGF, are drawn cutting the circles 
in the points 0, D, &, #’; prove that CZ is parallel to DF. 

69. Two equal circles are drawn intersecting in the point: A and 
B, a third circle is drawn with center A and any radius not greater 
than AB intersecting the former circles in D and @. Shew that the 
three points B, C, D lie in one and the same straight line. 

70. If two cireles cut each other, the straight line joining their 
centers will bisect their common chord at right angles. 

71. Two circles cut one another; if through a point of intersee- 
tion a straight line be drawn bisecting the angle between the diame- 
ters at that point, this line cuts off similar segments in the two circles: 

72. ACB, APB are two equal circles, the center of APB being 
on the circumference of ACBL, AB being the common chord, if any 
chord AG of ACB be produced to cut APL in P, the triangle PBC 
is equilateral. 


VIL. 


73. If two circles touch each other externally, and two parallel 
lines be drawn, so touching the circles in points A and B respectively 
that neither circle is cut, then a straight line AB will pass through 
the point of contact of the circles. 

74, A common tangent is drawn to two cireles which touch each 
other externally; if a circle be described on that part of it which 
lies between the points of contact, as diameter, this circle will pass 
through the point of contact of the two circles, and will touch the 
line which joins their centers. 

75. If two circles touch each other externally or internally, and 
parallel diameters be drawn, the straight line joining the extremities 
of these diameters will pass through the point of contact. 

76. If two cireles touch each other internally, aud any circle be 
described touching both, prove that the sum of the distances of its 
center from the centers of the two given circles will be invariable, 

77. If two circles touch each other, any straight line passing 
through the point of contact, cuts off similar parts of their cireum- 
ferences. ; 

78. Two cireles touch each other externally, the diameter of one 
being double of the diameter of the other; through the point of con- 
tact any line is drawn to meet the circumferences of both; shew 
that the part of the line which lies in the larger circle is double of 
that in the smaller, 

79. If a circle roll within another of twice its size, any point in 
its circumference will trace out a diameter of the first. 

80. With a given radius to describe a circle touching two given 
circles, 
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81. Two equal circles touch one another externally, and through 
the point of contact chords are drawn, one to each circle, at right 
angles to each ; prove that the straight line joining the other extrem- 
ities of these chords is equal and parallel to the straight liie joining 
the centres of the circles. 

82. Two circles can be described, each of which shall touch a 
given circle, and pass through two given points outside the circle; 
shew that the angles which the two given points subtend at the two 
points of contact, are one greater and the other less than that which 
they subtend at any other point in the given circle. 


VI. 


83. Draw a straight line which shall touch two given circles; 
(1) on the same side; (2) on the alternate sides. 

84. If two circles do not touch each other, and a segment of the 
line joining their centers be intercepted between the convex cireum- 
ferences, any circle whose diameter is not less than that segment may 
be so placed as to touch both the circles. 

85. Given two circles: it is required to find a point from which 
tangents may be drawn to each, equal to two given straight lines. 

86. Two circles are traced on a plane; draw a straight line 
cutting them in such a manner that the chords intercepted within the 
circles shall have given lengths. 

87. Draw astraightline which shall touch one of two given circles 
and cut off a given segment from the other. Of how many solutions 
does this problem admit ? 

88. If from the point where a common tangent to two circles 
meets the line joining their centers, any line be drawn cutting the 
circles, it will cut off similar segments. 

89. To find a point P, so that tangents drawn from it to the out- 
sides of two equal circles which touch each other, may contain an angle 
equal to a given angle. 

90. Describe a circle which shall touch a given straight line at a 
given point, and bisect the circumference of a given circle. 

91. A circle is described to pass through a given point and cut a 
given circle orthogonally, shew that the locus of the center is a certain 
straight line. 

92. Through two given points to describe a circle bisecting the 
circumference of a given circle. 

93. Describe a circle through a given point, and touching a given 
straight line, so that the chord joining the given point and point of 
contact, may cut off a segment containing a given angle. 

94, To describe a circle through two given points to cut a straight 
line given in position, so that a diameter of the circle drawn through 
the point of intersection, shall make a given angle with the line. 

95. Describe a circle which should pass through two given points 
and cut a given circle, so that the chord of intersection may be of a 


given length. 
8 
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IX. 


96. The circumference of one circle is wholly within that of an- 
other. Find the greatest and the least straight lines that can be drawn 
touching the former and terminated by the latter. 

97. Draw astraight line through two concentric circles, so that the 
chord terminated by the exterior circumference may be double that 
terminated by the interior. What is the least value of the radius of 
the interior circle for which the problem is possible ? 

98. If a straight line be drawn cutting any number of concentric 
circles, shew that the segments so cut off are not similar. 

99. If from any point in the circumference of the exterior of two 
concentric circles, two straight lines be drawn touching the interior 
and meeting the exterior ; the distance between the points of contact 
will be half that between the points of intersection. 

100. Shew that all equal straight lines in a circle will be touched 
by another circle. 

101. Through a given point draw a straight line so that the part 
intercepted by the circumference of a circle, shall be equal to a given 
straight line not greater than the diameter. 

102. Two circles are described about the same center, draw a chord 
to the outer circle, which shall be divided into three equal parts by the 
inner one. How is the possibility of the problem limited ¢ 

108. Find a point without a given circle from which if two tan- 
gents be drawn to it, they shall contain an angle equal to a given 
angle, and shew that the locus of this point is a circle concentric with 
the given circle. 

104. Draw two concentric circles such that those chords of the 
outer circle which touch the inner, may be equal to its diameter, 

105. Find a point in a given straight line from which the tangent 
drawn to a given circle, is of given length. 

106. If any number of chords be drawn in the inner of two con- 
centric circles, from the same point A in its circumference, and each 
of the chords be then produced beyond A to the circumference of the 
outer circle, the rectangle contained by the whole line so produced 
and the part of it produced, shall be constaut for all the cases, 


X. 


107. The circles described on the sides of any triangle as diameters 
will intersect in the sides, or sides produced, of the triangle. 

108. The circles which are described upon the sides of a right- 
angled triangle as diameters, meet the hypotenuse in the same point; 
and the line drawn from the point of intersection to the center of either 
of the circles will be a tangent to the other circle, 

109. If on the sides of a triangle circular ares be described contain- 
ing angles whose sum is equal to two right angles, the triangle formed 
by the lines joining their centers, has its angles equal to those in the 
segments, ; 

110, The perpendiculars let fall from the three angles of any tri- 
angle upon the opposite sides, intersect each other in the same point. 

411. If AD, CF be drawn perpendicular to the sides BC, AB of 
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the triangle A BOC, prove that the rectangle contained by BC and BD, 
is equal to the rectangle contained by BA and BEL.” 

112. The lines which bisect the vertical angles of all triangles on the 
same base and with the same vertical angle, all intersect in one point. 

113. Of all triangles on the same base and between the same 
parallels, the isosceles has the greatest vertical angle. 

114, It isrequired within an isosceles triangle to find a point such. 
that its distance from one of the equal angles may be double its dis- 
tance from the vertical angle. 

115. To find within an acute-angled triangle, a point from which, 
if straight lines be drawn to the three angles of the triangle, they shall 
make equal angles with each other. 

116. A flag-staff of a given height is erected on a tower whose 
height is also given: at what point on the horizon will the flag-stait 
appear under the greatest possible angle ? 

117. A ladder is gradually raised against a wall; find the locus of 
its middle point. 

118. The triangle formed by the chord of a circle (produced 
or not) the tangent at its extremity, and any line perpendicular 
to the diameter through its other extremity will be isosceles. 

119. AD, B# are perpendiculars from the angles A and B 
on the opposite sides of a triangle, BF’ perpendicular to LD or LD 
produced; shew that the angle (BD = EBA. 

XI. 

120. If three equal circles have a common point of intersection, 
prove that astraight line joining any two of the points of intersection, 
will be perpendicular to the straight line joining the other two points 
of intersection. 

121. Two equal circles cut one another, and athird circle touches 
each of these two equal circles externally ; the straight line which joins 
the points of section will, if produced, pass through the centre of the 
third circle. 

122. A number of circles touch each other at the same point, anda 
straight line isdrawn from it cutting them: the straight lines joining 
each point ofintersection with the centre of the circle will be all parallel. 

123. If three circles intersect one another, two and two, the three 
chords joining the points of intersection shall all pass through one 

oint. 
si 124. If three circles touch each other externally, and the three 
common tangents be drawn, these tangents shall intersect in a point 
equidistant from the points of contact of the circles. 

125. If two equal circles intersect one another in A and B, and 
from one of the points of intersection as acenter, a circle be described 
which shall cut both of the equal circles, then will the other point of 
intersection, and the two points in which the third circle cuts the 
other two on the same side of AA, be in the same straight line. 


XI. 


126. Given the base, the vertical angle, and the difference of the 
sides, to construct the triangle. 
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127. Describe a triangle, having given the vertical angle, and 
the segments of the base made by a line bisecting the vertical angle. 

128. Given the perpendicular height, the vertical angle and the 
sum of the sides, to construct the triangle. 

129. Construct a triangle in which the vertical angle and the 
‘difference of the two angles at the base shall be respectively equal to 
two given angles, and whose base shall be equal to a given straight 
line. 

130. Given the vertical angle, the difference of the two sides con- 
taining it, and the difference of the segments of the base made by a 
perpendicular from the vertex; construct the triangle. 

131. Given the vertical angle, and the lengths of two lines drawn 
from the extremities of the base to the points of bisection of the sides, 
to construct the triangle. 

132. Given the base, and vertical angle, to find the triangle whose 
area is § maximum. 

133. Given the base, the altitude, and the sum of the two re- 
maining sides; construct the triangle. 

134, Describe a triangle of given base, area, and vertical angle. 

135. Given the base and vertical angle of a triangle, find the 
locus of the intersection of perpendiculars to the sides from the ex- 
tremities of the base. 


XIII. 


136. Shew that the perpendiculars to the sides of a quadrilateral 
inseribed in a circle from their middle points intersect in a fixed point. 

137. The lines bisecting any angle of a quadrilateral figure in- 
scribed in a circle, and the opposite exterior angle, meet in the cir- 
cunnference of the circle. 

138. If two opposite sides of a quadrilateral figure inscribed in a 
circle be equal, prove that the other two are parallel. 

139, The angles subtended at the center of a circle by any two 
opposite sides of a quadrilateral figure circumscribed about it, are 
together equal to two right angles. 

140, Four circles are described so that each may touch internally 
three of the sides of a quadrilateral figure, or one side and the ad- 
jacent sides produced ; shew that the centers of these four cireles will 
all lie in the circumference of a circle. 

141. One side of a trapezium capable of being inscribed ina given 
e rele is given, the sum of the remaining three sides is given; and also 
«ie of the angles opposite to the given side: construct it. 

142. If the sides of a quadrilateral figure inscribed in a circle be 
produced to meet, and from each of the points of intersection a 
straight line be drawn, touching the circle, the squares of these tan- 
gents are together equal to the square of the straight line joining the 
points of intersection. 

148. If a quadrilateral figure be described about a circle, the 
sums of the opposite sides are equal; and each sum equal to half the 
perimeter of the figure. 

144. A quadrilateral ABCD is inscribed in a circle, BO and DOG 
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are produced to meet AD and AB produced in Zand /. The angles 
ABC and ADC are together equal to AFC, ALB, and twice the 
angle BAC, 

145. If the hypotenuse AB of a right-angled triangle ABO be 
bisected in D, and LDF drawn perpendicular to AB, and DE, DF cut 
off each equal to DA, and VE, CF joined, prove that the last two 
lines will bisect the angle at ( and its supplement respectively. 

146. ABCD is a quadrilateral figure inscribed in a circle. 
Through its angular points tangents are drawn so as to form an- 
other quadrilateral figure FELOHDEHA circumscribed about the 
circle. Find the relation which exists between the angles of the ex- 
terior and the angles of the interior figure. 

147. The angle contained by the tangents drawn at the extremi- 
ties of any chord in a circle is equal to the difference of the angles in 
segments made by the chord: and also equal to twice the angle con- 
tained by the same chord and a diameter drawn from either of its 
extremities. 

148. lf ABCD be a quadrilateral figure, and the lines AB, AC, 
AD be equal, shew that the angle BAD is donble of CBD and CDB 
together. 

149. If the sides of a quadrilateral figure circumscribing a circle, 
touch the circle at the angular points of an inscribed quadrilateral 
figure; all the diagonals will intersect in the same point. 

150. In a quadrilateral figure ABCD is inscribed a second quad- 
rilateral by joining the middle points of its adjacent sides; a third 
is similarly inscribed in the second, and so on. Shew that each of 
the series of quadrilaterals will be capable of being inscribed in a 
circle if the first three are so. Shew also that two at least of the 
opposite sides of ABCD must be equal, and that the two squares 
upon these sides are together equal to the sum of the squares upon 
the other two. 


XIV. 


151. If from any point in the diameter of a semicircle, there be 
drawn two straight lines to the circumference, one to the bisection 
of the circumference, the other at right angles to the diameter, the 
squares upon these two lines are together double of the square upon 
the semi-diameter. 

152. If from any point in the diameter of a circle, straight lines 
be drawn to the extremities of a parallel chord, the squares on these 
lines are together equal to the squares on the segments into which 
the diameter is divided. 

153. From a given point without a circle, at a distance from the 
circumference of the circle not greater than its diameter, draw a 
straight line to the concave circumference whick shall be bisected 
by the convex circumference. 

154. If any two chords be drawn in a circle perpendicular to 
each other, the sum of their squares is equal to twice the square of 
the diameter diminished by four times the square of the line joining 
the center with their point of intersection. 
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155. Two points are taken in the diameter of a circle at any 
equal distances from the center; through one of these draw any 
chord, and join its extremities and the other point. The triangle so 
formed has the sum of the squares of its sides invariable. 

156. If chords drawn from any fixed point in the circumference 
of acircle, be cut by another chord which is parallel to the tangent 
at that point, the rectangle contained by each chord, and the part of 
it intercepted between the given point and the given chord, is constant. 

157. If AB be a chord of a circle inclined by half a right angle to 
the tangent at A, and AC, AD be any two chords equally inclined 
to AB, A0?+AD?= 2.AB?. 

158. A chord POQ cuts the diameter of a circle in Q, in an angle 
equal to half a right angle; PO*+O0@?= 2(rad.)?. 

159. Let ACDB be a semicircle whose diameter is AB; and 
AD, BC any two chords intersecting in P; prove that 


AB*=DA.AP+  CB.BP. 

160. If ABDC be any parallelogram, and if a circle be described 
passing through the point A, and cutting the sides 4, AC, and the 
diagonal AD, in the points /, G, /7 respectively, shew that 

ABAFP+ACAG = ADAH. 


161. Produce a given straight line, so that the rectangle under 
the given line, and the whole line produced, may equal the square 
of the part produced. 

162. If A bea point within a cirele, BC the diameter, and through 
A, AP be drawn perpendicular to the diameter, and BAZ meeting 
the circumference in #, then BA.BE= BC.BD. 

163. The diameter ACD of a circle, whose center is C, is pro- 
duced to P, determine a point / in the line AP such that the rec- 
tangle P/.PC may be equal to the rectangle P.D.PA, 

164. To produce a given straight line, so that the rectangle con- 
tained by the whole line thus produced, and the part of it produced, . 
shall be equal to a given square. 

165. Two straight lines stand at right angles to each other, one of 
which passes through the center of a given circle, and from any point 
in the other, tangents are drawn to the circle. Prove that the chord 
joining the points of contact cuts the first line in the same point, what- 
ever be the point in the second from which the tangents are drawn. 

166. A, B, C, D, are four points in order in a straight line, find 
a point / between # and CQ, such that AL.EB = ED.EC, by a geo- 
metrical construction. 

167. If any two circles touch each other in the point O, and lines 
be drawn through O at right angles to each other, the one line cut- 
ting the circles in P, P’, the other in Q, Q@'; and if the line joining 
the centers of the circles cut them in A, A’; then 


PP4Q@ = A'A 
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DEFINITIONS. 
NE 


A RECTILINEAL figure is said to be inscribed in another rectilineal 
figure, when all the angular points of the inscribed figure are upon 
the sides of the figure in which it is inscribed, each upon each. 


In likemanner, a figure is said to be described about another figure, 
when all the sides of the circumscribed figure pass through the angular 
points of the figure about which it is described, each through each. 


Til. 


A. rectilineal figure is said to be inscribed in a circle, when all the 
angular points of the inscribed figure are upon the circumference of 
the circle. 


LY. 


A rectilineal figure is said to be described about a circle, when each 
side of the circumscribed figure touches the circumference of the circle. 


In like manner, a circle is said to be inscribed in a rectilineal figure, 
when the circumference of the circle touches each side of the figure, 


AaE 
A circle is said to be described about a rectilineal figure, when the 


circumference of the circle passes through all the angular points of 
the figure about which it is described. 
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VIL. 


A straight line is said to be placed in a circle, when the extremi- 
ties of it are in the circumference of the circle. 


PROPOSITION I. PROBLEM. 


Ina given circle to place a straight line, equal toa given straight line 
which is not greater than the diameter of the cirele. 


Let ABC be the given circle, and D the given straight line, not 
greater than the diameter of the circle. 
It is required to place in the circle ABC a straight line equal to D. 


a 


D 


Draw BC the diameter of the circle ABC. 
Then, if BC is equal to D, the thing required is done; 
for in the circle ABC a straight line BC is placed equal to D. 
But, if it is not, BC is greater than D; (hyp.) 
make CF equal to J, (1. 3.) 
and from the center (, at the distance CZ, describe the circle AEF, 


and join CA. 
Then CA shall be equal to D. 
Because C is the center of the circle AFF, 
therefore (A is equal to C7’: (1. def. 15.) 
but CF’ is equal to ); (constr.) 
therefore /) is equal to CA. (ax. 1.) 
Wherefore in the circle ABC, a straight line CA is placed equal 
to the given straight line Y, which is not greater than the diameter 
of the circle. Q.E.F. 


PROPOSITION I. PROBLEM. 
In a given cirele to inscribe a triangle equiangular to a given triangle. 


Let ABC be the given circle, and DEF the given triangle. 
It is required to inscribe in the circle ABC a triangle equiangular 
to the triangle DEF. 


8) 


Draw the straight line GA /7 touching the circle in the point A, (1. 17.) 
and at the point A, in the straight line AZ, 
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make the angle ZAC equal to the angle DEF’; (1. 28.) 
and at the point A, in the straight line AG, 
make the angle GAB equal to the angle DFL; 
and join bC0; then ABC shall be the triangle required. 
Because HA touches the circle ABC, 
and AC is drawn from the point of contact, 
therefore the angle AC is equal to the angle AC in the alternate 
segment of the circle: (m1. 32.) 
but HAC is equal to the angle DHF; (constr.) 
therefore also the angle ABC is equal to DET’: (ax. 1.) 
for the same reason, the angle ACB is equal to the angle DFE: 
therefore the remaining angle 64 C is equal to the remaining angle 
EDF: (1. 82. and ax. 1.) 
wherefore the triangle AC is equiangular to the triangle DEF, 
and it is inscribed in the circle ABC. Q.E.F. 


PROPOSITION III. PROBLEM. 
About a given circle to describe atriangle equiangular to a given triangle. 


Let ABC be the given circle, and DEF the given triangle. 
It is required to describe a triangle about the circle ABC equi- 
angular to the triangle DEF. ~ 
L 


= 


ee 
ina GE ae 


Produce ee a ways ue the points G, 7; 
find the center A of the circle ABC, (im. 1.) 
and from it draw any straight line AB; 
at the point A in the straight line AB, 
make the angle BAA equal to the : angle DEG, (1. 23.) 
and the angle BAC equal to the angle DFA; 
and through the points A, B, C, draw the straight lines LAM, MBN, 
NCL, touching the circle ABC. (am. 17.) 
Then LIN shall be the triangle required. 
Because LM, JN, NL touch the circle ABC in the points A, B, 
C, to which from the center are drawn HA, KB. KC. 
therefore the angles at the points A, B, Care right angles: (rm. 18.) 
and because the four angtes of the quadrilateral figure AMBER 
are equal to four right angles, 
for it can be divided into two triangles ; 
and that two of them KAM, KAM are right angles, 
therefore the other two AXA, AMB are equal to two right angles: 


(ax. 8.) mer 
but the angles DEG, DLF are likewise equal to two right angles: 
@. 12.) 


8* 
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therefore the angles AAB, AMB are equal to the angles DEG 
DEF; (ax. 1.) 
of which AAB is equal to DEG; (constr.) 
wherefore the remaining angle AB is equal to the remaining angle 
DEF. (ax. 3.) 
In like manner, the angle LNJZ may be demonstrated to be 
equal to DFE; 
and therefore the remaining angle WZ is equal to the remain- 
ing angle HDF’; (1. 32. and ax. 3.) 
therefore the triangle LJLN is equiangular to the triangle DEF: 
and it is described about the circle ABC. Q.u.F. 


PROPOSITION IV. PROBLEM. 
To inseribe a circle in a given triangle. 
Let the given triangle be ABC. 
It is required to inscribe a circle in ABO. 


E G 


Be oe bee 


B F C 


Bisect the angles ABC, BCA by the straight lines BD, CD 
meeting one another in the point J, (1. 9.) 
from which draw DE, DF, DG perpendiculars to AB, BO, CA, (1. 12.) 
And because the angle LBD is equal to the angle /-LD, 
for the angle ABC is bisected by BD, 
and that the right angle BLD is equal to the right angle BD; (ax. 11.) 
therefore the two triangles /BD, BD have two angles of the 
one equal to two angles of the other, each to each ; 
and the side BD, which is opposite to one of the equal angles in 
each, is common to both ; 
therefore their other sides are equal; (1. 26.) 
wherefore )F is equal to DF: 
for the same reason, ))( is equal to DF: 
: therefore DF is equal to DG: (ax. 1.) 
therefore the three straight lines DL, DF, DE@ are equal to one 
another ; 
and the circle described from the center J, at the distance of any 
of them, will pass through the extremities of the other two, and 
touch the straight lines AB, BC, CA, 
because the angles at the points Z, F, @ are rigl.t angles, 
and the straight line which is drawn from the extremity of a diam- 
eter at right angles to it, touches the circle: (1. 16.) 
therefore the straight lines 4B, BC, CA do each of them touch the 
circle, 
and therefore the circle HFG is inscribed in the triangle ABQ. Q.x.¥. 
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PROPOSITION V. PROBLEM. 
Lo describe a circle about a given triangle. 
Let the given triangle be ABO. 
It is required to describe a circle about ABC. 


Bisect AB, AC in the points D, £, (1. 10.) 

and from these points draw DF, #F at right angles to AB, AQ; (1.11.) 
DIF, EF produced meet one another : 

for, if they do not meet, they are parallel, 

wherefore 4B, AC, which are at right angles to them, are par- 
allel; which is absurd : 
let them meet in /, and join F'4 ; 

also, if the point #’ be not in BC, join BF, CF. 

Then, because AD is equal to DB, and LF common, and at 

right angles to AB, 
therefore the base AF’ is equal to the base BR.  (r. 4.) 
Tn like manner, it may be shewn that CF'is equal to FA; 
and therefore BY’ is equal to FC; (ax. 1.) 
and #'A, #B, FC are equal to one another: 

wherefore the circle described from the center F, at the distance 
of one of them, will pass through the extremities of the other two, 
and be described about the triangle ABC. q.x.r. 

Oor.—And it is manifest, that when the center of the circle falls 
within the triangle, each of its angles is less than a right angle, 
(111. 31.) each of them being in a segment greater than a semicircle; 
but, when the center is in one of the sides of the triangle, the angle 
opposite to this side, being in a semicircle, (nr. 31.) is a right angle; 
and, if the center falls without the triangle, the angle opposite to the 
side beyond which it is, being in a segment less than a semicircle, 
(iu. 31.) is greater than a right angle: therefore, conversely, if the 
given triangle be acute-angled, the center of the circle falls within it; 
if it be a right-angled triangle, the center is in the side opposite to 
the right angle ; and if it be an obtuse-angled triangle, the center falls 
without the triangle, beyond the side opposite to the obtuse angle. 


PROPOSITION VI. PROBLEM. 
To inscribe a square in a given cirele. 


Let ABCD be the given circle. 
It is required to inscribe a square in ABCD, 


colt i 


IN, 


if 
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Draw the diameters, AC, BD, at right angles to one another, 


(au. 1. and 1. 11.) 
and join AB, BC, CD, DA. 
The figure ACD shall be the square required. 
Because BEF is equal to LD, for # is the center, and that ZA is 
common, and at right angles to BD; 
the base BA is equal to the base AD: (1. 4.) 
and, for the same reason, BC, CD are each of them equal to BA, or AD; 
therefore the quadrilateral figure A BCD is equilateral. 
It is also rectangular ; 
for the straight line BD being the diameter of the circle ABCD, 
BAD is a semicircle ; 
wherefore the angle BAD is a right angle: (it. 31.) 
for the same reason, each of the angles ABC, BCD, CDA is a right 
angle : 
Wendie the quadrilateral figure APCD is rectangular : 
and it has been shewn to be equilateral, 
therefore it is a square: (1. def. 30.) 
and it is inscribed in the circle ABCD. Q.x.¥. 


PROPOSITION VII. PROBLEM. 
To describe a square about a given cirele. 


Let ABCD be the given circle. 
It is required to describe a square about it. 


gt C K 
Draw two diameters AC, BD of the circle ABCD, at right an- 
gles to one another, 
and through the points A, B, C, D, draw FG, GH, HK, ICF touch- 
ing the circle. (11. 17.) 
The figure G//A'F shall be the square required. 
Because /'G touches the circle ABCD, and LA is drawn from 
the center /# to the point of contact A, 
therefore the angles at A are right angles: (m1. 18.) 
for the same reason, the angles at the points B, C, ) are right angles; 
and because the angle AB is a right angle, as likewise is ZBG, 
therefore G// is parallel to AC’: (1. 28.) 
for the same reason AC is parallel to FA’: 
and in like manner (@/, ZA’ may each of them be demonstrated to 
be parallel to BED; 
therefore the figures 7A, GC, AK, FB, BK are parallelograms; 
and therefore G7 is equal to 7A, and Gi to FH: (1. 34.) 
and because AC is equal to BD, and that AC is equal to each of the 
two GH, FK: 
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and BD to each of the two GF, HK: 
GH, FK are each of them equal to GF, or HK; 
therefore the quadrilateral figure “GAZ is equilateral. 
_ It is also rectangular ; 
for GBEA being a parallelogram, and AZB a right angle, 
therefore AGGB is likewise a right angle: (1. 34.) 
and in the same manner it may be shewn that the angles at H, XK, F 
are right angles: 
therefore the quadrilateral figure /GHZJ is rectangular : 
and it was demonstrated to be equilateral ; 
therefore it is a square; (1. def. 30.) 
and it is described about the circle ABCD. Q.z.F. 


PROPOSITION VIII. PROBLEM. 
To inscribe a circle in a given square. 


Let ABCD be the given square. 
It is required to inscribe a circle in ABCD. 


A E D 
Za ia Os 
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Bisect each of the sides 4B, AD in the points /, F, (1. 10.) 
and through # draw #4 parallel to AB or DC, (1. 31.) 
and through #' draw /#’X parallel to AD or BC: 
therefore each of the figures 44, KB, AH, HD, AG, GC, BG, 
GD is a right-angled parallelogram ; 
and their opposite sides are equal: (1. 34.) 
and because A/ is equal to AB, (1. def. 30.) 
and that AZ is the half of 4D, and AJ the half of AZ, 
therefore AF is equal to A’; (ax. 7.) 
wherefore the sides opposite to these are equal, viz. /@ to GE: 
in the same manner it may be demonstrated that GH, GF are 
each of them equal to FG or GA: 
therefore the four straight lines G2, GF, GH, GK are equal to 
one another ; 
and the circle described from the center @ at the distance of one 
of them, will pass through the extremities of the other three, and 
touch the straight lines 4B, BC, CD, DA; 
because the angles at the points /, /, H, X, are right angles, (1. 29.) 
and that the straight line which is drawn from the extremity of 
a diameter, at right angles to it, touches the circle: (au. 16, 
Cor. 
therefore ee of the straight lines AB, BC, CD, DA touches tha 
circle, which therefore is inscribed in the square ABCD. Q.£.F. 
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PROPOSITION IX. PROBLEM. 
To describe a circle about a given square. 


Let ABCD be the given square. 
It is required to describe a circle about ABCD, 


— } 


Join AQ, BD, cutting one another in F: 
and because DA is equal to AB, and AC common to the trian- 
glhis DAC, BAC, (1. def. 30.) 
the two sides DA, AC are equal to the two BA, AC, each to each; 
and the base DC is equal to the base BC; 
wherefore the angle ))A Cis equal to the angle BAC; (1. 8.) 
and the angle DAB is bisected by the straight line 4C: 
in the sate manner it may be demonstrated that the angles A BC, 
BCD, CDA are severally bisected by the straight lines BD, AC: 
therefore because the angle DAP is equal to the angle ABC, (1 
def. 30.) 
and that the angle 7A Bisthe half of DAB, and LBA the half of ABC; 
therefore the angle ZAB is equal to the angle EBA; (ax. 7.) 
wherefore the side HA is equal to the side ZB: (1. 6.) 
in the same manner it may be demonstrated, that the straight 
lines LC, ED are each of them equal to LA or LB: 
therefore the four straight lines 2A, 2B, LC, LD are equal to 
one another ; 
and the cirele described from the center F, at the distance of one 
of them, will pass through the extremities of the other three, and be 
described about the square ABCD, q.n.r. 


PROPOSITION X. PROBLEM, 
To describe an isosceles triangle, having each of the angles at the base 
double of the third angle. 

Take any straight line 42, and divide it in the point C, (1. 11.) 
so that the rectangle AB, BC may be equal to the square of CA; 
and from the center A, at the distance 4/3, describe the circle BDF, 
in which place the straight line BD equal to AC, which is not 

greater than the diameter of the circle BDF; (1v. 1.) 
and join DA. 
Then the triangle ABD shall be such as is required, 
that is, each of the angles ABD, ADB shall be double of the 
angle BAD. 

Join DC, and about the triangle A DC describe the circle A OD. (1v.5.) 
And because the rectangle AB, BO is equal to the square on AC, 
and that 4 is equal to BD, (constr.) 
the rectangle AB, LC is equal to the square on BD: (ax. 1.) 

and because from the point 3, without the circle A OD, two straight 
lines BOA, BD are drawn to the circumference, one of which cuts, and 


EEE 
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the other meets the circle, and that the rectangle AB, BC, contained 
by the whole of the cutting line, and the part of it without the circle, 
is equal to the square on BD which meets it; 
therefore the straight line BY touches the circle ACD: (amr. 37.) 
and because BD touches the circle, and DC is drawn from the 
point of contact D, 
the angle BD Ci is equal to the angle DAC in the alternate segment 
of the circle: (i. 32.) 
to each of these add the angle CDA; 
therefore the whole angle BDA is equal to the two angles CDA, 
DAC: (ax. 2.) 
but the exterior angle BCD is equal to the angles CDA, DAC; (1. 82.) 
therefore also BDA is equal to BCD: (ax. 1.) 
but BDA is equal to the angle CBD, (1. 5.) 
because the side AD is equal to the side AB; 
therefore CBD, or DBA, is equal to BCD; (ax. 1.) 
and consequently the three angles BDA, DBA, BCD are equal to 
one another : 
and because the angle DBC is equal to the angle BCD 
the side BL is equal to the side DC: (1. 6.) 
but BD was made equal to CA; 
therefore also (A is equal to CD, (ax. 1.) 
and the angle CDA equal to the angle DAO; (1. 5.) 
therefore the angles CDA, DAV together, are double of the angle 
DAC: 
but BCD is equal to the angles CDA, DAO; (1. 32.) 
therefore also BCD is double of DAC: 
and BCD was proved to be equal to each of the angles BDA, DBA; 
therefore each of the angles BDA, DBA is double of tl 1e angle DAB, 
Wherefore an isosceles triangle ABD has been described, havi ing 
each of the angles at the base double of the third angle. Q.x.r. 


PROPOSITION XI. PROBLEM. 
To inscribe an equilateral and equiangular pentagon in a given circle. 
Let ABCDE be the given circle. 
It is required to inscribe an equilateral and equiangular pentagon 
in the circle ABCDE. 
Describe an isosceles triangle /’G:H, having each of the angles at 
G, H double of the angle at PF: (rv. 10.) 
‘and in the circle ABCDE inscribe the triangle ACD equiangular 
to the triangle /'GZ, (rv. 2.) 
so that the angle OAD may be equal to the angle at F 
and each of the angles ACD, ODA equal to the angle at Gor H; ; 
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wherefore each of the angles ACD, ODA is double of the angle CAD, 
Bisect the angles ACD, UDA by the straight lines CZ, DL; (1. 9.) 
and join AB, BC, DE, LA. 
A 


a D 
; Then ABCDE shall be the pentagon required. 
Because each of the angles ACD, CDA is double of CAD, 
and that they are bisected by the straight lines OL, DB; 
therefore the five angles DAC, ACE, ECD, CDB, BDA are 
equal to one another : ‘ 
but equal angles stand upon equal circumferences ; (111. 26.) 
theretore the five circumferences AB, BC, CD, DE, LA are equal 
to one another: : 
end equal circumferences are subtended by equal straight lines; (11. 29.) 
therefore the five straight lines 4B, BC, CD, DE, FA are equal 
to one another. 
Wherefore the pentagon ABODE is equilateral. 
It is also equiangular: 
for, because the circumference AB is equal to the circumference DZ, 
if to each be added BCD, 
the whole ABCD is equal to the whole EDCB: (ax. 2.) 
but the angle AZ#D stands on the circumference ABCD; 
and the angle BAF on the circumference EDCB; 
therefore the angle BAS is equal to the angle ALD: (11. 27.) 
for the same reason, each of the angles ABC, BCD, CDE£ is equal 
to the angle BAL, or AED: 
therefore the pentagon ABCDE is equiangular ; 
and it has been shewn that it is equilateral : 
wherefore, in the given circle, an equilateral and equiangular pen- 
tagon has been described. Q.£.F. 


PROPOSITION XII: PROBLEM. 
To deseribe an equilateral and equiangular pentagon about a given circle. 
Let ABCDE be the given circle. 
It is required to describe an equilateral and equiangular pentagon 
about the circle ABODE. 
Let the angular points of a pentagon, inscribed in the circle, by 
the last proposition, be in the points A, B, C, D, 2, 
so that the cireumferences AB, BC, CD, DE, EA are equal; (tv. 11.) 
and through the points A, B, C, D, H draw GH, HK, KL, LM, 
MG@ touching the circle; (1m. 17.) 
the figure G/7/A LM shall be the pentagon required. 
Take the center /, and join /B, PK, FO, FL, FD. 
And because the straight line AZ touches the cirele ABCDE in 
the point O, to which /’C is drawn from the center 
FC is perpendicular to AZ, (11. 18.) 
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therefore each of the angles at Cis a right angle: 
for the same reason, the angles at the puints B, D are right angles: 


oye Cee els 
and because /'CX is a right angle, 
the square on /£ is equal to the squares on /'C, CK: (1. 47.) 
for the same reason, the square on /'A is equal to the squares on 
IB, BE: 
therefore the squares on FC, CK are equal to the squares on [’B, 
Bits (aco e) 
of which the square on FC is equal to the square on FB; 
therefore the remaining square on CX is equal to the remaining square 
on BK, (ax. 3.) and the straight line CA equal to BK: 
and because FB is equal to /C, and #H common to the triangles 
BFK, CFE, 
the two BF, FK are equal to the two CF, PK, each to each: 
and the base B& was proved equal to the base KC: 
therefore the angle BFF is equal to the angle A/C, (1. 8.) 
and the angle BAF’ to FAC: (1. 4.) 
wherefore the angle BFC is double of the angle AFC, 
and L&C double of FAC: 
for the same reason, the angle (FD is double of the angle CFZ, 
and CLD double of CLF: 
and because the circumference BC is equal to the circumference CD, 
the angle BIC is equal to the angle CFD); (1m. 27.) 
and BFC is double of the angle AFC, 
and CFD double of CFL; 
therefore the angle H/C is equal to the angle CFL: (ax. 1.) 
and the right angle “CFL is equal to the right angle /'CZ ; 
therefore, in the two triangles “AC, PLC, there are two angles of 
the one equal to two angles of the other, each to each; 
and the side /C’ which is adjacent to the equal angles in each, is 
common to both; 
therefore the other sides are equal to the other sides, and the 
third angle to the third angle: (1. 26.) 
therefore the straight line AC is equalto CZ, and the angle FAC 
to the angle PLC: 
and because (is equal to CZ, 
KL is double of FC. 
I, the same manner it may be shewn that H& is double of BL: 
and because LX is equal to 1’ C, as was demonstrated, 
and that AZ is double of AC, and A double of BA, 
therefore HK is equal to AZ: (ax. 6.) 
\n like manner it may be shewn that GH, GM, MZ are each of them 
equal to HK, or KL: 
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therefore the pentagon GHATLM is equilateral. 
It is also equiangular : 
for, since the angle FAC is equal to the angle FZC, 
and that the angle HATZ is double of the angle FAC, 
and ALM double of LC, as was before demonstrated ; 
therefore the angle AL is equal to ALA: (ax. 6.) 
and in like manner it may be shewn, 
that each of the angles AWG, HGM, GML is equal to the angle 
HKL or KLM: 
therefore the five angles GHK, HEL, KLM, LMG, MGH being 
equal to one another, 
the pentagon GHALM is equiangular : 
and it is equilateral, as was demonstrated ; 
and it is described about the cirele ABCDE. Q.z.¥. 


PROPOSITION XIII. PROBLEM. 


To inseribe a circle in a given equilateral and equiangular pentagon. 
Let ABCDE be the given equilateral and equiangular pentagon. 
It is required to inscribe a circle in the pentagon ABCDE. 

A 
aT So 


B 


Hl 


S £2 Gta: 
Bisect the angles BCD, CDE by the straight lines CF’, DF, (1. 9.) 
and from the point /, in which they meet, draw the straight lines 
FB, FA, FE: 
therefore since BC is equal to CD, (hyp.) 
and (/’ common to the triangles BOF, DCF, 
the two sides BC, CF are equal to the two DC, CF, each to each ; 
and the angle BCF is equal to the angle DCF’; (constr.) 
therefore the base BF is equal to the base FV), (1. 4.) 
and the other angles to the other angles, to which the equal sides 
are opposite : 
therefore the angle CBF is equal to the angle CDF: 
and because the angle CDF is double of CDF, 
and that CDF is equal to CBA, and CDF to CBF; 
CUBA is also double of the angle CBF; 
therefore the angle A BF is equal to the angle CBF; 
wherefore the angle ABC is bisected by the straight line BF: 
in the same manner it may be demonstrated, 
that the angles BAL, ALD, are bisected by the straight lines 4 7, FE. 
From the point 7, draw /@, FH, FR, PL, FM perpendiculars to 
the straight lines AB, BC, CD, DE, BA: (1.12.) 
and because the angle 7CF’is equal to ACF, and the right angle 
FHC equal to the right angle FC; 
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therefore in the triangles FHC, FAC, there are two angles of the 
one equal to two angles of the other, each to each; 
and the side #’C, which is opposite to one of the equal angles in each, 
is common to both; 
therefore the other sides are equal, each to each; (1. 26.) 
wherefore the perpendicular ///is equal to the perpendicular Kf: 
in the same manner it may be demonstrated, that 2, MU, FG are 
each of them equal to /H, or LK: 
therefore the five straight lines /G, FH, F/R, FL, FM are equal 
to one another : 
wherefore the circle described from the center /, at the distance 
of one of these five, will pass through the extremities of the other 
four, and touch the straight lines AB, BC, CD, DE, HA, 
because the angles at the points, G, H, H, LZ, I are right angles, 
and that a straight line drawn from the extremity of the diameter of 
a circle at right angles to it, touches the circle; (am. 16.) 
therefore each of the straight lines AB, BC, CD, DE, HA 
touches the circle: ; 
wherefore it is inscribed in the pentagon ABCDE. Q.u.r. 


PROPOSITION XIV. PROBLEM. 
To describe a cirele about a given equilateral and equiangular pentagon. 


Let ABCDE be the given equilateral and equiangular pentagon. 
It is required to describe a circle about ALODL. 


C 
Bisect the angles BCD, CDE by the straight lines CF, FD, (1. 9.) 
and from the point /| in which they meet, draw the straight lines 
FB, FA, FE, to the points B, A, £. 
Tt may be demonstrated, in the same manner as the preceding 
proposition, 
that the angles CBA, BAH, AED are bisected by the straight 
lines LB, FA, FE. 
And because the angle BCD is equal to the angle CDZ, 
and that /'C'D is the half of the angle BCD, 
and CDF the half of CDE; 
therefore the angle /'CD is equal to FDC; (ax. 7.) 
wherefore the side C7’ is equal to the side FD: (1. 6.) 
In like manner it may be demonstrated, 
that FB, FA, FE, are each of them equal to #0 or FD: 
therefore the five straight lines #4, FB, FC, FD, FE, are equal 
to one another ; 
and the circle described from the center F, at the distance of one 
of them, will pass through the extremities of the other four, and be de- 
scribed about the equilateral and equiangular pentagon ABODE. 
Q.E.F. 
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PROPOSITION XV. PROBLEM. 
To inscribe an equilateral and equiangular hexagon in a given circle. 
Let ABCDEF be the given circle. 
It is required to inscribe an equilateral and equiangular hexagon in it. 


ip 
Find the center @ of the circle ABCDEF, 
and draw the diameter AGD; (in. 1.) 
and from D, as a center, at the distance DG, describe thecircle £@ CH, 
join LG, CG, and produce them to the points L, /’; 
and join AB, BC, CD, DE, EF, FA: 
the hexagon ABCDEF shall be equilateral and equiangular, 
because G@ is the center of the circle ABCDEF, 
GF is equal to GD: 
and because DP is the center of the circle EG CH, 
DE is equal to DG: 
wherefore GF is equal to £D, (ax. 1.) 
and the triangle LGD is equilateral ; 
and therefore its three angles LGD, GDL, DEG, are equal to 
one another: (1. 5. Cor.) 
but the three angles of a triangle are equal to two right angles; (1. 32.) 
therefore the angle £GD is the third part of two right angles : 
in the same manner it may be demonstrated, 
that the angle D@C is also the third part of two right angles: 
and because the straight line GC makes with “B the adjacent an- 
gles HG 0, C'B equal to two right angles; (1, 15.) 
the remaining angle C@B is the third part of two right angles: 
therefore the angles LGD, DGC, CGB are equal to one another : 
and to these are equal the vertical opposite angles BGA, AGF, 
FGE; (1. 15.) 
therefore the six angles 2GD, DGC, CGB, BGA, AGF, FGE, 
are equal to one another : 
but equal angles stand upon equal cireumferences ; (111. 26.) 
therefore the six circumferences AB, BC, CD, DE, EF, FA, are 
equal to one another : 
and equal circumferences are subtended by equal straight lines: 
(ut, 29.) 
therefore the six straight lines are equal to one another, 
and the hexagon ABCDEF is equilateral. 
It is also equiangular : 
for, since the circumference AF’ is equal to ED, 
to each of these equals add the circumference ABCD; 
therefore the whole circumference /ABCD is equal to the whole 
EDCBA ; 
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and the angle /#D stands upon the circumference ABCD, 
and the angle A/F upon HDCBA ; 
therefore the angle A/# is equal to FED: (im. 27.) 
in the same manner it may be demonstrated, 

that the other angles of the hexagon ABCDEF are each of them 
equal to the angle AVY or FELD: therefore the hexagon is equi- 

angular; and it is eqtilatera!, as was shewn; 

and it is inscribed in the given. circle ABODEF. q.z.¥. 

Cor.—From this it is manifest, that the side of the hexagon is 
equal to the straight line from the center, that is, to the semi- 
diameter of the circle. 

And if through the points A, B, C, D, #, & there be drawn 
straight lines touching the cire!e, an equilateral and equiangular 
hexagon will be described about it, which may be demonstrated from 
what has been said of the pentagon: and likewise a circle may be 
inscribed in a given equilateral and equiangular hexagon, and cir- 
cumscribed about it by a method like to that used for the pentagon. 


PROPOSITION XVI. PROBLEM. 
To inseribe an equilateral and equiangular quindecagon in a given cirele. 
Let ABCD be the given circle. 
I+ is required to inscribe an equilateral and equiangular quinde- ~ 
cagcn in the circle ABCD. 


A 


Let A Cbe the side of an equilateral triangle inscribed in the circle,(rv.2.) 
and 4B the side of an equilateral and equiangular pentagon inscribed 
in the same; (iv. 11.) 
therefore, of such equal parts as the whole circumference ABCDF 
contains fifteen, 
the circumference 4 BC, being the third part of the whole, contains five; 
and the circumference AS, which is the fifth part of the whole, 
contains three ; 
therefore BU, their difference, contains two of the same parts: 
bisect BC in H; (11. 80.) 
therefore BL, LC are, each of them, the fifteenth part of the 
whole circumference ABCD: 
therefore if the straight lines BE, FC be drawn, and straight lines 
equal to them be placed round in the whole circle, (1v. 1.) an equi- 
lateral and equiangular quindecagon will be inscribed in it. 9.n.F. 
And in the same manner as was done in the pentagon, if through 
the points of division made by inscribing the quindecagon, straight 
lines be drawn touching the circle, an equilateral and equiaugular 
quindecagon will be described about it: and likewise, as in the pen- 
tagon, a circle may be inscribed in a given equilateral and equi- 
angular quindecagon, and circumscribed about it. 
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Tne Fourth Book of the Elements contains some particular cases of four 
general problems on the inseription and the circumscription of tr iangle sand 
regular figures in and about circles. Euclid has not given any instance of 
the inscription or circumscription of rectilineal figures in and about other 
rectilineal figures. 

Any rectilineal figure, of five sides and angles, is called a pentagon; of 
seven sides and angles, a heptagon; of eight sides and angles, an octagon ; 
of nine sides and “angles, a nonagon ; of ten sides and angles, a decagon ; 
of eleven sides and angles, an undecagon ; of twelve sides and angles, a 
duodecagon; of fifteen sides and angles, a quindecagon, &e. 

These figures are included under the general name of polygons ; and are 
called equilateral, when their sides are equal; and equiangular, when their 
angles are equal; also when both their sides and angles are equal, they are 
called reqular polygons. 

Prop. 111, An objection has been raised to the construction of this prob- 
lem. It is said that in this and other instances of a similar kind, the lines 
which touch the circle at A, 8, and C, should be proved to meet one another. 
This may be done by joining ‘AB, and then since the angles AAM, ABM 
are equal to two right angles (i. 18.), therefore the angles BA M. ABM 
are less than two right angles, and consequently (ax. 12.), 4J/ and BM must 
meet one another, when produced far enough. Similarly, it may be shewn 
that AZ and CL, as also CN and BN meet one another. 

Prop. v. is the same as “To describe a circle passing through three 
given points, provided that they are not in the same straight dine.” 

The corollary to this proposition appears to have been already demon- 
strated in Prop. 31. Book unt, 

It is obvious that the square described about a circle is equal to double 
the square inscribed in the same circle. Also that the circumscribed square 
is equal to the square of the diameter, or four times the square of the radius 
of the circle. 

Prop. vit. It is manifest that a square is the only right-angled parallel- 
ogram which can be cireumseribed about a circle, but that both a rectangle 
and a square may be inscribed in a circle. 

Prop. x. By means of this proposition, a right angle may be divided 
into five equal parts. 

Reference has already been made to the distinction between analysis 
and synthesis, and that all Euclid’s direet demonstrations are synthetic, 
properly so called. There is however a single exception in Prop, 16. Book 
Ivy, where the analysis only is given of the Problem. The two methods are 
so connected in all processes of reasoning, that it is very difficult to separate 
one from the other, and to assert that this process is really synthetic, and 
that is really analytic. In every operation performed in the construction 
of a problem, there must be in the mind a knowledge of some proper- 
ties of the figure which suggest the steps to be taken in the construction of 
it. Let any ‘Problem be selected from Euclid, and at each step of the oper- 
ation, let the question be asked, ‘‘ Why that step is taken?” Tt will be 
found that it is because of some known property of the required figure. 
As an example will make the subject more clear to the learner, the Analysis 
of Eue, ty, 10, is taken from the Appendix, pp. 18, 14, to the larger edition 
of the Euclid, and to which the learner is referred for more complete infor- 
mation. 

In Eue. rv. 10, there are five operations specified in the construction .— 

(1) Take any straight line AB, 
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(2) Divide the line AB in C, so that the rectangle AB, BC, may be equal 
to the square on AC. 

(3) Deseribe the circle BD# with center A and radius AB. 

(4) Place the line BD in that circle, equal to the line AC. 

(5) Join the points A, D. 

Why should either of these operations be performed rather than any 
others? And what will enable us to foresee that the result of them will be 
such a triangle as was required? The demonstration affixed to it by Euclid 
does undoubtedly prove that these operations must, in conjunction, produce 
such a triangle ; but we are furnished in the Elements with no obvious reason 
for the adoption of these steps, unless we suppose them accidental. To sup- 
pose that all the constructions, even the simpler ones, are the result of acct 
dent only, would be supposing more than could be shewn to be admissible. 
No construction of the problem could have been devised without a previous 
knowledge of some of the properties of the figure. In fact, in directing the 
figure to be constructed, we assume the possibility of its existence; and we 
study the properties of such a figure on the hypothesis of its actual existence. 
It is this study of the properties of the figure that constitutes the Analysis of 
the problem. 

Let then the existence of a triangle L.A D be admitted, which has each of the 
angles ALD, ADS double of the angle B.A D, in order to ascertain any prop- 
erties it may possess which would assist in the construction of such a triangle. 

Then, since the angle 4 DB is double of BAD, if we draw a line DC to 
bisect ADS and meet AB in OC, the angle ADC will be equal to CAD; and 
hence (Eue. 1. 6.) the sides 4C, CD are equal to one another. 

Again, since we have three points A, C, ), not in the same straight line, 
let us examine the effect of describing a circle through them: that is, de- 
scribe the circle ACD about the triangle ACD, (Eue. tv. 5.) 

Then, since the angle A DB has been bisected by DC, and since ADB is 
double of DAB, the angle CDB is equal to the angle JAC in the alternate 
segment of the circle ; the line BD therefore coincides with a tangent to the 
circle at D. (Converse of Eue. 111. 32.) 

Whence it follows, that the rectangle contained by AB, BC, is equal to 
the square on BD. (Bue. Ur. 36.) 

But the angle BCD is equal to the two interior opposite angles CAD, 
CDA ; or since these are equal to each other, BCD is the double of CAD. 
that is, of BAD. And since ADD is also double of BA D, by the conditions 
of the ‘triangle, the angles BCD, CLD are equal, and BD is equal to DC, 
that is, to AC. 

It has been proved that the rectangle AB, BC, is equal to the square on 
BD; and hence the point Cin AB, found by the intersection of the bisect- 
ing line DC, is such, that the rectangle AB, BC is equal to the square on 


’ 


AC. (Bue. 1. 11.) 
Finally, since the triangle ABD is isosceles, having each of the angles 


ABD, ADB double of the same angle, the sides AB, AD are equal, and 
hence the points B, D, are in the circumference of the circle described about 
A with the radiu. ‘4B. And since the magnitude of the triangle is not spe- 
cified, the line Ab nay be of any length whatever, 

From this “ Anaysis of the problem,” which obviously is nothing more 
than an examination of the properties of such a figure supposed to exist 
already, it will be at once apparent, why those steps which are prescribed by 
Euclid for its construction, were adopted. 

The line AB is taken of any length, beeawse the problem does not pre- 
scribe any specific magnitude to any of the sides of the triangle. 
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The circle BD is described about A with the distance AB, because the 
triangle is to be isosceles, having AB for one side, and therefore the other 
extremity of the base is in the circumference of that circle. 

The line AB is divided in C,so that the rectangle AB, BC shall be equal 
to the square on AC, because the base of the triangle must be equal to the 
seyment AC. 

And the line AD is drawn, because it completes the triangle, two of 
whose sides, AB, BD are already drawn. 

Whenever we have reduced the construction to depend upon problems 
which have been already constructed, our analysis may be terminated ; as 
was the case where, in the preceding example, we arrived at the division of 
the line AB in C; this problem having been already constructed as the 
eleventh of the second book. 

Prop. xvt. The are subtending a side of the quindecagon, may be found 
by placing in the circle from the same point, two lines respectively equal to 
the sides of the regular hexagon and pentagon. 

The centers of the inscribed and circumseribed circles of any regular 
polygon are coincident. 

Besides the circumscription and inscription of triangles and regular poly- 
gons about and in circles, some very important problems are solved in the 
constructions respecting the division of the circumferences of circles into 
equal parts. 

By inseribing an equilateral triangle, a square, a pentagon, a hexagon, 
&e., in a circle, the circumference is divided into three, four, five, six, 
&e., equal parts. In Prop. 26, Book 11., it has been shewn that equal an- 
gles at the centers of equal circles, and therefore at the center of the 
same circle, subtend equal ares; by bisecting the angles at the center, 
the ares which are subtended by them are also bisected, and hence, a sixth, 
eighth, tenth, twelfth, &c., part of the circumference of a circle may be 
found. 

If the right angle be considered as divided into 90 degrees, each degree 
into 60 minutes, and each minute into 60 seconds, and so on, according to 
the sexagesimal division of a degree; by the aid of the first corollary to 
Prop. 82, Book 1., may be found the numerical magnitude of an interior 
angle of any regular polygon whatever. 

Let @ denote the magnitude of one of the interior angles of a regular 
polygon of n sides, 

then 79 is the sum of all the interior angles. 

But all the interior angles of any rectilinear figure together with four right 

angles, are equal to twice as many right angles as the figure has sides, 
that is, if w be assumed to designate two right angles, 
*, nO + 27 = nm, 
and n@ = nw — 24 = (n — 2). 2, 
(n — 2) 


= —— 


n 


the magnitude of an interior angle of a regular polygon c* n sides. 

By taking n = 3, 4, 5, 6, &c., may be found the m’ gnitude in terms of 
two right angles, of an interior angle of any regular potygon whatever. 

Pythagoras was the first, as Proclus informs us in his commentary, who 
discovered that a multiple of the angles of three regular figures only, namely, 
the trigon, the square, and the hexagon, can fill up space round a point in 
a plane. 

Jt has been shewn that the interior angle of any regular polygon of n 


. 2; 
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sides in terms of two right angles, is expressed by the equation 
n— 2 


j= 


. Tw. 
nu 
Let 63 denote the magnitude of the interior angle of a regular figure of 
three sides, in which case, » = 3. 


3 — 2 7 
Then 6; = eae Sa one-third of two right angles. 


oe O03 = 
and 60s = 27, 
that is, six angles, each equal to the interior angle of an equilateral triangle, 
are equal to four right angles, and therefore six equilateral triangles may be 
placed so as completely to fill up the space round the point at which they 
meet in a plane. 

In a similar way, it may be shewn that four squares and three hexagons 
may be placed so as completely to fill up the space round a point. 

Also it will appear from the results deduced, that no other regular figures 
besides these three, can be made to fill up the space round a point; for any 
multiple of the interior angles of any other regular polygon, will be found to 
be in excess above, or in defect from four right angles. 

The equilateral triangle or trigon, the square or tetragon, the pentagon, and 
the hexagon, were the only regular polygons known to the Greeks, capable 
of being inscribed in circles, besides those which may be derived from them. 

M. Gauss in his Disquisitiones Arithmetice, has extended the number by 
shewing that in general, a regular polygon of 2" + 1 sides is capable of be- 
ing inscribed in a circle by means of straight lines and circles, in those cases 
in which 2” + 1 is a prime number. 

The case in which n = 4, in 2” + 1, was proposed by Mr. Lowry of the 
Royal Military College, to be answered in the seventeenth number of Ley- 
bourn’s Mathematical Repository, in the following form :— 

Required a geometrical demonstration of the following method of con- 
structing a regular polygon of seventeen sides in a circle. 

Draw the radius CO at right angles to the diameter 4B; on OC and OB, 
take OQ equal to the half, and OD equal to the eighth part of the radius; 
make D# and DF each equal to DQ, and #G and FZ respectively equal to 
EQ and FW; take OA a mean proportional between OH and OQ, and 
through A, draw AW parallel to AB, meeting the semicircle described on 
OG in M, draw ILN parallel to OC cutting the given circle in J, the are 
AN is the seventeenth part of the whole circumference. 

A demonstration of the truth of this construction has been given by Mr. 
Lowry himself, and will be found in the fourth volume of Leybourn’s Re- 
pository. The demonstration including the two lemmas occupies more than 
eight pages, and is by no means of an elementary character. 


QUESTIONS ON BOOK IV. 


1. Wuat is the general object of the Fourth Book of Euclid ? 
2, What consideration renders necessary the first proposition of the 
Fourth Book of Euclid ? 
3. When is a circle said to be inseribed within, and circumscribed about 
a, rectilineal figure ? 
9 
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4. When is one rectilineal figure said to be inscribed in, and circum. 
scribed about another rectilineal figure ? 

5. Modify the construction of Eue. ry. 4, so that the circle may touch one 
side of the triangle and the other two sides produced. 

6. The sides of a triangle are 5, 6, 7 units respectively, find the radii of 
the inscribed and circumscribed circle. 

7. Give the constructions by which the centers of circles described about, 
and inscribed in triangles are found. In what triangles will they coincide ? 

8. How is it shewn that the radius of the circle inscribed in an equilateral 
triangle is half the radius described about the same triangle ? 

9. The equilateral triangle inscribed in a circle is one-fourth of the equi- 
lateral triangle civeumseribed about the same circle. 

10. What relation subsists between the square inscribed in, and the square 
circumscribed about the same circle ? 

11. Enunciate Ene. m1. 22: and extend this property to any inscribed 
polygon having an even number of sides. 

12. Trisect a quadrantal are of a circle, and shew that every are which is 


m é F ‘ 
an 5 th part of a quadrantal are may be trisected geometrically: m and n 


being whole numbers. 

13. If one side of a quadrilateral figure inscribed in a circle be produced, 
the exterior angle is equal to the interior and opposite angle of the figure. 
Is this property true of any inscribed polygon having an even number of 
sides ? 

14. In what parallelograms can circles be inscribed ? 

15. Give the analysis and synthesis of the problem: to describe an 
isoseeles triangle, having each of the angles at the base double of the third 
angle ? ' 

P16. Shew that in the figure Eue. ry. 10, there are two triangles possessing 
the required property. 

17. How is it made to appear that the line BD is the side of a regular 
decagon inscribed in the larger circle, and the side of a regular pentagon in- 
scribed in the smaller circle? fig. Eue. rv. 10, 

18. In the construction of Eue. rv. 8, Euclid has omitted to shew that 
the tangents drawn through the points A and B will met in some point J/. 
How may this be shewn ? 

19. Shew that if the points of intersection of the cirelesin Euclid’s figure, 
Book ty. Prop. 10, be joined with the vertex of the triangle and with each 
other, another triangle will be formed equiangular and equal to the former. 

20, Divide a right angle into five equal parts. How may an isosceles tri- 
angle be deseribed upon a given base, having each angle at the base one- 
third of the angle at the vertex ? 

21. What regular figures may be inscribed in a circle by the help of 
Euc. tv. 10? 

22, What is Euclid’s definition of a regular pentagon? Would the stel- 
lated figure, which is formed by joining the alternate angles of a regular 
pentagon, as described in the Fourth Book, satisfy this definition ? 

28, Shew that each of the interior angles of a regular pentagon inscribed 
in a circle, is equal to three-fifths of two right angles. 

24. If two sides not adjacent, of a regular pentagon, be produced to meet : 
what is the magnitude of the angle contained at the point where they meet ? 

25. Is there any method more direct than Euclid’s for inseribing a regu- 
lar pentagon in a circle? ' 
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26. In what sense is a regular hexagon also a parallelogram? Would 
the same observation apply to all regular figures with an even number of 
sides ? 

27. Why has Euclid not shewn how to inscribe an equilateral triangle in 
a circle, before he requires the use of it in Prop. 16, Book iv. ? 

28. An equilateral triangle is inscribed in a circle by joining the first, 
third, and fifth angles of the inscribed hexagon. 

29. If the sides of a hexagon be produced to meet, the angles formed by 
these lines will be equal to four right angles. 

30. Shew that the area of an equilateral triangle inscribed in a circle is 
one-half of a regular hexagon inscribed in the same circle. 

31. Ifa side of an equilateral triangle be six inches: what is the radius 
of the inscribed circle ? 

32. Find the area of a regular hexagon inscribed in a circle whose diam- 
eter is twelve inches. What is the difference between the inscribed and the 
circumscribed hexagon ? 

33. Which is the greater, the difference between the side of the square 
and the side of the regular hexagon inscribed in a circle whose radius is 
unity; or the difference between the side of the equilateral triangle and the 
side of the regular pentagon inscribed in the same circle ? 

34, The regular hexagon inscribed in a circle, is three-fourths of the 
regular circumscribed hexagon. 

35. All the interior angles of an octagon equal to twelve right angles. 

36. What figure is formed by the production of the alternate sides of a 
regular octagon ? 

37. How many square inches are in the area of a regular octagon whose 
side is eight inches ? 

38. If an irregular octagon be capable of having a circle described about 
it, shew that the sums of the angles taken alternately are equal. 

39. Find an algebraical formula for the number of degrees contained by 
an interior angle of a regular polygon of n sides. 

40. What are the three regular figures which can be used in paving a 
plane area? Shew that no other regular figures but these will fill up the 
space round a point in a plane. 

41. Into what number of equal parts may a right angle be divided geo- 
metrically 2 What connection has the solution of this problem with the 
possibility of inseribing regular figures in circles ? 

42. Assuming the demonstrations in Hue. tv., shew that any equilateral 
fizure of 8. 2", 4.2", 5.2", or 15. 2” sides may be inscribed in a circle, when 
m is any of the numbers 0, 1, 2, 3, &e. 

43. With a pair of compasses only, shew how to divide the circumference 
of a given circle into twenty-four equal parts. 

44, Shew that if any polygon inscribed in a circle be equilateral, it must 
also be equiangular. Is the converse true? 

45. Shew that if the circumference of a circle pass through three angular 
points of a regular polygon, it will pass through all of them. 

46. Similar polygons are always equiangular: is the converse of this 
proposition true? ue 

47, What are the limits to the Geometrical inscription of regular figures 
in circles? What does Geometrical mean when used in this way ? 

48. What is the difficulty of inscribing geometrically an equilateral and 
equiangular undecagon in a circle? Why is the solution of this problem 
said to be beyond the limits of plane geometry? Why is it so difficult to 
prove that the geometrical so:ution of such problems is impossible ? 


GEOMETRICAL EXERCISES ON BOOK IV. 


PROPOSITION I. THEOREM. 

If an equilateral triangle be inscribed in a circle, the square of the side 
of the triangle is triple of the square of the radius, or of the side of the 
regular hexagon inscribed in the same cirele. 

Let ABD be an equilateral triangle inscribed in the circle ABD, 
of which the center is C. 


Join BC, and produce BC to meet the circumference in Z, also 
join AZ. 
And because ABD is an equilateral triangle inscribed in the circle ; 
therefore A/D is one-third of the whole circumference, 
and therefore AJ is one-sixth of the circumference, 
and consequently, the straight line 47 is the side of aregular hexagon 
(tv. 15.), and is equal to FC. 
And because BH is double of LC or AF, 
therefore the square on BF is quadruple of the square on AF, 
but the square on BF is equal to the squares on AB, AL; 
therefore the squares on AB, AF are quadruple of the square on A 2, 
and taking from these equals the square on AZ, 
therefore the square on AB is triple of the square on AL. 


PROPOSITION II. PROBLEM. 
To describe a circle which shall touch a straight line given in position, 
and pass through two given points, 
Analysis. Let AB be the given straight line, and C, D the two 
given points. 
Suppose the circle required which passes through the points 0, D 
to touch the line AP in the point 2. 
A E r @ 


Join C, D, and produce DC to meet ABin F, 
and let the circle be described having the center Z, 
join also 1, and draw LH perpendicular to OD, 
Then CJD is bisected in 1, and LZ is perpendicular to AB. 
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Also, since from the point /’ without the circle, are drawn two 
straight lines, one of which #'# touches the circle, and the ether 
FDC cuts it; the rectangle contained by /C, /D, is equal ts the 
square of ##. (m1. 36.) 

Synthesis. Join (, D, and produce CD to meet AB in & 
take the point # in FB, such that the square on /Z shall be equal 
to the rectangle /D, FC. 
Bisect CD in H, and draw HF perpendicular to CL; 
then HK passes through the center. (mt. 1, Cor. 1.) 
At # draw /@ perpendicular to /'B, 
then LG passes through the center, (m1. 19.) 
consequently Z, the point of intersection of these two lines, is 
the center of the circle. 

Tt is also manifest, that another circle may be described pascing 
through C, D, and touching the line 44 on the other side of the 
point /’; and this circle will be equal to, greater than, or less than 
the other circle, according as the angie CFB is equal to, greater 
than, or less than the angle C/A. 


; PROPOSITION YI. PROBLEM. 
Inscribe a cirele in a given sector of a cirele. 


Analysis. Let CAB be the given sector, and let the required 
circle whose center is O, touch the radii in P, Q, and the are of the 


sector in D. Zs 


A B 


E D F 
Join OP, OQ, these lines are equal to one another, 
Join also CO. 
Then in the triangles CPO, CQO, the two sides PC, CO, are equal 
to QC, CO, and the base OP is equal to the base 0Q; 
therefore the angle PCO is equal to the angle @CO; 
and the angle ACB is bisected by CO: 
also CO produced will bisect the are ABin PD. (m. 26.) 
If a tangent HDF be drawn to touch the are AZ in D; 
and QA, CB be produced to meet it in FY 2: 
the inscription of the circle in the sector is reduced to the in- 
scription of a circle in a triangle. (tv. 4.) 


PROPOSITION IV. PROBLEM. 

ABCD is a rectangular parallelogram. Required to draw EG, FG paral- 
lel to AD, DC, so that the rectangle EF may be equal to the figure EMD, and 
EB equal to FD. 

Analysis. Let 2G, £G be drawn, as required, bisecting the 
rectangle ABCD. 
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Draw the diagonal BD cutting 2G in Hand FG in F. 
Then LD also bisects the rectangle ABCD; 
and therefore the area of the triangle AG// is equal to that of the 
two triangles LHL, PKD. 


A E B 
nL | 
K 
_— M 
wee 
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Draw GZ perpendicular to BD, and join GB, 
also produce /G to M, and LG to N. 

If the triangle LG be supposed to be equal to the triangle ZB, 
by adding HG@B to each, 

the triangles LGB, GEB are equal, and they are upon the same 

base GB, and on the same side of it; 
therefore they are between the same parallels, 
that is, if L, “ were joined, ZZ would be parallel to GB; 

and if a semicircle were described on GB as a diameter, it would 
pass through the points 2, Z; for the angles at 2, ZL are right 
angles : 

also L/7 would be a chord parallel to the diameter GB; 
therefore the ares intercepted between the parallels LZ, GB are 

equal, 

and consequently the chords ZB, LG are also equal; 

but LB is equal to GM, and GM to GN; 
wherefore LG, @M, GN, are equal to one another; 
hence @ is the center of the circle inscribed in the triangle BDC. 
Synthesis. Draw the diagonal BD. 

Find @ the center of the circle inscribed in the triangle BDC; 
through @ draw LGN parallel to BC, and FAM parallel to AB. 
Then #G@ and F@ bisect the rectangle ABOD. 

Draw GZ perpendicular to the diagonal BD, 

In the triangles GLH, FEHB, the angles GLH, HEB are equal, 
each being aright angle, and the vertical angles LG, LB, also 
the side L@ is equal to the side FB; 

therefore the triangle 1/@ is equal to the triangle L777. 
Similarly, it may be proved, that the triangle GA is equal to 
the triangle A/D), 
therefore the whole triangle AGJZZ is equal to the two triangles 
EMB, KFD; 
and consequently LG, F@ bisect the rectangle ABCD, 


eee 


se I 
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1. In a given circle, place a straight line equal and parallel to a 
given str aight line not ere: ter than the diameter of the circle. 

2. Trisect a given circle by dividing it into three equal sectors. 

3. The centers of the circle inscribed in, and circumscribed about 
an equilateral triangle coincide; and the diameter of one is twice 
the diameter of the other. 

4. If a line be drawn from the vertex of an equilatera! triangle, 
perpendicular to the base, and intersecting a line drawn from either 
of the angles at the base perpendicular “to the opposite side; the 
distance from the vertex to the point of intersection, shall be equal . 
to the radius of the circumscribing circle. 

5. If an equilateral triangle be inscribed in a circle, and a straight 
line be drawn from the vertical angle to meet the circumference, it 
will be equal to the sum or difference of the straight lines drawn 
from the extremities of the base to the point where the line meets 
the circumference, according as the line does or does not cut the base. 

6. The perpendicular from the vertex on the base of an equi- 
lateral triangle, is equal to the side of an equilateral triangle inscribed 
in a circle whose diameter is the base. Required proof. 

7. If an equilateral triangle be inscribed in a circle and the ad- 
jacent ares cut off by two of its sides be bisected, the line joining 
the points of bisection shall be trisected by the sides. 

8. If an equilateral triangle be inscribed in a circle, any of its 
sides will cut off one-fourth part of the diameter drawn through the 
opposite angle. 

9. The perimeter of an equilateral triangle inscribed in a circle is 
greater than the perimeter of any other isosceles triangle inscribed 
in the same circle. 

10. If any two consecutive sides of a hexagon inscribed in a 
circle be respectively parallel to their opposite sides, the remaining 
sides are parallel to each other. 

11. Prove that the area of a regular hexagon is greater than that 
of e ee triangle of the same perimeter. 

If two equilateral triangles be inscribed in a circle so as to 
ao the sides of one parallel to the sides of the other, the figure 
common to both will be a regular hexagon, whose area and perimeter 
will be equal to the remainder of the area and perimeter of the two 
triangles. 

13. Determine the distance between the opposite sides of an equi 
lateral and equiangular hexagon inscribed in a circle. 

ie Inseribe a regular hexagon i in a given equilateral triangle. 

15. To inscribe a regular dodecagon i in a given circle, and shew 
that its area is equal to “the square of the side of an equilateral tri- 
angle inscribed in a circle. = 


16. Describe a circle touching three straight lines. 

17. Any number of triangles having the same base and the same 
vertical angle, will be circumscribed by one circle. 

18. F vind a point in a triangle from which two straight lines 
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drawn to the extremities of the base shall contain an angle equal to 
twice the vertical angle of the triangle. Within what limitations is 
this possible ? 

19. Given the base of a triangle, and the point from which the 
perpendiculars on its three sides are equal; construct the triangle. 
To what limitation is the position of this point subject in order that 
the triangle may lie on the same side of the base ? 

20. From any point ZB in the radius C'A of a given circle whose 
center is C, a straight line is drawn at right angles to CA meeting 
the circumference in J); the circle described round the triangle 

. CBD touches the given cirele in D. 

21. If a circle be described about a triangle ABC, and perpen- 
diculars be let fall from the angular points A, B, C, on the opposite 
sides, and produced to meet the circle in D, £, F, respectively, the 
circumferences LF, FD, DE, are bisected in the points A, B, C. 

22. If from the angles of a triangle, lines be drawn to the points 
where the inscribed circle touches the sides; these lines shall inter- 
sect in the same point. 

23. The straight line which bisects any angle of a triangle in- 
seribed in a circle, cuts the circumference in a point which is equi- 
distant from the extremities of the side opposite to the bisected 
augle, and from the center of a circle inscribed in the triangle. 

24. Let three perpendiculars from the angles of a triangle ABC 
on the opposite sides meet in ?, a circle described so as to pass 
through P and any two of the points A, B, C, is equal to the circum- 
scribing circle of the triangle. 

25. If perpendiculars Aa, Bb, Ce be drawn from the angular 
points of a triangle ABO upon the opposite sides, shew that they 
will bisect the angles of the triangle abe, and thence prove that 
the perimeter of abe will be less than that of any other triangle 
which can be inscribed in ABC. 

26. Find the least triangle which can be circumscribed about a 
given circle. 

27. If ABC be a plane triangle, GCF its cireumscribing circle, 
and GEF a diameter perpendicular to the base AB, then if CF’ be 
joined, the angle GF is equal to half the difference of the angles at 
the base of the triangle. 

28. The line joining the centers of the inscribed and cireum- 
scribed circles of a triangle, subtends at any one of the angular 
points an angle equal to the semi-difference of the other two angles, 

Til. 

29. The locus of the centers of the circles, which are inscribed in 
all right-angled triangles on the same hypotenuse, is the quadrant 
described on the hypotenuse, 

30. The center of the oircle which touches the two semicircles 
described on the sides of a right-angled triangle is the middle point 
of the hypotenuse, 

31. If a circle be inscribed in a right-angled triangle, the excess 
of the sides containing the right angle above the hypotenuse is equal 
to the diameter of the inscribed circle, 
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82. Having given the hypotenuse of a right-angled triangle, and 
the radius of the inscribed circle, to construct the triangle. 

33. ABU is a triangle inscribed in a circle, the line joining the 
middle points of the arcs 4B, AC, will cut off equal portions of the 
two contiguous sides measured from the angle A. 

IV. 


34. Having given the vertical angle of a triangle, and the radii of 
he inscribed and circumscribed circles, to construct the triangle. 

35. Given the base and vertical angle of a triangle, and also the 
radius of the inscribed circle, required to construct it. 

36. Given the three angles of a triangle, and the radius of the 
inscribed circle, to construct the triangle. 

837. If the base and vertical angle of a plane triangle be given, 
prove that the locus of the centers of the inscribed circle is a circle, 
and find its position and magnitude. 

Wa 

38. Ina given triangle inscribe a parallelogram which shall be 
equal to one-half the triangle. Is there any limit to the number of 
such parallelograms? 

39. In a given triangle to inscribe a triangle, the sides of which 
shall be parallel to the sides of a given triangle. 

40. If any number of parallelograms be inscribed in a given 
parallelogram, the diameters of all the figures shall cut one another 
in the same point. 

41. A square is inscribed in another, the difference of the areas 
is twice the rectangle contained by the segments of the side which 
are made at the angular point of the inscribed square. 

42. Inscribe an equilateral triangle in a square, (1) When the 
vertex of the triangle is in an angle of the square. (2) When the yer- 
tex of the triangle is in the point of bisection of a side of the square. 

43. On a given straight line describe an equilateral and equi- 
angular octagon. 


VI. 


44, Inscribe a circle in a rhombus. 

45. Having given the distances of the centers of two equal circles 
which cut one another, inscribe a square in the space included be- 
tween the two circumferences. ° 

46. The square inscribed in a circle is equal to half the square 
described about the same circle. 

. The square is greater than any oblong inscribed in the same 
circle. 

48. A circle having a square inscribed in it being given, to find 
a circle in which a regular octagon of a perimeter equal to that of 
the square, may be inscribed. 

49. Describe a circle about a figure formed by constructing an 
equilateral triangle upon the base of an isosceles triangle, the verti- 
cal angle of which is four times the angle at the base. 


50. A regular octagon inscribed in a circle is equal to the reetang 
g* 
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contained by the sides of the squares inscribed in, and circumscribed 
about the circle. 

51. If in any circle the side of an inscribed hexagon be produced 
till it becomes equal to the side of an inscribed square, a tangent 
drawn from the extremity, without the circle, shall be equal to the, 
side of an inscribed octagon. 


VIL. 

52. To describe a circle which shall touch a given circle ina 
given point, and also a given straight line. 

53. Describe a circle touching a given straight line, and also two 
given circles. 

54. Describe a circle which shall touch a given circle, and each 
of two given straight lines. 

55. Two points are given, one in each of two given circles; describe 
a circle passing through both points and touching one of the circles. 

56. Describe a circle touching a straight line in a given point, 
and also touching a given circle. When the line cuts the given cir- 
cle, shew that your construction will enable you to obtain six circles 
touching the given circle and the given line, but not necessarily in 
the given point. 

57. Deseribe a circle which shall touch two sides and pass through 
one angle of a given square. 

58. If two circles touch each other externally, describe a circle 
which shall touch one of them in a given point, and also touch tho 
other. In what case does this become impossible? 

59. Describe three circles touching each other and having their 
centers at three given points. In how many different ways may 
this be done? 

VII. 


60. Let two straight lines be drawn from any point within a cir- 
cle to the circumference: describe a circle, which shall touch them 
both, and the are between them, 

61. Ina given triangle having inscribed a circle, inseribe another 
circle in the space thus intercepted at one of the angles. 

62. Let AB, AC, be the bounding radii of a quadrant; complete 
the square ABDC and draw the diagonal AY); then the part of the 
diagonal without the quadrant will be equal to the radius of a circle 
inscribed in the quadrant. 

63. If on one of the bounding radii of a quadrant, a semicircle 
be described, and on the other, another semicircle be described, so 
as to touch the former and the quadrantal are; find the center of 
the circle inscribed in the figure bounded by the three curves. 

64. In a given segment of a circle inscribe an isosceles triangle, 
such that its vertex may be in the middle of the chord, and the base 
and perpendicular together equal to a given line. 

65, Inscribe three circles in an isosceles triangle touching each 
‘ther, and each of them touching two of the three sides of the triangle. 


IX. 
66. In the fig. Prop. 10, Book ry., shew that the base BD is the 
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ide of a regular decagon inscribed in the larger circle, and the side 
of a regular pentagon inscribed in the smaller circle. 

67. In the fig. Prop. 10, Book 1v., produce DC to meet the circle 
in #, and draw LF’; then the angle ALF shall be equal to three times 
the angle BFD. 

68. If the alternate angles of a regular pentagon be joined, the 
figure formed by the intersection of the joing lines will itself be a 
regular pentagon. 

69. If ABCDE be any pentagon inscribed in a circle, and AC, 
BD, CE, DA, EB be joined, then are the angles ABE, BCA, CDB, 
DEC, LAD, together equal to two right angles. 

70. A watch-ribbon is folded up into a flat knot of five edges, 
shew that the sides of the knot form an equilateral pentagon. 

71. If from the extremities of the side of a regular pentagon in- 
scribed in a circle, straight lines be drawn to the middle of the are 
subtended by the adjacent side, their difference is equal to the radius; 
the sum of their squares to three times the square of the radius; and 
the rectangle contained by them is equal to the square of the radius. 

72. Inscribe a regular pentagon in a given square so that four 
angles of the pentagon may touch respectively the four sides of the 
square, 

73. Inseribe a regular decagon in a given circle. 

74. The square described upon the side of a regular pentagon in 
a circle, is equal to the square of the sido of a regular hexagon, together 
with the square upon the side of a regular decagon in the same circle. 


X. 


75. In a given circle inscribe three equal circles touching each 
other and the given circle. 

76. Shew that if two circles be inscribed in a third to touch one 
another, the tangents of the points of contact will all meet in the 
same point. 

77. If there be three concentric circles, whose radii are 1, 2, 3; 
determine how many circles may be described round the interior one, 
having their centers in the circumference of the circle, whose radius 
is 2, and touching the interior and exterior circles, and each other. 

78. Shew that nine equal circles may be placed in contact, so 
that a square whose side is three times the diameter of one of them 
will cireumscribe them. 

si XI. 


79. Produce the sides of a given heptagon both ways, till they 
meet, forming seven triangles; required the sum of their vertical 
angles. 

80. To convert a given regular polygon into another which shall 
have the same perimeter, but double the number of sides. 

81. In any polygon of an even number of sides, inscribed in a 
circle, the sum of the 1st, 8rd, 5th, &c. angles is equal to the sum 
of the 2nd, 4th, 6th, &c. 

82. Of all polygons having equal perimeters, and the same num- 
ber of sides, the equilateral polygon hes the greatest area. 


BOOK V. 


DEFINITIONS. 


Lis 


A ress magnitude is said to be a part of a greater magnitude, 
when the less measures the greater; that is, ‘when the less is con- 
tained a certain number of times exactly in the greater.’ 


I. 


A greater magnitude is said to be a multiple of a iess, when the 
greater is measured by the less, that is, ‘ when the greater contains 
the less a certain number of times exactly.’ 


ph ti 


‘Natio is a mutual relation of two magnitudes of the same kind 
to one another, in respect of quantity.” 


LMie 


Magnitudes are said to have a ratio to one another, when the iess 

can be multiplied so as to exceed the other. 
Ly 

The first of four magnitudes is said to have the same ratio to tne 
second, which the third has to the fourth, when any equimultiples 
whatsoever of the first and third being taken, and any equimultiples 
whatsoever of the second and fourth ; if the multiple of the first be less 
than that of the second, the multiple of the third is also less than that 
of the fourth: or, if the multiple of the first be equal to that of the 
second, the multiple of the third is also equal to that of the fourth: 
or, if the multiple of the first be greater than that of the second, 
the multiple of the third is also greater than that of the fourth. 


‘—L 
Magnitudes which have the same ratio are called proportionals, 


N.B. ‘When four magnitudes are proportionals, it is usually expressed 
by saying, the first is to the second, as the third to the fourth.’ 


VII. 
_ When of the equimultiples of four magnitudes, (taken as in the 
fifth definition,) the multiple of the first is greater than that of the 
second, but the multiple of the third is not greater than the multiple 
of the fourth; then the first is said to have to the second a greater 
ratio than the third magnitude has to the fourth: and, on the eon- 
trary, the third is said to have to the fourth a less ratio than tha 
first has to the second, 

VIll. 


“ Analogy, or proportion, is the similitude of ratios.” 
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1S 
Proportion consists in three terms at least. 


X. 
When three magnitudes are proportionals, the first is said to 
have to third, the duplicate ratio of that which it has to the second. 


XI. 

When four magnitudes are continual proportiona!s, the first is 
said to have to the fourth, the triplicate ratio of that which it has 
to the second, and so on, quadruplicate, &e. increasing the denomi: 
nation still by unity, in any number of proportiona's. 

Definition A, to wit, of compound ratio. 


When there are any number of magnitudes of the same kind, the 
first is said to have to the last of them the ratio compounded of the 
‘ratio which the first has to the second, and of the ratio which the 
second has to the third, and of the ratio which the third has to the 
fourth, and so on unto the last magnitude. 
For example, if 4, B, C, D be four magnitudes of the same kind, the first 
A is said to have to the last D, the ratio compounded of the ratio of A to B, 
and of the ratio of B to C, and of the ratio of C'to D; or, the ratio of A to 
D is said to be compounded of the ratios of A to B, B to CO, and C' to D. 
And if A has to B the same ratio which # has to #’; and B to CO the 
same ratio that G has to H; and ( to D the same that A has to Z; then, 
by this definition, 4 is said to have to D the ratio compounded of ratios 
which are the same with the ratios of # to #, Gto H,and A to Z. And the 
same thing is to be understood when it is more briefly expressed by saying, 
A has to D the ratio compounded of the ratios of # to F, G to H, and K to L. 
In like manner, the same things being supposed, if JZ has to V the same 
ratio which A has to ): then, for shortness’ sake, Jf is said to have to V 
the ratio compounded of the ratios of # to #, G to H, and XK to L. 


XII. 


In proportionals, the antecedent terms are called homologous to 
one another, as also the consequents to one another. 

‘Geometers make use of the following technical words, to signify cer- 
tain ways of changing either the order or magnitude of proportionals, so 
that they continue still to be proportionals.’ 


XIII. 


Permutando, or alternando by permutation, or alternately. This 
word is used when there ave four proportionals, and it is inferred 
that the first has the same ratio to the third which the second has 
to the fourth; or that the first is to the third as the second to the 
fourth: as is shewn in Prop. xvi. of this Fifth Book. 


XIV. 
Invertendo, by inversion; when there are four proportionals, 
and it is inferred, that the second is to the first, as the fourth to the 
third. Prop. B. Book v. 
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xy. 


Componendo, by composition; when there are four proportionals, 
and it is inferred that the first together with the second, is to the 
second, as the third together with the fourth, is to the fourth. 
Prop. 18, Book v. 

XVI. 


Dividendo, by division; when there are four proportionals, and 
it is inferred, that the excess of the first above the second, is to the 
second, as the excess of the third above the fourth, is to the fourth. 
Prop. 17, Book y. 

XVII. 


Convertendo, by conversion ; when there are four proportionals, 
and it is inferred, that the first is to its excess above the second, as 
the third to its excess above the fourth. Prop. E. Book v. 


XVIII. 

Ex equali (sc. distantid), or ex «quo, from equality of distance : 
when there is any number of magnitudes more than two, and as 
many others such that they are proportionals when taken two and 
two of each rank, and it is inferred, that the first is to the last of the 
first rank of magnitudes, as the first is to the last of the others: ‘Of 
this there are the two following kinds, which arise from the dif- 
ferent order in which the magnitudes are taken two and two.’ 

XIX. 

Ex equali, from equality. This term is used simply by itself, when 
the first magnitude is to the second of the first rank, as the first to the 
second of the other rank; and as the second is to the third of the first 
rank, so is the second to the third of the other; and sooninorder: and 
the inference is as mentioned in the preceding definition ; whence this 
is called ordinate proportion. It is demonstrated in Prop. 22, Book y. 


XX. 


Ex equali in proportione perturbatd sen inordinata, from equality 
in perturbate or disorderly proportion.* This term is used when the 
first magnitude is to the second of the first rank, as the last but one 
is to the last of the second rank; and as the second is to the third 
of the first rank, so is the last but two to the last but one of the 
second rank: and as the third is to the fourth of the first rank, so is 
the third from the last to the last but two of the second rank; and 
so on in a cross order: and the inference is as in the 18th definition, 
It is demonstrated in Prop. 28, Book v. 


AXIOMS. 


if 
Equimutipies of the same, or of equal magnitudes, are equal to 
one another, 
Il. 


Those magnitudes, of which the same or equal magnitudes are 
equimultiples, are equal to one another. 


* Prop. 4 Lib. 1m. Archimedis de sphira et eylindro, 


BOOk V. PROP. L, I. 207 


vue 


A multiple of a greater magnitude is greater than the same mul 
tiple of a less. 
LY. 


That magnitude, of which a multiple is greater than the same 
multiple of another, is greater than that other magnitude. 


PROPOSITION I. THEOREM. 


Tf any number of magnitudes be equimultiples of as many, each of each ; 
what multiple soever any one of them is of its part, the same multiple shall 
all the first magnitudes be of all the other. 


Let any number of magnitudes AB, CD be equimultiples of as 
many others /, F/, each of each. 
Then whatsoever multiple AB is of £, 
the same multiple shall AZ and CD together be of / and F together. 


Ao GB © H D 
~ ee Se 
E— F 


Because AB is the same multiple of # that CD is of £, 
as many magnitudes as there are in AB equal to /, so many are 
there in CD equal to / 
Divide AB into magnitudes equal to ZF, viz. AG, GB; 
and OD into CH, HD, equal each of them to /’; 
therefore the number of the magnitudes CH, HD shall be equal 
to the number of the others 4G, GB; 
and because AG is equal to #, and CH to F, 
therefore AG and CH together are equal to “and /'together: (1. ax. 2.) 
for the same reason, because GB is equal to /, and HD to f; 
GB and HD together are equal to # and / together : 
wherefore as many magnitudes as there are in 4B equal to £, 
so many are there in AB, CD together, equal to # and / together : 
therefore, whatsoever multiple AD is of £, 

the same multiple is 4B and OD together, of # and /’ together. 

_ Therefore, if any magnitudes, how many soever, be equimultiples 
of as many, each of each; whatsoever multiple any one of them is 
of its part, the same multiple shall all the first magnitudes be of all 
the others: ‘For the same demonstration holds in any number of 
magnitudes, which was here applied to two.’ Q.E.D. 


PROPOSITION II. THEOREM. 


Tf the first magnitude be the same multiple of the second that the third is 
of the fourth, and the fifth the same multiple of the second that the sixth is 
of the fourth ; then shall the first together with the fifth be the same multiple 
of the second, that the third together with the sixth is of the fourth. 


Let AB the first be the same multiple of 0 the second, that DE 
the third is of # the fourth : 


~ 
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and BG the fifth the same multiple of C the second, that EH the 
sixth is of / the fourth. 

Then shall AG, the first together with the fifth, be the same 
multiple of @ the second, that DH, the third together with the 
sixth, is of # the fourth. 

A B G D E H 
1 i 
C— — —— 
Because AB is the same multiple of C that D/ is of F’; 
there are as many magnitudes in AZ equal to C, as there are in DZ 
equal to 7 
In like manner, as many as there are in BG equal to C, so many are 
there in LH equal to /’: 
therefore as many as there are in the whole AG equal to C, 
so many are there in the whole DH equal to FP: 
therefore A@ is the same multiple of C that D/Zis of F; 
that is, AG, the first and fifth together, is the same multiple of 
the second C, 
that DZ, the third and sixth together, is of the fourth 7. 

If therefore, the first be the same multiple, &e.  Q.n.p. 

Cor. From this it is plain, that if any number of magnitudes AB, 
BG, GH be multiples of another @ ; 
and as many DF, LA, KL be the same multiples of /, each of each ; 

then the whole of the first, viz. 4H, is the same multiple of C, 

that the whole of the last, viz. DZ, is of F. 
A B G H D E K i 


Cc— F—— 


PROPOSITION ITI. THEOREM. 


If the first be the same multiple of the second, which the third is of the 
fourth; and if of the first and third there be taken equimultiples : these 
shall be equimultiples, the one of the second, and the other of the fourth, 


Let A the first be the same multiple of B the second, that C the 
third is of J the fourth : 
and of A, ( let equimultiples EF, G/T be taken. 
Then #7’ shall be the same multiple of B, that GH is of D. 


E K ty G L Wt 
Z 3° ox we i 

A --— C 

B p= 


Because /F is the same multiple of A, that G/T is of 0, 
there — many magnitudes in 4’ equal to A, as there are in GH 
equal to C: 
let //’ be divided into the magnitudes HA, AF, each equal to A ; 
and GH into GL, LIT, each equal to C: 
therefore the number of the magnitudes LX, AF shall be equal 
to the number of the others GZ, LH; 
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and because A is the same multiple of B, that Cis of D, 
and that “A is equal to A, and GZ equal to C: 

therefore / is the same multiple of 4, that GL is of D: 

for the same reason, A’/’is the same multiple of B, that LH is of D: 
and so, if there be more parts in #7, GH, equal to A, C: 

therefore, because the first /H isthe same multiple of the second B, 
which the third @Z is of the fourth D, 

and that the fifth A’/’ is the same multiple of the second B, which the 
sixth 7 is of the fourth D; 

EF the first, together with the fifth, is the same multiple of the second 
ECGs 2.) 

which GH the third, together with the sixth, is of the fourth D. 
If, therefore, the first, &c. Q..D. 


PROPOSITION IV. THEOREM. 


If the first of four magnitudes has the same ratio to the second which the 
third has to the fourth ; then any equimultiples whatever of the first and third 
shall have the same ratio to any equimultiples of the second and fourth, viz. 
‘the equimultiple of the first shall have the same ratio to that of the second, 
which the equimultiple of the third has to that of the fourth. 


Let A the first have to B the second, the same ratio which the third 
C has to the fourth D; 
and of A and @ let there be taken any equimultiples whatever LZ, /’; 
and of B and D any equimultiples whatever @, /7. 
Then # shall have the same ratio to G, which / has to Z. 


K—__—____ M 

E G 

1 38 
G—— D— 
F H 
L——_——_—_——- N 


Take of # and F’ any equimultiples whatever X, Z, 
and of G, H any equimultiples whatever 1/, V: 
then because / is the same multiple of A, that fis of 0; 
and of # and F have been taken equimultiples A, Z; 
therefore A is the same multiple of A, that Z is of C: (vy. 3.) 
for the same reason, J is the same multiple of B, that WN is of D. 
And because, as A is to B, so is C to D, (hyp.) 
and of A and @ have been taken certain equimultiples 7’, Z, 
and of B and D have been taken certain equimultiples J/, V; 
therefore if A be greater than J, Z is greater than V; 
and if equal, equal; if less, less: (v. def. 5.) 
but A, Z are any equimultiples whatever of /, /, (constr.) 
and M, W any whatever of G, H; 
therefore as His to G,sois Fto H. (vy. def. 5.) 
Therefore, if the first, &c. Q.u.p. 
Cor. Likewise, if the first has the sameratio to the second, which 
the third has to the fourth, then also any equimultiples whatever of 
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the first and third shall have the same ratio to the second and fourth ; 
and in like manner, the first and the third shall have the same ratio to 
any equimultiples whatever of the second and fourth. 
Let A the first have to B the second the same ratio which the 
third C has to the fourth D. 
and of A and (let # and /’ be any equimultiples whatever. 
Then / shall be to Bas #' to D. 
Take of 4, / any equimultiples whatever, A, Z, 
and of B, D any equimultiples whatever @, H: 
then it may be demonstrated, as before, that A’ is the same multiple 
of A, that LZ is of C: 
and because A is to B, as Cis to D, (hyp.) 
and of A and ( certain equimultiples have been taken, viz. A and L; 
and of B and D certain equimultiples G, Z7; 
therefore, if A be greater than G, Z is greater than 7; 
and if equal, equal; if less, less: (v. def. 5.) 
but A, Z are any equimultiples whatever of 4, J, (constr.) 
and @, H any whatever of B, D; 
therefore as /’ is to B, sois / to D. (v. def. 5.) 
And in the same way the other case is demonstrated. 


PROPOSITION V. THEOREM. 


If one magnitude be the same multiple of another, which a magnitude 
taken from the first is of a magnitude taken from the other ; the remainder 
shall be the same multiple of the remainder, that the whole is of the whole. 


Let the magnitude AB be the same multiple of CD, that AL 
taken from the first, is of C/’ taken from the other. 
The remainder “B shall be the same multiple of the remainder 
FD, that the whole AP is of the whole CD. 
G_aA gS 


Take AG the same multiple of FD, that AF is of CF: 
therefore AZ is the same multiple of CF, that PG is of CD): (v. 1.) 
but AZ, by the hypothesis, is the same multiple of C/, that AD is 
of CD; 
therefore 2G is the same multiple of CD that AB is of CD; 
wherefore /G@ is equal to AB: (yv. ax. 1.) 
take from each of them the common magnitude A /’; 
and the remainder A@ is equal to the remainder LB, 
Wherefore, since AZ is the same multiple of C7, that AG is of FJ 
(constr.) 
and that A@ has been proved equal to LB; 
therefore AF is the same multiple of CF, that 2B is of FD: 
but AZ is the same multiple of C/’' that AB is of CD: (hyp.) 
therefore /B is the same multiple of “7, that AB is of CD. 
Therefore, if one magnitude, &e. Q.E.p. 
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PROPOSITION VI. THEOREM. 


Tf two magnitudes be equimultiples of two others, and of equimultiples of 
these be taken from the first two; the remainders are either equal to these 
others, or equimultiples of them. 


Let the two magnitudes AB, CD be equimultiples of the two £& & 
and let 4G, CH taken from the first two be equimultiples of the 
same FL, F. 
Then the remainders GB, HD shall be either equal to Z, F, or 
equimultiples of them. 
A G B —— 


KK §Ge Hy 2D F— 


First, let GB be equal to #: 
HD shall be equal to /. 
Make CX equal to P: 
and because AG is the same multiple of /, that CH is of /: (hyp) 
and that GB is equal to £, and CK to Tt: 
therefore AZ is the same multiple ‘of FE, that KH is of F: 
but AB, by the hypothesis, is the same multiple of H, that CDis of F: 
therefore AH is the same multiple of 4, that CD is of F: 
‘vherefore AZ is equal to CD: (v. ax. 1.) 
take away the common magnitude CZ, 
then the remainder AC is equal to the remainder HD: 
but AC is equal to F: (constr.) 
therefore 7D is equal to £. 
Next let GB be a multiple of Z. 
Then /7D shall be the same multiple of F. 


A G B | 


K Cc H D F— 


Make OF the same multiple of /, that GB is of F: 
and because 4@ is the same multiple of EB, that CH is of F: (hyp., 
and GB the same multiple of £, that CK is of F; 
therefore AB is the same multiple of E, that KH is of F: (v. 2.} 
but AB is the same multiple of /, that CD is of #; (hyp.) 
therefore AZ is the same multiple of /, that CD is of £’; 
wherefore AZ is equal to CD: (v. ax. 1.) 
take away UH from both; 
therefore the remainder A’( is equal to the remainder HD: 
and because @B is the same multiple of Z, that AC is of F, (constr.) 
and that AC is equal to HD; 
therefore HD is the same multiple of 7 that GB is of £. 
If, therefore, two magnitudes, &, Q.E.D. 
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PROPOSITION A. THEOREM. 


Sf the first of four magnitudes has the same ratio to the second, which the 
third has to the fourth ; then, if the first be greater than the second, the third 
ts also greater than the fourth ; and if equal, equal ; if less, less. 


Take any equimultiples of each of them, as the doubles of each: 
then, by def. 5th of this book, if the double of the first be greater 
than the double of the second, the double of the third is greater . 
than the double of the fourth : 
but if the first be greater than the second, 
the double of the first is greater than the double of the second ; 
wherefore also the double of the third is greater than the double 
of the fourth ; 
therefore the third is greater than the fourth: 
in like manner if the first be equal to the second, or less than it, 
the third can be proved to be equal to the fourth, or less than it, 
Therefore, if the first, &c. Q.n.p. 


PROPOSITION B, THEOREM. 
If four magnitudes are proportionals, they are proportionals also when 


taken inversely. 
Let A be to B, as Cis to D. 
Then also inversely, B shall be to A, as D to 0. 
A—— B- Ca ip 
G—-— }————_ i —— F 
Take of B and D any equimultiples whatever / and F’; 
and of A and @ any equimultiples whatever G and /. 
First, let / be greater than G, then @ is less than 2: 
and because A is to 2, as Cis to D, (hyp.) 
and of A and (, the first and third, G and // are equimultiples ; 
and of B and DP, the second and fourth, # and / are equimultiples | 
and that @ is less than F, therefore // is less than /’; (vy. def. 5.) 
that is, /’ is greater than 77; 
if, therefore, / be greater than @, 
F is greater than // ; 
in like manner, if / be equal to @, 
F may be shewn to be equal to 1; 
and if less, less ; 
but Z, F, are any equimultiples whatever of B and D, (constr.) 
and @, H any whatever of A and (0; 
therefore, as Bis to A, sois Dto @. (v. def. 5.) 
Therefore, if four magnitudes, &c. Q.E.D. 


PROPOSITION ©. THEOREM. 

If the first be the same multiple of the second, or the same part of it, that 
the third is of the fourth; the first is to the second, as the third is to the 
fowrth. 

Let the first A be the same multiple of the second B, 
that the third O is of the fourth D, 
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Then A shall be to Bas Cis to D. 
Kae ss ——— C 
Pi eae el Se ae) OR 


Take of A and (any equimultiples whatever / and F; 
and of B and D any equimultiples whatever G and H. 
Then, because A is the same multiple of B that C is of D; (hyp.) 
and that His the same multiple of A, that “is of (; (constr.) 
therefore # is the same multiple of B, that Fis of D; (v. 3.) 
that-is, # and /’ are equimultiples of Band D: 
but G and H are equimultiples of B and DP; (constr.) 
therefore, if # be a greater multiple of B than ¢ is of B, 
Fis a greater multiple of ) than His of D; 
: that is, if / be greater than G, 
Fis greater than H: 
in like manner, if / be equal to G, or less than it, 
F may be shewn to be equal to ZH, or less than it, 
but #, Fare equimultiples, any whatever, of A, (; (constr.) 
and G, H any equimultiples whatever of b, D; 
therefore A isto B, as Cisto D. (v. def. 5.) 
Next, let the first A be the same part of the second B, that the 
third Cis of the fourth D. 
Then A shall be to B, as Cis to D. 


A: B————__ C—_ D 


For since A is the same part of B that Cis of D, 
therefore B is the same multiple of A, that D is of (: 
wherefore, by the preceding case, B is to A, as D is to C; 
and therefore inversely, A is to B, as Cisto D. (v. B.) 
Therefore, if the first be the same multiple, &c. Q.E.p. 


ov————. 


en 


PROPOSITION D. THEOREM. 


Tf the first be to the second as the third to the fourth, and if the first be a 
multiple, or a part of the second ; the third is the same multiple, or the same 
part of the fourth. 

Let Abe to Bas Cis to D: 
and first, let A be a multiple of B. 
Then ( shall be the same multiple of D. 
A———_——-.__. B—__ (Ca D—— 
i eee F 
Take £ equal to A, 
and whatever multiple A or / is of B, make /’ the same multiple 
of DD: 
then, because A is to B, as Cis to D; (hyp.) 
and of B the second, and DP the fourth, equimultiples have been 
taken, # and L’; 
therefore A is to #, as ( to F: (vy. 4. Cor.) 
but A is equal to £) (constr.) 
therefore Cis equal to /: (v. a.) 
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and /’is the same multiple of D, that A is of B; (constr.) 
therefore Cis the same multiple of D, that A is of B. 
Next, let A the first be a part of B the second. 
Then ( the third shall be the same part of D the fourth. 
Because A is to B, as Cis to D; (hyp.) 
then, inversely, B is to A, as D to C: (Vv. B.) 
A B C—— D 


but A is a part of B, therefore B is a multiple of A: (hyp.) 
therefore, by the preceding case, ) is the same multiple of C; 
that is, Cis the same part of J, that A is of b. 
Therefore, if the first, &c. Q.ED. 


PROPOSITION VII. THEOREM. 


oe magnitudes have the same ratio to the same magnitude: and the 
same has the same ratio to equal magnitudes. 


Let A and 2 be equal magnitudes, and C any other. 
Then A and & shall each of them have the same ratio to C: 
and (’ shall have the same ratio to each of the magnitudes A and B. 


A B Co— 
D— _E———__—— P. 


Take of A and B any equimultiples whatever D and JL, 
and of C any multiple whatever /. 
Then, because D is the same multiple of A, that # is of B, (constr.) 
and that A is equal to B: (hyp.) 
therefore D is equal to Z; (vy. ax. 1.) 
therefore, if D be greater than / # is greater than 7; 

and if equal, equal; if less, less: 

but D, # are any equimultiples of A, B, (constr.) 

and /’is any multiple of 0; 
therefore, as A is to C, sois Bto CO. (v. def. 5.) 
Likewise ( shall have the same ratio to A, that it has to B, 
For having made the same construction, 

D may in like manner be shewn to be equal to 2; 

therefore, if 4’ be greater than J, 
it is likewise greater than /’; 
and if equal, equal; if less, less; 
but /’is any multiple whatever of C, 
and D, / are any equimultiples whatever of A, B; 
therefore, Vis to A as Visto B. (vy. def. 5.) 
Therefore, equal magnitudes, &e.  Q.n.p. 


PROPOSITION VIL TIEKOREM, 


Of two unequal magnitudes, the greater has a greater ratio to any other 
magnitude than the less has: and the same magnitude has a greater ratio to 
the less of two other magnitudes, than it has to the greater, 


Let AB, BO be two unequal magnitudes, of which 42 is the greater, 
and let J) be any other magnitude, 
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Then AB shall have a greater ratio to D than BC has to D: 
and D shall have a greater ratio to BC than it has to AB. 


Fig. 1. Fig. 2. Fig. 3- 
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If the magnitude which is not the greater of the two 4C, CB, be 
not less than D, 
take ZF, FG, the doubles of AC, CB, (as in fig. 1.) 
but if that which is not the greater of the two AC, CB, be less than D, 
(as in fig. 2 and 3.) this magnitude can be multiplied, so as te 
become greater than D, whether it be A, or OB. 
Let it be multiplied until it become greater than D, 
and let the other be multiplied as often ; 
and let #F' be the multiple thus taken of AC, 
and #’G the same multiple of CB: 
therefore “F and /’G@ are each of them greater than D: 
and in every one of the cases, 
take H the double of D, X its triple, and so on, 
till the multiple of D be that whick first becomes greater than F'@: 
let Z be that multiple of D which is first greater than LG, 
and /f the multiple of D which is next less than Z. 
Then because Z is the multiple of J, which is the first that becomes 
greater than F/G, 
the next preceding multiple A is not greater than 7G ; 
that is, /G is not less than 4: 
and since #7’ is the same multiple of AC, that /G is of CB; (constr.) 
therefore “G is the same multiple of OB, that LG is of AB; (v- 1.) 
that is, 7G and /@ are equimultiples of AB and CB; 
and since it was shewn, that /’G is not less than K, 
and, by the construction, //’is greater than D; 
therefore the whole /@ is greater than A and /) together: 
but £ together with D is equal to Z; (constr.) 
therefore &G@ is greater than ZL; 
but “G@ is not greater than Z: (constr.) 
and HG, FG were proved to be equimultiples of AB, BC; 
and Z is a multiple of D; (constr.) 
. therefore AB has to D a greater ratio than BC has to D. (v. def. 7.) 
Also D shall have to BC a greater ratio than it has to AB. 
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For having made the same construction, 
it may be shewn in like manner, that Z is greater than FG, 
but that it is not greater than LG: 
and Z is a multiple of D; (constr.) 
and FG, £G were proved to be equimultiples of CB, AB: 
therefore D has to CB a greater ratio than it has to AB. (v. def. '7.} 
Wherefore, of two unequal magnitudes, &c. Q.E.D. 


PROPOSITION IX. THEOREM. 


Magnitudes which have the same ratio to the same magnitude are equal to 
one another: and those to which the same magnitude has the same ratio are 
equal to one anather. 


Let 4, B have each of them the same ratio to C. 
Then A shall be equal to B. 


A- D 
C— ——— 
B— E 


For, if they are not equal, one of them must be greater than the other: 
let A be the greater: 
then, by what was shewn in the preceding proposition, 
there aresome equimultiplescf A and B, and some multiple of C, such, 
that the multiple of A is greater than the multiple of C, 
but the multiple of 2 is not greater than that of C, 
let these multiples be taken ; 
and let D, / be the equimultiples of A, B, 
and F’ the multiple of @, 
such that D may be greater than /, but # not greater than /. 
Then, because A is to Cas Bis to C, (hyp.) 
and of A, B, are taken equimultiples, D, 2, 
and of (is taken a multiple 7’; 
and that D is greater than 7; 
therefore # is also greater than J: (v. def. 5.) 
but # is not greater than /’; (constr.) which is impossible: 
therefore A and B are not unequal; that is, they are equal. 
Next, let @ have the same ratio to each of the magnitudes A and B. 
Then A shall be equal to B. 
For, if they are not equal, one of them must be greater than the other: 
let A be the greater : 
therefore, as was shewn in Prop, vm. 
there is some multiple / of @, 
and some equimultiples # and ) of B and A such, 
that / is greater than /, but not greater than D; 
and because (is to B, as Cis to A, (hyp.) 
and that / the multiple of the first, is greater than / the multiple 
of the second; 
therefore /’ the multiple of the third, is greater than D the multiple, 
of the fourth: (y. def. 5.) 
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but Fis not greater than D (hyp.); which is impossible : 
: therefore A is equal to B. 
Wherefore, magnitudes which, &c. Q.E.D. 


PROPOSITION X. THEOREM. 


That magnitude which has a greater ratio than another has unto the 
same magnitude, is the greater of the two; and that magnitude to which the 
same has a greater ratio than it has unto another magnitude, is the less of 
the two. 


Let A have to (a greater ratio than B has to (; 
then A shall be greater than ZB. 
A———-—-- 1) 
C—— ; FE 
L— E 


For, because A has a greater ratio to (, than B has to OQ, 
there are some equimultiples of A and B, 
and some multiple of C such, (v. def. 7.) 
that the multiple of A is greater than the multiple of C, 
but the multiple of 4 is not greater than it: 
let them be taken ; 
and let D, # be the equimultiples of A, B, and F the multiple of C 5 
such, that D is greater than F, but His not greater than 7’: 
therefore D is greater than L: 
and, because J and / are equimultiples of A and B, 
and that D is greater than Z’; 
therefore A is greater than B. (v. ax. 4.) 
Next, let C have a greater ratio to B than it has to A. 
Then £ shall be less than A. 
For there is some multiple / of C, (v. def. 7.) 
and some equimultiples # and D of B and A such, 
that /’is greater than Z, but not greater than D: 
therefore £ is less than D: 
and because / and D are equimultiples of B and A, 
and that # is less than D, 
therefore Bis less than A. (v. ax. 4.) 
Therefore, that magnitude, &e. Q.4E.D. 


PROPOSITION XI. THEOREM. 
Ratios that are the same to the same ratio, are the same to one another. 


Let A be to Bas Cis to D; 
and as C’ to D, so let L’ be to F. 
Then A shall be to B, as £' to £. 


——————e = K 
A—— (Cass — 
B— D— F}— 
L—————— Le N- 


Take of A, C, &, any equ'multiples whatever G, H, XK; 
10 
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and of B, D, F any equimultiples whatever Z, WM, N. 
Therefore, since A is to Bas C to D, 
and @, H are taken equimultiples of A, C, 
and L, M, of B, D; 
if G be greater than LZ, His greater than V/; 
and if equal, equal; and if less, less. (v. def. 5.) 
Again, because ( is to D, as Lis to FP, 
and H, # are taken equimultiples of C, 2; 
and MY, N, of D, F’; 
if H be greater than /, X is greater than V; 
and if equal, equal ; and if less, less: 
but if @-be greater than Z, 
it has been shewn that # is greater than 7; 
and if equal, equal; and if less, less: 
therefore, if G be greater than Z, 

K is greater than V; and if equal, equal; and if less, less: 
and @, A are any equimultiples whatever of A, L; 
and LZ, NV any whatever of B, /’; 
therefore, as A is to B, sois Hto Ff. (v. def. 5.) 
Wherefore, ratios that, &e. Q.E.D. 


PROPOSITION XII. THEOREM. 


Tf any number of magnitudes be proportionals, as one of the antecedents 


ts to its consequent, so shall all the antecedents taken together be to all the 
consequents. 


Let any number of magnitudes A, B, C, D, FE, F, be proportionals: 
that is, as A is to B, so Oto D, and Lto / 
Then as A isto B, so shall A, C, # together, be to B, D, # together. 


G —— K 
i C | 
— a t—— 
ee M————— N 


Take of A, C, Z any equimultiples whatever G@, H, X; 
and of B, D, F any equimultiples whatever, Z, M, N. 
Then, because A is to B, as Cis to D, and as Eto FP; 
and that @, 7, K are equimultiples of A, 0, 2, 
and L, M, N, equimultiples of B, D, 7’; 
therefore, if @ be greater than Z, 
77 is greater than WV, and K greater than V; 
and if equal, equal; and if less, less: (v. Cef. 5.) 
wherefore if G be greater than Z, 
then (, //, K together, are greater than 1, M, N together; 
and if equal, equal; and if less, less: 
but @, and G, H, # together, are any equimultiples of A, and 
A, C, £ together ; 
because if there be any number of magnitudes equimultiples of 
as many, each of each, whatever multiple one of thom is of its part, 
the same multiple is the whole of the whole: (vy. 1.) 
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for the same reason Z, and Z, M, N are any equimultiples of B, and 
B,D, EF: . 
therefore as A is to LB, so are A, C, EL together to B, D, / together. 
(v. def. 5.) 
Wherefore, if any number, &c. Q.=.D. 


PROPOSITION XIII. THEOREM. 


If the first has to the second the same ratio which the third has to the 
fourth, but the third to the fourth, a greater ratio than the fifth has to 
the sixth ; the first shall also have to the second a greater ratio than the fifth 
has to the sixth. 


Let A the first have the same ratio to B the second, which C the 
third has to D the fourth, but C the third a greater ratio to D the 
fourth, than / the fifth has to /’ the sixth. 

Then also the first A shall have to the second ZB, a greater ratio 

than the fifth Z has to the sixth / 


M G H 
A—— Cc E£—— 
B D—— F— 
N. K if, 


Because C has a greater ratio to D, than /' to F, 
there are some equimultiples of Cand /, and some of D and F, 
such that the multiple of (is greater than the multiple of D, but the 
multiple of # is not greater than the multiple of /: (v. def. 7.) 
let these be taken, 
and let G, H be equimultiples of CO, £Z, 
and K, Z equimultiples of D, F, such that G may be greater than Z, 
but H not greater than L: 
and whatever multiple @ is of C, take J/ the same multiple of A ; 
and whatever multiple A is of D, take V the same multiple of B; 
then, because A is to B, as C to D, (hyp.) 
and of A and (, M and @ are equimultiples ; 
and of Band D, N and £ are equimultiples ; 
therefore, if WZ be greater than N, G@ is greater than X; 
and if equal, equal; and if less, less: (v. def. 5.) 
but @ is greater than A; (constr.) 
therefore H is greater than V: 
but A is not greater than Z: (constr.) 
and M, H are equimultiples of A, 2; 
and WV, Z equimultiples of B, /’; 
therefore A has a greater ratio to B, than Hhasto Ff (vy. def. 7.) 
Wherefore, if the first, &c. Q.E.D. 


Cor. And if the first have a greater ratio to the second, than the 
third has to the fourth, but the third the same ratio to the fourth 
which the fifth has to the sixth; it may be demonstrated, ir like 
manner, that the first has a greater ratio to the second, than the 
fifth has to the sixth, 
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PROPOSITION XIV. THEOREM. 


If the first has the same ratio to the second which the third has to the 
fourth ; then, if the first be greater than the third, the second shall be greater 
than the fourth; and if equal, equal ; and if less, less. 


Let the first A have the same ratio to the second B which the 
third (7 has to the fourth D. 
If A be greater than C, B shall be greater than D. (fig. 1.) 


a 2, 8. 
A—————- A———. A 
—e B—— bh 
¢ ——— © c 
D—— D D——. 


Because A is greater than C, and B is any other magnitude, 
A has to # a greater ratio than C has to B: (v. 8.) 
but, as A is to B, so is C to D; (hyp.) : 
therefore also ( has to D a greater ratio than O has to B: (v. 13.) 
but of two magnitudes, that to which the same has the greater ratio, 
is the less: (v. 10.) 
therefore D is less than B; 
that is, Bis greater than D. 
Secondly, if A be equal to C, (fig. 2.) 
then B shall be equal to D. 
For A is to B, as C, that is, A to D: 
therefore B is equal to D. (v. 9.) 
Thirdly, if A be less than @, (fig. 3.) 
then # shall be less than D. 
For Cis greater than A ; 
and because C is to D, as A is to B, 
therefore /) is greater than B, by the first ease ; 
that is, Bis less than D. 
Therefore, if the first, &e. Q.E.p. 


PROPOSITION XV. THEOREM. 
_ Magnitudes have the same ratio to one another which their equimultiples 
herve. 
Let AB be the same multiple of (, that D7 is of F. 
Then ( shall be to /. as AB is to DE. 
A G HB DKLE 


' ' ' 1 


Co— rF—— 


Because 4B is the same multiple of 0, that DF is of FP; 


there are as many magnitudes in AB equal to C, as there are in 
DE equal to Ff’: 


let AB be divided into magnitudes, each equal to C, viz. A @, GH, HB; 
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and DF into magnitudes, each equal to / viz. DK, KL, LE: 
then the number of the first AG, GH, HB, is equal to the num- 
ber of the last DA, KL, LE: 
and because A’, GH, HB are all equal, 

’ and that DA, AL, LE, are also equal to one another ; 
therefore AG is to DA, as GH to HL, and as HB to LE: (v. 7.) 
but as one of the antecedents is to its consequent, so are all the 
antecedents together to all the consequents together, (v. 12.) 
wherefore as AG is to DK, so is AB to DE: 
but AG is equal to Cand DK to Ff: 
therefore, as Cis to 7, so is AB to DE. 

Therefore, magnitudes, &c. Q.E.D. 


PROPOSITION XVI. THEOREM. 


If four magnitudes of the same kind be proportionals, they shail also be 
proportionals when taken alternately. 


Let A, B, C, D be four magnitudes of the same kind, which are 
proportionals, viz. as A to B, so C to D. 
They shall also be proportionals-when taken alternately - 
that is, A shall be to C, as B to D. 


i ——_—___ G 
A—— oS 
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Take of A and B any equimultiples whatever # and F: 
and of ( and D take any equimultiples whatever @ and 7, 
and because /’ is the same multiple of A, that Fis of B, 
and that magnitudes have the same ratio to one another which 
their equimultiples have; (vy. 15.) 
therefore A is to B, as Histo F: 
but as 4 is to Bso is Cto D; (hyp.) 
wherefore as Cis to D, sois # to F: (v. 11.) 
again, because G’, H are equimultiples of C, D, 
therefore as Cis to D, so is G to H: (vy. 15.) 
but it was proved that as Cis to D, sois L to F; 
therefore, as His to Ff, sois G to H, (vy. 11.) 
_ But when four magnitudes are proportionals, if the first be 
greater than the third, the second is greater than the fourth: 
and if equal, equal; if less, less; (v. 14.) 
therefore, if / be greater than @, / likewise is greater than H; 
and if equal, equal; if less, less: 
and Z, Fare any equimultiples whatever of A, B; (constr.) 
and G, H any whatever of C, D: 
therefore A isto O,as Bto D. (vy. def. 5.) 
If then four magnitudes, &. Q.E.D. 
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PROPOSITION XVII. THEOREM. 


If magnitudes, taken jointly, be proportionals, they shall also be Hi 
tionals when taken separately: that is, if two magnitudes together have to 
one of them, the same ratio which two others have to one of these, the remain- 
ing one of the first two shall have to the other the same ratio which the re- 
maining one of the last two has to the other of these. 
Let AB, BE, CD, DF be the magnitudes, taken jointly which 
are proportionals ; 
that is, as AB to BE, so let CD be to DF. 
Then they shall also be proportionals taken separately, 
viz. as AZ to LB, so shall CF be to FD. 
G HK x L MN _ P 
' i] ' ! 


A EB FD 


‘ead AL, PB, CF, FD any equimultiples whatever GX, HK, 
LLM, MN : 
and again, of LB, /'D take any equimultiples whatever AX, VP. 
Then because G// is the same multiple of AZ, that //K is of LB, 
therefore (// is the same multiple of AZ, that GA is of AB; (v. 1.) 
but @/7 is the same multiple of AZ, that LM is of CF: 
therefore GJ’ is the same multiple of AB, that LM is of CF. 
Again, because L./ is the same multiple of C7, that ALN is of FD; 
therefore L./ is the same multiple of CF, that LN is of CD: (v.1.) 
but ZV was shewn to be the same multiple of CF, that GZ is of AB; 
therefore GA is the same multiple of AZ, that LN is of CD; 
that is, GA, LN are equimultiples of AB, CD. 

Next, because //A’ is the same multiple of “AB, that ALN is of FD ; 
and that A-X is also the same multiple of 2B, that VP is of FD; 
therefore //X is the same multiple of 2B, that MP isof FP. (v. 2.) 
And because AB is to BE, as CD) is to DF, (hyp.) 
and that of AB and CD, GK and LN are equimultiples, 
and of EB and FD), HX and MP are equimultiples ; 
therefore if GA be greater than //X, then LN is greater than MP; 
and if equal, equal; and if less, less: (v. def. 5.) 
but if GH be greater than ALX, 
then, by adding the common part // to both, 

GK is greater than JLX ; (1. ax. 4.) 
wherefore also LN is greater than AJP; 
and by taking away JLN from both, 

EM is greater than NP: (1. ax. 5.) 
therefore, if G7 be greater than AX, 

LI is greater than V7. 

In like manner it may be demonstrated, 
that if GHZ be equal to WX, 

EM is equal to NP; and if less, less : 
but G77, LM are any equimultiples whatever of AZ, CF, (constr.) 
and JX, NP are any whatever of LB, FD: 
therefore as AF isto EB, sois CF to FD. (vy. def. 5.) 

If then magnitudes, &c.  Q.4.p. 
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PROPOSITION XVII. THEOREM, 


If magnitudes, taken separately, be proportionals, they shall also be pro- 
portionals when taken jointly : that is, if the first be to the second, as the 
third to the fourth, the first and second together shall be to the second, as the 
third and fourth together to the fourth. 


Let AH, EB, CF, FD be proportionals ; 
that is, as AH’ to HB, so let CF’ be to FD. 
Then they shall also be proportionals when taken jointly ; 
that is, as AB to LEH, so shall CD be to DF’. 


G KO. 2 Li NPM 
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Take of AB, BE, CD, DF any equimultiples whatever GH, HK, 
IM, UN; 
and again, of BL, D#' take any equimultiples whatever KO, NP: 
and because AO, VP are equimultiples of BH, DF’; 
and that AH, NW are likewise equimultiples of BH, DF; 
therefore, if AO, the multiple of BZ, be greater than AH, which is 
a multiple of the same BE, 
then VP, the multiple of D/, is also greater than NM, the multiple 
of the same Di’; 
and if AO be equal to KH, 
NP is equal to VM; and if less, less. 
First, let XO be not greater than HH ; 
therefore VP is not greater than VU: 
and because GH, HK, are equimultiples of AB, BE, 
and that AB is greater than BE, 
therefore GH is greater than HX; (v. ax. 3.) 
but 4O is not greater than XH; 
therefore GZ is greater than HO. 
In like manner it may be shewn, that Z/ is greater than WP. 
Therefore, if XO be not greater than AZ, 
then GH, the multiple of AB, is always greater than JO, the mul- 
tiple of BZ; ; 
and likewise LM, the multiple of OD, is greater than WP, the mul- 
tiple of DF. 
Next, let HO be greater than AH; 
therefore, as has been shewn, VP is greater than VM. 


er”, ao L N MP 
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And because the whole GZ is the same multiple of the whole 
AB, that HK is of BE, 
therefore the remainder @/ is the same multiple of the remain- 
der A# that GH is of AB, (v. 5.) 
which is the same that Lis of OD. 
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In like manner, because ZY is the same multiple of CD, that ZN 
is of DE, 
. therefore the remainder ZN is the same multiple of the re- 
mainder (F, that the whole ZY is of the whole CD: (v. 5.) 
but it was shewn that LV is the same multiple of CD, that GX 
is of AL; 
therefore GK is the same multiple of AZ, that LN is of CF; 
that is, GA, LN are equimultiples of AZ, CF. 
And because AO, NP are equimultiples of BE, DF, 
therefore if from AKO, NP there be taken AH, VM, which are 
likewise equimultiples of BE, DF, 
the remainders HO, WP are either equal to BE, DF, or eyqui- 
multiples of them. (vy. 6.) 
First, let HO, MP be equal to BE, DF: 
then because AY is to EB, as CF to FD, (hyp.) 
and that Gt, LN are equimultiples of AZ, OF; 
therefore GX is to LB, as LN to FD: (v. 4. Cor.) 
but /7O is equal to LB, and MP to FD; 
wherefore GX is to HO, as LN to MP; 
therefore if GA be greater than HO, LN is greater than MP; (v. a.) 
and if equal, equal; and if less, less. 
But let 70, MP be equimultiples of LB, FD. 
Then because AZ is to LB, as VF to FD, (hyp.) 


G K W oO L N M P 


and that of A/, CF are taken equimultiples GA, LN; 
and of LB, FD, the equimultiples 7O, MP; 
if GX be greater than HO, LN is greater than MP; 
and if equal, equal; and if less, less; (v. def. 5.) 
which was likewise shewn in the preceding case. 
But if G// be greater than AO, 
taking A// from both, GA is greater than 70; (1. ax. 5.) 
wherefore also LN is greater than MP; 
and consequently adding VV to both, 
LM is greater than NP: (1. ax. 4.) 
therefore, if G// be greater than HO, 
LM is greater than VP. 
In like manner it may be shewn, that if G/7 be equal to HO 
LM is equal to NP; and if less, less. ‘ 
And in the ease in which AO is not greater than A//, 
it has been shewn that @G// is always greater than KO, 
and likewise LM greater than VP: 
but GH, LM are any equimultiples whatever of AB, CD, (constr. 
and AO, VP are any whatever of BE, DF; 
therefore, as AB is to BE, so is CD to DF. (vy. def. 5.) 
If then magnitudes, &c. Q.E.p. 
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PROPOSITION XIX. THEOREM. 


If a whole magnitude be to a whole, as a magnitude taken from the first 
ts to a magnitude taken from the other ; the remainder shall be to the re- 
mainder as the whole to the whole. : 


Let the whole AB be to the whole CD, as AZ a magnitude taken 
from ABisto CFa magnitude taken from CD, 
Then the remainder “EB shall be to the remainder 7D, as ine 
whole AB to the whole CD. 


te) B 
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Because AB is to CD, as AE to CF: 
therefore alternately, BA is to AH, as DC to CF: (v. 16.) 

and because if magnitudes taken jointly be proportionals, they are 

also proportionals, when taken separately; (v. 17.) 

therefore, as BH is to HA, sois DF to FC; 
and alternately, as BH is to DF, so is HA to FC: 
but, as AH to CF, so, by the hypothesis, is AB to CD; 

therefore also BE’ the remainder is to the remainder DF, ’as the 

whole AB to the whole CD. (v. 11.) 

Wherefore, if the whole, &c. Q.z.p. 

Cor.—If the whole be to the whole, as a magnitude taken from 
the first is to a magnitude taken from the other; the remainder 
shall likewise be to the remainder, as the magnitude taken from the 
first to that taken from the other. The demonstration is contained 
in the preceding. 


PROPOSITION E. THEOREM. 


Tf four magnitudes be proportionals, they are also proportionals by con- 
version ; that is, the first is to its excess above the second, as the third to its 
excess above the ‘four th. 


Let AB be to BE, as CD to DF. 
Then BA shall be to AF, as DC to CF. 


A E B 
1 
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Because AB is to BE. as CD to DF, 
therefore by division, A £’is to EB, as CF to FD; (v. 17.) 
and by inversion, BB is to HA, as DF isto CF; (vy. B.) 
wherefore, by composition, BA is to AE, as DC is to OF. (v. 18.) 
If therefore four, &c. Q.E.D. 


10* 
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PROPOSITION XX. THEOREM. 


If there be three magnitudes, and other three, which, taken two and two, 
have the same ratio; then if the first be greater than the third, the fourth 
shall be greater than the sixth; and if equal, equal ; and if less, less. 


Let A, B, C be three magnitudes, and D, £, / other three, which 
taken two and two have the same ratio, « 
viz. as A is to B, so is D to F; 
and as Bto C, sois F to F. 
If A be greater than C, D shall be greater than F; 
and if equal, equal; and if less, less. 


; en [on 0 
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Because A is greater than C, and 2B is any other magnitude, 
and that the greater has to the same magnitude a greater ratio than 

the less has to it; (v. 8.) 

therefore A has to Ba greater ratio than Chas to B: 
but as D is to EL, so is A to B; (hyp.) 
therefore D has to # a greater ratio than Oto B: (v. 13.) 
and because 2B is to C, as £ to F, 
by inversion, Cis to B, as /’is to E: (v. B.) 
and D was shewn to have to # a greater ratio than 0 to B: 
therefore D has to # a greater ratio than / to #: (vy. 13. Cor.) 

but the magnitude which has a greater ratio than another to the 

same magnitude, is the greater of the two; (v. 10.) 

therefore J is greater than / 
Secondly, let A be equal to C. 
Then PD shall be equal to / 


A B Cc 
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Because A and ( are equal to one another, 

A is to B, as C is to B: (v. 7.) 

but A is to B, as D to FL; (hyp.) 

and (is to B, as F’to £; (hyp.) 

wherefore D is to FE, as F' to L; (vy. 11. and y. B.) 
and therefore D is equal to F (v. 9.) 

Next, let A be less than C. 
Then DP shall be less than /° 


A R—— a 
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For ( is greater than A ; 
and as was shewn in the first case, ( is to B, as F to £, 
and in like manner, 2 is to A, as Eto Dd; 
therefore /'is greater than D, by the first case ; 
that is, D is less than / 
Therefore, if there be three, &e.  Q.e.p. 
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PROPOSITION XXI. THEOREM. 


If there be three magnitudes, and other three, which have the same ratia 
taten two and two, but in a cross order ; then if the first magnitude be 
greacer chan the third, the fourth shall be greater than the sixth; and if 
egal, equal; and if less, less. 

Let A, B, C be three magnitudes, and D, &, F other three, 
which have the same ratio, taken two and two, "but in a cross ordery 
viz. as A is to Bso is Bto F 
and as Bis to C, so is D to E. 

If A be greater than C, D shall be greater than F/’; 
and if equal, equal; and if less, less. 
/ eo a Cc 
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Because A is greater than CO, and B is any other magnitude, 
A has to # a greater ratio than ( has to B: (v. 8.) 
but as # to Ff, so is A to B; (hyp.) 
therefore / has to F’a greater ratio than C to B: (v. 13.) 
and because Bis to (, as D to #; (hyp.) 
by inversion, Cis to B, as Hto D: 
and / was shewn to have to f’a greater ratio than C has to B; 
therefore / has to /’a greater ratio than / has to D: (vy. 18. Cor.) 
but the magnitude to which the same has a greater ratio than it has 
to another, is the less of the two: (v. 10.) 
therefore Fis less than D; 
that is, D is greater than /% 
Secondly, let A be equal to C; 
D shall be equal to / 


A pueees om 
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Because A and @ are equal, 
A is to. B, as Cis to Bs. (v. 7.) 
but A is-to B, as # to F’; (hyp.) 
and Cisto B,as Hto D; . 
wherefore Fis to F, as £' to D; (vy. 11.) 
and therefore D is equal to F (v. 9.) 
Next, let A be less than @: 
D shall be less than 
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For Cis greater than 4; 
and as was shewn, 0 is to B, as F to D, 
and in like manner, ZB is to A, as F' to F; 
therefore Fis greater than D, by case first ; 
that is, D is less than 
Therefore, if there be three, &. @z.p. 
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PROPOSITION XXII. THEOREM. 


If there be any number of magnitudes, and as many others, which taken 
two and two in order, have the same ratio; the first shall have to the last o 
the first magnitudes, the same ratio which the first has to the last of t 
others. N. B. This is usually cited by the words “tex equali,” or ‘ ex 
zequo.” 


First, let there be three magnitudes A, B, C, and as many others 
D, FE, F, which taken two and two in order, have the same ratio. 
that is, such that A is to B, as D to £; 
and as Bis to CO, sois Hto &% 
Then A shall be to CG, as Dto &. 


——{$<— s rE —_ . 
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Take of A and D any equimultiples whatever G and H; 
and of 2 and # any equimultiples whatever A and L; 
and of Cand F’ any whatever M and NV: 
then because A is to B, as D to £, 
and that G, 1 are equimultiples of A, D, 
and A, Z equimultiples of B, £; 
therefore as @ is to K, so is H to L: (v. 4.) 
for the same reason, A isto Mas L to NV: 
and because there are three magnitudes G, A, J/, and other three 
H, L, N, which two and two have the same ratio; 
therefore if G be greater than A/, H is greater than NV; 
and if equal, equal; and if less, less; (v. 20.) 
but @, 7 are any equimultiples whatever of A, D, 
and /, N are any equimultiples whatever of C, /’; (constr.) 
therefore, as A is to C, so is D to Ff. (v. def. 5.) 
Next, let there be four magnitudes A, B, C, D, 
and other four /, /, G, H, which two and two have the same ratio, 
viz. as A is to B, so is F to F; 
and as B to C, so F to G; 
and as (to D, so G to H. 

Then A shall be to D, as Eto 


oe 
E.F.G.1 


Because A, B, CO are three magnitudes, and F£, /, @ other three, 
which taken two and two, have r 2 same ratio ; 
therefore by the foregoing case, A is to C, as Eto G: 
but Cis to D, as G is to 1; 
wherefore again, by the first case A is to D, as F to A: 
and so on, whatever be the number of magnitudes. 
Therefore, if there be any number, &c. Q.E.D. 
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PROPOSITION XXIII. THEOREM. 


If there be-any number of magnitudes, and as many others, which taken 
two and two in a cross order, have the same ratio; the first shall have to the 
last of the first magnitudes the same ratio which the jirst has to the last of 
the others. N B, This is usually cited by the words ‘‘ex equali in propor- 
tione perturbata ;” or ‘“‘ex equo perturbato.” 


First, let there be three magnitudes A, B, C, and other three D, 
, F, which taken two and two in a cross order have the same ratio, 
that is, such that 4 is to B, as to £; 
and as B is to C, so is D to £. 
Then A shall be to C, as D to F. 
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Take of A, B, D any equimultiples whatever G, H, X; 
and of 0, #, F any equimultiples whatever Z, I, NV: 
and because @, H are equimultiples of A, B, 
and that magnitudes have the same ratio which their equimul- 
tiples have; (v. 15.) 
‘therefore as 4 is to B, so is G to H: 
and for the same reason, as # is to F, so is Ito NV: 
but as A is to B, sois # to #3; (hyp.) 
therefore as G is to H, so is M to N: (vy. 11.) 
and because as B is to CO, so is D to’ £, (hyp.) 
and that 7, A are equimultiples of B, D, and L, M of 0, £; 
therefore as His to LZ, so is K to M: (v. 4.) 
and it has been shewn that @ is to H, as A/ to NV: 
therefore, because there are three magnitudes @, H, Z, and other 
three A, MW, N, which have the same ratio taken two and two in a 
cross order ; 
if G be greater than Z, is greater than V: 
and if equal, equal; and if less, less: (v. 21.) 
but G, & are any equimultiples whatever of A, D; (constr.) 
and Z, N any whatever of C, F; 
therefore as A is to C,sois Dto F. (vy. def. 5.) 
Next, let there be four magnitudes A, B, CO, D, and other four 
E, F, G, H, which taken two and two in a cross order have the 
same ratio, 
viz. A to B, as Gto A; 
Bto C, as Fto G; 
and (to D, as Eto F. 
Then A shall be to D, as £ to ZH. 


A.B.C.D 
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Because A, B, CO are three magnitudes, and F, G, H other three, 
which taken two and two in a cross order, have the same ratio ; 
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by the first case, A is to OC, as /’' to H; 
but Cis to D, as His to F; 
wherefore again, by the first case, A is to D, as # to H; 
and so on, whatever be the number of magnitudes. 
Theretore, if there be any number, &c. Q.£.D. 


PROPOSITION XXIV. THEOREM. 


Tf the first has to the second the same ratio which the third has to the 
fourth ; and the fifth to the second the same ratio which the sixth has to the 
fourth ; the first and jf together shall have to the second, the same ratio 
which the third and sixth together have to the fourth. 


Let AB the first have to @ the second the same ratio which DZ 
the third has to /’ the fourth; 

and Jet BG the fifth have to 0 the second the same ratio which 

EH the sixth has to #/’' the fourth. 

Then AG, the first and fifth together, shall have to @ the second, 
the same ratio which DZ, the third and sixth together, has to / the 
fourth. 

A B_G D " it 
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Because BC is to C, as FT to F; 
by inversion, Cis to BG, as F to EH: (v. B.) 
and because, as AB is to C, so is DE to F; (hyp.) 
and as (' to BG, so is F to 1H; 
ex mquali, AB is to BG, as DE to EH: (v. 22.) 
and because these magnitudes are proportionals when taken separately, 
they are likewise proportionals when taken jointly; (v. 18.) 
therefore as A@ is to GB, so is DH to HE: 
but as GB to C, so is HE to F: (hyp.) 
therefore, ex wquali, as AG is to 0, sois DH to F. (vy. 22.) 
Wherefore, if the first, &e. Q.B.p. 

Cor. 1.—If the same hypothesis be made as in the proposition, the 
excess of the first and fifth shall be to the second, as the excess of the 
third and sixth to the fourth. The demonstration of this is the same 
with that of the proposition, if division be used instead of composition. 

Cor. 2.—The proposition holds true of two ranks of magnitudes, 
whatever be their number, of which each of the first rank has to the 
second magnitude the same ratio that the corresponding one of the 
second rank has to a fourth magnitude: as is manifest. 


PROPOSITION XXV. THEOREM. 


If four magnitudes of the same kind are proportionals, the greatest and 
least of them together are greater than the other two together, 


Let the four magnitudes AB, CD, £, F be proportionals, 
viz. AB to CD, as FE to F; 


and let AP be the greatest of them, and consequently J’ the least 
(v. 14. and a.) 
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Then AB together with /’ shall be greater than OD together with £ 
A G B GO HD 


z ee F 


Take AG equal to £, and CH equal to &% 
Then because as AB is to CD, so is £ to £, 
and that AG is equal to £, and CH equal to F, 
therefore AB is to CD, as AG to CH: (v. 11, and 7.) 
and because AZ the whole, is to the whole CD, as AG is to CH, ; 
likewise the remainder GP is to the remainder HD, as the whole 
_AB is tothe whole CD: (vy. 19.) 
but AB is greater than CD; (hyp.) 
therefore GB is greater than HD; (v. A.) 
and because AG is equal to #, and CH to F; 
AG and F together are equal to CH and F together: (1. ax. 2.) 
therefore if to the unequal magnitudes GB, HD, of which GB is 
the greater, there be added equal magnitudes, viz. to GB the two 
AG and /, and CH and £ to HD; 
AB and F together are greater than CD and &. (1. ax. 4.) 
Therefore, if four magnitudes, &c. Q.E.D. 


PROPOSITION F. THEOREM. 
Ratios which are compounded of the same ratios, are the same to one another. 


Let A be to B, as Dto #; and Bto C, as F to F. 
Then the ratio which is compounded of the ratios of A to B, and 
B to: G, 
which, by the definition of compound ratio, is the ratio of A to C, 
shall be the same with the ratio of D to £, which, by the same 
definition, is compounded of the ratios of D to &, and Z' to # 
owe ae | 
Dun. # 


Because there are three magnitudes A, 5, C, and three others D, £, F, 
which, taken two and two, in order, have the same ratio; 
ex equali, A isto C,as Dto Ff. (v. 22.) 
Next, let A be to B, as L to /, and B to C, as D to £: 


A.B.O 
D.E.F 


therefore, ex equali in proportione perturbata, (vy 23.) 
A is to C, as D to F; 
that is, the ratio of A to C, which is compounded of the ratios of 
A to B, and B to C, is the same with the ratio of D to F, which is 
compounded of the ratios of D to £, and Eto F. 
And in like manner the proposition may be demonstrated, what- 
ever be the number of ratios in either case. 
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PROPOSITION G. THEOREM. 


If several ratios be the same to several ratios, each to each, tne ra, 
which is compounded of ratios which are the same to the first ratios, each to 
each, shall be the same to the ratio compounded of ratios which are the same 
to the other ratios, each to each. 


Let A be to B, as to F; and Cto D, as G to FE: 
and let A be to B, as Ato L; and (to D; as Lto M. 
Then the ratio of K to 
by the definition of compound ratio, is compounded of the ratios 
of X to Z, and Z to M, which are the same with the ratios of A to B 
and (to D. 
Again, as Z to F, so let VN be to O; and as @ to H, so let O be to P. 
Then the ratio of V to P is compounded of the ratios of V to 0, 
ane Oto P, which are the same with the ratios of F to /, and ¢ 
to HL: : 
and it is to be shewn that the ratio of 4 to J, is the same with 
the ratio of N to P; 
or that A is to M, as N to P. 


ABO D.E.L. 
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Because X is to LZ, as(A to B, that is, as # to F, that is, as) V to 0: 
and as L to VW, so is (0 to D, and so is & to H, and so is) O to P: 
ex quali, A isto M,as Nto P. (v. 22.) 
Therefore, if several ratios, &e. Q.n.D. 


PROPOSITION H. THEOREM. 


Tf a ratio which is compounded of several ratios be the same to a ratia 
which is compounded of several other ratios ; and if one of the first ratios, of 
the ratio which is compounded of several of them, be the same to one of the 
last ratios, or to the ratio which is compounded of several of them; then the 
remaining ratio of the first, or, if there be more than one, the ratio com 
pounded of the remaining ratios, shall be the same to the remaining ratio of 
the last, or, if there be more than one, to the ratio compounded of these re 
maining ratios. 


Let the first ratios be those of A to B, Bto C, Cto D, D to B, 
and # to Ff; ‘ 

nee et other ratios be those of @ to 7, 7 to K, K to L, and 

to Mm; 

also, let the ratio of A to /, which is compounded of the first 
ratios, be the same with the ratio of @ to M, which is compounded 
of the other ratios; 

and besides, let the ratio of A to D, which is compounded of the 
ratios of A to B, B to C, CO to D, be the same with the ratio of G te 
4, which is compounded of the ratios of G to H, and H to K. 

Then the ratio compounded of the remaining first ratios, to wit, of 
the ratios of D to £, and / to /, which compounded ratio is the ratio 
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of D to F, shall be the same with the ratio of X to Mf, which is com- 
pounded of the remaining ratios of A to Z, and Z to If of the other 
ratios. ; 


PAE Ss eCO\q0 Dad Day i 
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Because, by the hypothesis, 4 is to D, as G to Ky: 
by inversion, D is to A, as K to G; (v. B.) 
and as A is to /, sois G to I; (hyp.) 
therefore, ex equali, Dis to /, as Kto M. (v. 22.) 
If, therefore, a ratio which is, &c. QED. 


PROPOSITION K. THEOREM. 


Tf there be any number of ratios, and any number of other ratios, such, 
thut the ratio which is compounded of ratios which are the same to the first 
ratios, each to each, is the same to the ratio which is compounded of ratios 
which are the same, each to each, to the last ratios ; and if one of the first 
ratios, or the ratio which is compounded of ratios which are the same to sev- 
eral of the first ratios, each to each, be the same to one of the last ratios, or 
to the ratio which is compounded of ratios which are the same, each to each, 
to several of the last ratios; then the remaining ratio of the first, or, if there 
be more than one, the ratio which is compounded of ratios which are the same 
each to cach to the remaining ratios of the first, shall be the same to the re- 
maining ratio of the last, or, if there be more than one, to the ratio which is 
compounded of ratios which are the same each to each to these remaining 
ratios. 


Let the ratios of A to B, Cto D, F to F, be the first ratios: 

and the ratios of G to H, K to L, to N, O to P, Q to &, be the 

other ratios: 

and let A be to B, as Sto 7; and C'to D, asT to V; and Lto Ff, 

as Vto X: * 

therefore, by the definition of compound ratio, the ratio of Sto _X is 
compounded of the ratios of Sto 7, 7’ to V, and V to X, which are 
the same to the ratios of A to B, Cto D, Hto #: each to each. 

Also, as G to H, so let Y be to Z; and KX to L, as Ztoa; 
Mito N, asatob; Oto P,asbtoc; and Yto R, asctod: 
therefore, by the same definition, the ratio of Y tod is compounded 
of the ratios of Y to Z, Z to a, a to 6, b toc, and ¢ to d, which are the 
same, each to each, to the ratios of @ to H. K to LZ, Ito ‘NV, Oto P 
and @ to R: 
therefore, by the hypothesis, Sis to _X, as Y to d. 

Also, let the ratio of A to B, that is, the ratio of Sto 7, which is 
one of the first ratios, be the same to the ratio of e to g, which is com- 
pounded of the ratios of e to f, and f to g, which, by the hypothesis, 
are the same to the ratios of @ to H, and & to Z, two of the othe: 
ratios ; 

and let the ratio of A to 7 be that which is compounded of the 
ratios of 4 to &, and & to 7, which are the same to the remaining first 
ratios, viz. of (to D, and £ to F; 
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also, let the ratio of m to p, be that which is compounded of the 
ratios of m to n, n to 0, and o to p, which are the same, each to each, 
to the remaining other ratios, viz. of 1 to N, O to P, and @ to R. 

Then the ratio of 4 to 7 shall be the same to the ratio of m to p; or 

h shall be to J, as m to p. 


h, k, 1. 
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Because ¢ is to, 7, as (@ to ZH, that is, as) Y to Z; 
and 7 is to g, as ( to ZL, that is, as) Z to a; 
therefore, ex wquali, eis to g, as Y to a: (v. 22.) 
and by the hypothesis, A is to B, that is, Sto 7) as e tog; 
wherefore Sis to 7, as Y to a; (v. 11.) 
and by inversion, 7’is to S, as ato Y: (v. B.) 
but Sis to X, as Y to D; (hyp.) 
therefore, ex «quali, 7’ is to X, as a to d: 
also, because / is to /, as (C to D, that is, as) 7’ to V; (hyp.) 
and & is to las (# to J, that is, as) V to X; 
therefore, ex wequali, / is to 1, as Tto X; 
in like manner, it may be demonstrated, that m is to p, as a to d; 
and it has been shewn, that 7'is to _X, as a to d; 
therefore his to/,asmtop. (v. 11.) QED. 

The propositions G and A are usually, for the sake of brevity, 
expressed in the same terms with propositions and H: and there- 
fore it was proper to shew the true meaning of them when they are 
sv expressed ; especially since they are very frequently made use of 
by geometers. 


NOTES TO BOOK V. 


In the first four Books of the Elements are considered, only the absolute 
equality and inequality of Geometrical magnitudes. The Fifth Book contains 
an exposition of the principles whereby a more definite comparison may be 
instituted of the relation of magnitudes, besides their simple equality or in- 
equality. 

The doctrine of Proportion is one of the most important in the whole 
course of mathematical truths, and it appears probable that if the subject 
were read simultaneously in the Algebraical and Geometrical form, the in- 
vestigations of the properties, under both aspects, would mutually assist each _, 
other, and both become equally comprehensible; also their distinct charac- 
ters would be more easily perceived. 

Def. 1., u. In the first Four Books the word part is used in the same 
sense as we find it in the ninth axiom, ‘‘ The whole is greater than its part: ” 
where the word part means any portion whatever of any whole magnitude : 
but in the Fifth Book, the word part is restricted to mean that portion of 
magnitude which is contained an exact number of times in the whole. For 
instance, if any straight line be taken two, three, four, or any number of times 
another straight line, by Euc. 1. 3; the less line is called a part, or rather a 
submultiple of the greater line; and the greater, a multiple of the less line. 
The multiple is composed of a repetition of the same magnitude, and these 
definitions suppose that the multiple may be divided into its parts, any one of 
which is a measure of the multiple. And it is also obvious that when there 
are two magnitudes, one of which is a multiple of the other, the two magni- 
tudes must be of the same kind, that is, they must be two lines, two angles, 
two surfaces, or two solids: thus, a triangle is doubled, trebled, &c., by 
doubling, trebling, &c., the base, and completing the figure. The same may 
be said of a parallelogram. Angles, arcs, and sectors of equal circles may be 
doubled, trebled, or any multiples found by Prop. xxv1.—xx1x., Book m1. 

Two magnitudes are said to be commensurable when a third magnitude 
of the same kind can be found which will measure both of them; and this 
third magnitude is called their common measure : and when it is the greatest 
magnitude which will measure both of them, it is called the greatest common 
measure of the two magnitudes; also when two magnitudes of the same kind 
have no common measure they are said to be incommensurable. The same 
terms are also applied to numbers. 

Unity has no magnitude, properly so called, but may represent that por- 
tion of every kind of magnitude which is assumed as the measure of all mag- 
nitudes of the same kind. The composition of unities cannot produce 

eometrical magnitude; three units are more ¢ nwmber than one unit, but 

dill as much different from magnitude as unity itself. Numbers may be 
considered as quantities, for we consider every thing that can be exactly 
measured, as a quantity. 

Unity is a common measure of all rational numbers, and all numerical 
reasonings proceed upon the hypothesis that the unit is the same throughout 
the whole of any particular process. Kuclid has not fixed the magnitude of 
any unit of length, nor made reference to any unit of measure of angles, 
surfaces, or volumes. Hence arises an essential difference between number 
and magnitude; unity, being invariable, measures all rational numbers; but 
though any quantity be assumed as the unit of magnitude, it is impossible to 
assert that this assumed unit will measure all other magnitudes of the same kind. 
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All whole numbers therefore are commensurable ; for unity is their com- 
mon measure: also all rational fractions, proper or improper, are commen’ 
surable ; for any such fractions may be reduced to other equivalent fractions 
having one common denominator, and that fraction whose denominator is 
the common denominator, and whose numerator is unity, will measure any 
one of the fractions. Two magnitudes having a common measure can be 
represented by two numbers which express the number of times the common 
measure is contained in both the magnitudes. 

But two incommensurable magnitudes cannot be exactly represented by 
any two whole numbers or fractions whatever; as, for instance, the side of a 
square is incommensurable to the diagonal of the square. For it may be 
shewn numerically, that if the side of the square contain one unit of length, 
the diagonal contains more than one, but less than two units of length. If 
the side be divided into 10 units, the diagonal contains more than 14, but 
less than 15 such units. Also if the*side contains 100 units, the diagonal 
contains more than 141, but less than 142 such units. It is also obvious, 
that as the side is suecesstvely divided into a greater number of equal parts, 
the error in the magnitude of the diagonal will be diminished continually, 
but never can be entirely exhausted; and therefore into whatever number 
of equal parts the side of a square be divided, the diagonal will never con- 
tain an exact number of such parts. Thus the diagonal and side of a square 
having no common measure, cannot be exactly represented by any two 
numbers. 

The term equimultiple in Geometry is to be understood of magnitudes 
of the same kind, or of different kinds, taken an equal number of times, and 
implies only a division of the magnitudes into the same number of equal 
parts. Thus, if two given lines are trebled, the trebles of the lines are equi- . 
multiples of the two lines: and if a given line and a given triangle be trebled, 
the trebles of the line and triangle are equimultiples of the line and triangle: 
as (vi. 1. fig.) the straight line //C and the triangle A//C are equimultiples 
of the line BC and the triangle ABC: andin the same manner, (VI. 88. fig.) 
the are HN and the angle #//N are equimultiples of the are “F' and the 
angle LHF. 

Def. 11. Adyos ear B00 peyedav duoyevav } Kara mndudrynTa mpds 
BAAnAa Tod oxéois. By this definition of ratio is to be understood the con- 
ception of the mutual relation of two magnitudes of the same kind, as two 
straight lines, two angles, two surfaces, or two solids. To prevent any mis- 
conception, Def. rv. lays down the criterion, whereby it may be known what 
kinds of magnitude can have a ratio to one another; namely, Aéyor few 
mpos GAANAG weyédn Aéyera, & Sivara ToAAaTAacaCSueva GAAHAwY brepé- 
xew. ‘*Magnitudes are said to have a ratio to one another, which, when 
they are multiplied, can exceed one another ;” in other words, the magni- 
tudes which are capable of mutual comparison must be of the same kind, 
The former of the two terms is called the antecedent; and the latter, the 
consequent of the ratio. If the antecedent and consequent are equal, the 
ratio is called a ratio of equality; but if the antecedent be greater or less 
than the consequent, the ratio is called a ratio of greater or of less inequality. 
Care must be taken not to confound the expressions “ratio of equality” and 
‘ equality of ratio:” the former is applied to the terms of a ratio when they, 
the antecedent and consequent, are equal to one another, but the latter, to 
two or more ratios, when they are equal. 

Arithmetical ratio has been defined to be the relation which one number 
bears to another with respect to guotity ; the comparison being made by 
considering what multiple, part or parts, one number is of the other, 
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An arithmetical ratio, therefore, is represented by the quotient which 
arises from dividing the antecedent by the consequent of the ratio; or by the 
fraction which has the antecedent for its numerator and the consequent for 
tts denominator. Hence it will at once be obvious that the properties of 
arithmetical ratios will be made to depend on the properties of fractions. 

It must ever be borne in mind that the subject of Geometry is not num- 
ber, but the magnitude of lines, angles, surfaces, and solids; and its object 
is to demonstrate their properties by a comparison of their absolute and rela- 
tive magnitudes. 

Also, in Geometry, multiplication is only a repeated addition of the 
same magnitude; and division is only a repeated subtraction, or the taking 
of a less magnitude successively from a greater, until there be either no 
remainder, or a remainder less than the magnitude which is successively 
subtracted. 

The Geometrical ratio of any two given magnitudes of the same kind will 
obviously be represented by the magnitudes themselves; thus, the ratio of 
two lines is represented by the lengths of the lines themselves; and, in the 
same manner, the ratio of two angles, two surfaces, or two solids, will be 
properly represented by the magnitudes themselves. 

In the definition of ratio as given by Euclid, all reference to a third mag- 
nitude of the same geometrical species, by means of which, to compare the 
two, whose ratio is the subject of conception, has been carefully avoided. 
The ratio of the two magnitudes is their relation one to the other, without 
the intervention of any standard unit whatever, and all the propositions dem- 
onstrated in the Fifth Book respecting the equality or inequality of two or 
more ratios, are demonstrated independently of any knowledee of the exact 
numerical measures of the ratios; and their generality includes all ratios, 
whatever distinctions may be made, as to the terms of them being commen- 
surable or incommensurable. 

In measuring any magnitude, it is obvious that a magnitude of the same 
kind must be used ; but the ratio of two magnitudes may be measured by 
every thing which "has the property of quantity. Two straight lines will 
measure the ratio of two triangles, or parallelograms (vt. 1. fic.) : and two 
triangles, or two parallelograms, will measure the ratio of two straight lines. 
It would manifestly be absurd to speak of the line as measuring the triangle, 
or the triangle measuring the line. (See notes on Book 11.) 

The ratio of any two quantities depends on their relative and not their 
absolute magnitudes; and it is possible for the absolute magnitude of two 
quantities to be changed, and their redatéve magnitude to continue the same 
as before ; and thus, the same ratio may subsist between two given magni- 
tudes, and any other two of the same kind. 

In this method of measuring Geometrical ratios, the measures of the 
ratios are the same in number as the magnitudes themselves. It has, how- 
ever, two advantages; first, it enables us sto pass from one kind of magni- 
tude to another, and thus, independently of any numerical measure, to insti- 
tute a comparison between such magnitudes as cannot be directly compared 
with one another: and secondly, the ratio of two magnitudes of the same 
kind may be measured by two straight lines, which form a simpler measure 
of ratios than any other kind of magnitude. 

But the simplest method of all would be, to express the measure of the 
ratio of two magnitudes by one; but this cannot be done, unless the two 
magnitudes are commensurable. If two lines AB, CD, one of which AB 
contains 12 units of any length, and the other CD contains 4 units of the 
same length; then the ratio of the line AB to the line CD, is the same as the 
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ratio of the number 12 to 4. Thus, two numbers may represent the ratia 
of two lines when the lines are commensurable. In the same manner, two 
numbers may represent the ratio of two angles, two surfaces, or two solids. 

Thus, the ratio of any two magnitudes of the same kind may be ex- 
pressed by two numbers, when the magnitudes are commensurable. By 
this means, the consideration of the ratio of two magnitudes is changed to 
the consideration of the ratio of two numbers, and when one number is 
divided by the other, the quotient will be a single number or a fraction, 
which will be a measure of the ratio of the two numbers, and therefore of 
the two quantities. If 12 be divided by 4, the quotient is 3, which meas- 
ures the ratio of the two numbers 12 and 4. Again, if besides the ratio 
of the lines AB and CD which contain 12 and 4 units respectively, we con- 
sider two other lines #F' and GH which contain 9 and 3 units respectively ; 
it is obvious that the ratio of the line #/' to G7 is the same as the ratio 
of the number 9 to the number 8. And the measure of the ratio of 9 to 
8 is 8. That is, the numbers 9 and 38 have the same ratio as the numbers 
12 and 4. 

But this is a numerical measure of ratio, and can only be applied strictly 
when the antecedent and consequent are to one another as one number to 
another. 7 

And generally, if the two lines AB, CD contain a and 6 units respee- 
tively, and g be the quotient which indicates the number of times the num- 
ber 6 is contained in a, then qg is the measure of the ratio of the two numbers 
aand 6: and if HF’ and GH contain ¢ and d units, and the number d be 
contained g times in ¢: the number a has to 6 the same ratio as the number 
c has to d. 

This is the numerical definition of proportion, which is thus expressed in 
Euclid’s Elements, Book vut., definition 20, ‘‘ Four numbers are propor- 
tionals when the first is the same multiple of the second, or the same part or 
parts of it, as the third is of the fourth.” ‘This definition of the proportion 
of four numbers, leads at once to an equation : 


P P ‘ a 

for, since a contains 5, ¢ times ; 5=% 
, ‘ : c 

and since ¢ contains d, g times ; q= 7 


a c 
theref -= -— 
eretore 5 d 


sonings on the proportion of numbers depend. 

If four numbers be proportionals, the product of the extremes is equal to 
the product of the means. 

For if a, 6, ¢, d be proportionals, or a: bs: ee: dh 


which is the fundamental equation upon which all the rea- 


ae 
Then Soar 1 
Multiply these equals by dd, 
_ abd — ebd . 
were 


or ad = be, 
that is, the product of the extremes is equal to the’ product of the means. 
And conversely, If the product of the two extremes be equal to the 
product of the two means, the four numbers are proportionals, 
For if a, 6, ¢, d, be four quantities, 
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such that ad = be, 


then dividing these equals by dd, therefore ; oa : ' 


Md SOs 2.6 Sd, 
or the first number has the same ratio to the second, as the third has to the 
fourth. 

If ¢ = 6, then ad = 0°; and conversely if ad = 07: then ; = “ 

These results are analogous to Props. 16 and 17 of the Sixth Book. 

Sometimes a proportion is defined to be the equality of two ratios. 

Def. vu. declares the meaning of the term analogy or proportion. The 
ratio of two lines, two angles, two surfaces or two solids, means nothing more 
than their relative magnitude in contradistinction to their absolute magni- 
tudes; and a similitude or likeness of ratios implies, at least, the two ratios 
of the four magnitudes which constitute the analogy or proportion. 

Def. rx. states that a proportion consists in three terms at least; the 
meaning of which is, that the second magnitude is repeated, being made the 
consequent of the first, and the antecedent of the second ratio. It is also 
obvious that when a proporticn consists of three magnitudes, all three are of 
the same kind. Def. v1. appears only to be a further explanation of what is 
implied in Def. vrit. 

Def. v. Proportion having been defined to be the simélitude of ratios, 
or more properly, the equality or identity of ratios, the fifth definition lays 
down a criterion by which two ratios may be known to be equal, or four 
magnitudes proportionals, without involving any inquiry respecting the four 
quantities, whether the antecedents of the ratios contain or are contained in 
their consequents exactly; or whether there are any magnitudes which meas- 
ure the terms of the two ratios. The eriterion only requires, that the rela- 
tion of the equimultiples expressed should hold good, not merely for any 
particular multiples, as the doubles or trebles, but for any multiples what- 
ever, whether large or small. 

This criterion of proportion may be applied to all Geometrical magnitudes 
which can be multiplied, that is, to all which can be doubled, trebled, quad- 
rupled, &e. But it must be borne in mind, that this criterion does not ex- 
hibit a definite measure for either of the two ratios which constitute the pro- 
portion, but only an undetermined measure for the sameness or equality of 
the two ratios. The nature of the proportion of Geometrical magnitudes 
neither requires nor admits of a numerical measure of either of the two 
ratios, for this would be to suppose that all magnitudes are commensurable. 
Though we know not the definite measure of either of the ratios, further 
than that they are both equal, and one may be taken as the measure of t!.e 
other, yet particular conclusions may be arrived at by this method: for by 
the test of proportionality here laid down, it can be proved that one magni- 
tude is greater than, equal to, or less than another: that a third propor- 
tional can be found to two, and a fourth proportional to three straight lines, 
also that a mean proportional can be found between two straight lines: and 
further, that which is here stated of straight lines may be extended to other 
Geometrical magnitudes. 

The fifth definition is that of equal ratios. The definition of ratio itself 
(defs. 8, 4) contains no criterion by which one ratio may be known to be 
equal to another ratio: analogous to that by which one magnitude is known 
to be equal to another magnitude (uc. 1. Ax. 8). The preceding definitions 
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(3, 4) only restrict the conception of ratio within certain limits, but lay down 
no test for comparison, or the deduction of properties. All Euclid’s reason- 
ings were to turn upon this comparison of ratios, and hence it was compe- 
tent to lay down a criterion of equality and inequality of two ratios between 
two pairs of magnitudes. In short, his effective definition is a definition of 
proportionals. 

The precision with which this definition is expressed, considering the 
number of conditions involved in it, is remarkable. Like all complete defi- 
nitions the terms (the subject and predicate) are convertible: that is, 

(a) If four magnitudes be proportionals, and any equimultiples be taken 
as prescribed, they shall have the specified relations with respect to ‘ great- 
er, greater,” Xe. 

(4) If of four magnitudes, two and two of the same Geometrical Spe- 
cies, it can be shewn that the prescribed equimultiples being taken, the 
conditions under which those magnitudes exist, must be such as to fulfil the 
criterion “ greater, greater, &c.”; then these four magnitudes shall be pro- 
portionals. 

It may be remarked, that the cases in which the second part of the eri- 
terion (‘‘equal, equal’ ’) can be fulfilled, are comparatively few: namely, 
those in which the given magnitudes, whose ratio is under consideration, are 
both exact multiples of some third magnitude—or those which are called 
commensurable. When this, however, is fulfilled, the other two will be ful- 
filled as a consequence of this. When this is not the case, or the magni- 
tudes are incommensurable, the other two criteria determine the propor- 
tionality. However, when no hypothesis respecting commensurability is 
involved, the contemporaneous existence of the three cases (“‘ greater, great- 
er; equal, equal; less, less”) must be deduced from the hypothetical condi- 
tions under which the magnitudes exist, to rendev the criterion valid. 

With respect to this test or criterion of the proportionality of four mag- 
nitudes, it has been objected, that it is utterly impossible to make trial 
of all the possible equimultiples of the first and third magnitudes, and 
also of the second and fourth. It may be replied, that the point in ques- 
tion is not determined by making such trials, but by shewing from the 
nature of the magnitudes, that whatever be the multipliers, if the mul- 
tiple of the first exceeds the multiple of the second magnitude, the mul- 
tiple of the third will exceed the multiple of the fourth magnitude, and 
if equal, will be equal, and if less, widd be less, in any case which may be 
taken. 

The Arithmetical definition of proportion in Book yi. Def. 20, even 
if it were equally general with the Geometrical definition in Book y. Def. 
5, is by no means universally applicable to the subject of Geometrical mag- 
nitudes, The Geometrical criterion is founded on multiplication, which 
is always possible. When the magnitudes are commensurable, the multi- 
ples of the first and second may be equal or unequal; but when ‘the magni- 
tudes are incommensurable, any multiples whatever of the first and second 
must be unequal; but the “Arithmetical criterion of proportion is founded 
on division, which is not always possible, Euclid has not shewn in Book y. 
how to take any part of a line or other magnitude, or that the two terms 
of a ratio have a common measure, and therefore the numerical definition 
could not be strictly applied, even in the limited way in which it may be 
applied. 

Number and Magnitude do not correspond in all their relations; and 
hence the distinction between Geometrical ratio and Arithmetica! ratios 
the former is a comparison cara wnAudrnra, according to quantity, but 
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the latter, according to quotity. The former gives an undetermined, though 
definite measure, in magnitudes; but the latter attempts to give the exact 
value in numbers. 

The fitth book exhibits no method whereby two magnitudes may he deter- 
mined to be commensurable, and the Geometrical conclusions deduced from 
the multiples of magnitudes are too general to furnish a numerical measure 
of ratios, being all independent of the commensurability or incommensura- 
bility of the magnitudes themselves. . 

It is the numerical ratio of two magnitudes which will more certainly 
discover whether they are commensurable or incommensurable, and hence, 
recourse must be had to the forms and properties of numbers. All num- 
bers and fractions are either rational or irrational. It has been seen that 
rational numbers and fractions can express the ratios of Geometrical mag- 
nitudes, when they are commensurable. Similar relations of incommen- 
surable magnitudes may be expressed by irrational numbers, if the Alge- 
braical expressions for such numbers may be assumed and employed in 
the same manner as rational numbers. The irrational expressions being 
considered the exact and definite, though undetermined, values of the 
‘atios, to which a series of rational numbers may successively approxi- 
mate. 

Though two incommensurable magnitudes have not an assignable numer- 
ical ratio to one another, yet they have a eertain definite ratio to one an- 
other, and two other magnitudes may have the same ratio as the first two: 
and it will be found, that, when reference is made to the numerical value of 
the ratios of four incommensurable magnitudes, the same irrational number 
appears in the two ratios. 

The sides and diagonals of squares can be shewn to be proportionals, and 
though the ratio of the side to the diagonal is represented Geometrically by 
the two lines which form the side and the diagonal, there is no rational num- 
ber or fraction which will measure exactly their ratio. 

If the side of a square contain a units, the ratio of the diagonal to the 
side is numerically as 4/2 to 1; and if the side of another square contain b 
units, the ratio of the diagonal to the side will be found to be in the ratio 
of 72to1. Again, the two parts or any number of lines which may be 
divided in extreme and mean ratio will be found to be respectively in the 
patio of the irrational number 4/5 —1to38— 4/5. Also, the ratios of the 
diagonals of cubes to the diagonals of one of the faces will be found to be in 
the irrational or incommensurate ratio of 4/3 to 4/2. 

Thus it will be found that the ratios of all incommensurable magnitudes 
which are proportionals do involve the same irrational numbers, and these 
may be used as the numerical measures of ratios in the same manner as 
rational numbers and fractions. 

It is not however to such enquiries, nor to the ratios of magnitudes 
when expressed as rational or irrational numbers, that Euclid’s doctrine of 
proportion is legitimately directed. There is no enquiry into what a ratio 
is in numbers, but whether in diagrams formed according to assigned condi- 
tions, the ratios between certain parts of the one are the same as the ratios 
between corresponding parts of the other. Thus, with respect to any two 
squares, the question that properly belongs to pure Geometry is :—whether 
the diagonals of two squares have the same ratio as the sides of the squares? 
Or whether the side of one square has to its diagonal, the same ratio as 
the side of the other square has to its diagonal? Or again, whether in 
Eue. vr. 2, when BO and DEF are parallel, the line BD has to the line DAs 
the same ratio that the line U# has to the line AH’? There is no purpose 

11 
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on the part of Euclid, to assign either of these ratios in mwmbers: but only 
to prove that their universal sameness is inevitably a consequence of the 
original conditions according to which the diagrams were constituted. 
There is, consequently, no introduction of the idea of incommensurables : 
and indeed, with such an object as Euclid had in view, the simple mention 
of them would have been at least irrelevant and superfluous. If, however, 
jit be attempted to apply numerical considerations to pure geometrical 
investigations, incommensurables will soon be apparent, and difficulties 
will arise which were not foreseen. Euclid, however, effects his demon- 
strations without creating this artificial difficulty, or even recognising its 
existence. Had he assumed a standard unit of length, he would have in- 
volved the subject in numerical considerations ; and entailed upon the sub- 
ject of Geometry the almost insuperable difficulties which attach to all such 
methods. 

It cannot, however, be too strongly or too frequently impressed upon the 
learner’s mind, that all Euclid’s reasonings are independent of the numer- 
ical expositions of the magnitudes concerned. That the enquiry as to what 
numerical function any magnitude is of another, belongs not to pure Geom- 
etry, but to another Science. The consideration of any intermediate standard 
unit does not enter into pure Geometry ; into Algebraic Geometry it essen- 
tially enters, and indeed constitutes the fundamental idea. .The former is 
wholly free from numerical considerations; the latter is entirely dependent 
upon them. 

Def. vit. is analogous to Def. v., and lays down the criterion whereby the 
ratio of two magnitudes of the same kind may be known to be greater or less 
than the ratio of two other magnitudes of the same kind. 

Def. xt. includes Def. x. as three magnitudes may be continued propor- 
tionals, as well as four or more than four. In continued proportionals, all 
the terms except the first and last, are made successively the consequent of 
one ratio, and the antecedent of the next: whereas in other proportionals 
this is not the case. 

A series of numbers or Algebraical quantities in continued proportion, is 
called a Geometrical progression, from the analogy they bear to a series of 
Geometrical magnitudes in continued proportion. 

Def. a. The term compound ratio was devised for the purpose of avoid- 
ing circumlocution, and no difficulty can arise in the use of it, if its exact 
meaning be strictly attended to. 

With respect to the Geometrical measures of compound ratios, three 
straight lines may measure the ratio of four, as in Prop. 28, Book v1. For 
K to L measures the ratio of BO to CG, and LZ to M measures the ratio of 
DC to CE; and the ratio of A’ to Mis that which is said to be compounded 
of the ratios of K to LZ, and LZ to MM, which is the same as the ratio which 
8 compounded of the ratios of the sides of the parallelograms. 

Both duplicate and triplicate ratio are species of compound ratio, 

) Duplicate ratio is a ratio compounded of two equal ratios; and in the 
case of three magnitudes which are continued proportionals, means the ratio 
of the first to a third proportional to the first and second. 

Triplicate ratio, in the same manner, is a ratio compounded of three equal 
ratios ; and in the case of four magnitudes which are continued proportion- 
als, the triplicate ratio of the first to the second means the ratio of the first 
to a fourth proportional to the first, second, and third magnitudes. In- 
stances of the composition of three ratios, and of triplicate ratio, will be 
found in the eleventh and twelfth books. E 

The produet of the fractions which represent or measure the ratios 
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of numbers, corresponds to the composition of Geometrical ratios cf mag- 
nitudes. 

It has been shewn that the ratio of two numbers is represented by a 
fraction whereof the numerator is the antecedent, and the denominator the 
consequent of the ratio; and if the antecedents of two ratios be multiplied 
together, as also the consequents, the new ratio thus formed is said to be 
compounded of these two ratios ; and in the same manner, if there be more 
than two. It is also obvious, that the ratio compounded of two equal ratios 
is equal to the ratio of the squares of one of the antecedents to its conse- 
quent ; also when there are three equal ratios, the ratio compounded of the 
ithree ratios is equal to the ratio of the cubes of any one of the antecedents 
to its consequent. And further, it may be observed, that when several 
numbers are continued proportionals, the ratio of the first to the last is equal 
to the ratio of the product of all the antecedents to the product of all the 
consequents. 

It may be here remarked, that, though the constructions of the proposi- 
tions in Book y. are exhibited by straight lines, the enunciations are expressed 
ofgmagnitude in general, and are equally true of angles, triangles, parallelo- 
grams, ares, sectors, Xc. 

The two following axioms may be added to the four Euclid has given. 

Ax. 5, <A part of a greater magnitude is greater than the same part of a 
less magnitude. 

Ax. 6, That magnitude of which any part is greater than the same part 
of another, is gr eater than that other magnitude. 

The learner must not forget that the capital letters, used generally by 
Euclid in the demonstrations of the fifth Book, represent the magnitudes, 
not any numerical or Algebraical measures of them; sometimes, however, 
the magnitude of a line is represented in the usual way by two letters which 
are placed at the extremities of the line. 

Prop. 1. Algebraically. 

Let each of the magnitudes A, B, C, &c., be equimultiples of as many 

a, 0, ¢ &C., 
that is, let A = m times a = ma, 
B =m times b = mb, 
CO =m times'¢ = me, &e. 
First, if there be two magnitudes equimultiples of two others, 
then A + B= ma + mb = in (a + b) =m times (a + 3), 

Hence A + P is the same multiple of (a + 6), as A is of a, or B of 6. 
Secondly, if there be three magnitudes equimultiples of three others, 
then 4 + B+ C= ma+mb + me=m (a+ b +c) 

=m times (a + b + e). 
Hence 4 + B+ Cis the same multiple of (a + 6 +e); 
as A is of a, B of 6, and C of ¢. 


Similarly, if there were four, or any number of magnitudes. 

Therefore, if any number of magnitudes be equimultiples of as many, 
each of cach; what multiple soever, any one is of its part, the same multi- 
ple shall the first magnitudes be of all the other. 

Prop. it. Algebraically. 

Let A, the first magnitude, be the same multiple of a, the second, as A; 
the third, is of a, the fourth ; and A, the fifth the same multiple of a2 the 
second, as Ag the sixth, is of a, the fourth, 
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That is, let A, = m times a) = maa, 
As =m times a, = mag, 
A; =n times ay = naa, 
Aig =m times ag = nad. 
Then by addition, A, +A; = may + na, = (m+n) ado = (m+n) times aa, 
and Ay+A,5 = may+na, = (m+n) ag = (m+n) times ay. 
Therefore A, + A; is the same multiple of ae, as Ag + Ag is of ay. 


That is, if the first magnitude be the same multiple of the second, as the 
third is of the fourth, &e. 

Cor. If there be any number of magnitudes A,, A2, As, &c. multiples 
of another a, such that A, = ma, Ar = na, As = pa, Xe. 


And as many others B,, By, Bs, &e. the same multiples of another 4, 
such that B, = mb, By = nb, Bs = pb, &e. 

Then by addition, A, + A, + As + &e. = ma + na + pa + Ke. 
= (m+n+p+ &.)a=(m+n+ p+ &e.) times a: 

and B, + By + Bs + &e. = mb + nb + pb + Ke. = (m + n + p + &C) b 
=(m+n+ p+ &c.) times d: 
that is A; + Ay + Ag + Xe. is the same multiple of a, that 
B, + B. + Bs + &e. is of b. 


Prop. ut. Algebraically. 
Let A, the first magnitude, be the same multiple of ag the second, 


as A, the third, is of a, the fourth, 
that is, let A; = m times ay = maa, 
and Ag = m times a4 = may. 
If these equals be each taken 7 times, 
then nA, = mnay = mn times ao, 


and nAg = mna, = mn times ay, 
or nA,, 2 Ay each contain ao, ay respectively mn times. 
Wherefore n.A,, 7A, the equimultiples of the first and third, are respec- 
tively equimultiples of a) and a4, the second and fourth, 
Prop. tv. Algebraically. 
Let Ay, a2, As, a4, be proportionals according to the Algebraical defini. 
tion: ' 
that is, let A, : a9:: Ag: a, 
A, As 
then — = —, 
(lg as 


multiply these equals by a, m and n being any integers, 


nay na,’ 
or mA, : nag :: MAg? NAg. 

That is, if the first of four magnitudes has the same ratio to the second 
which the third has to the fourth; then any equimultiples whatever of the 
first and third shall have the same ratio to any equimultiples of the second 
and fourth, 


mA 1 mA 9 


NOTES TO BOOK V. 245 


The Corollary is contained in the proposition itself: 
for if nm be unity, then mA, : d2:: mAs: ay: 
and if m be unity, also Ay: 2a@2:: Ag: nay. 
Prop. v. Algebraically. 
Let A, be the same multiple of a, 
that Ae a part of Ay, is of a2, a part of a. 
Then A, — Az is the same multiple of a, — a, as A, is of a 
For let A; =m times a, = may, 
and A», = m times dz = mada, 
then 4; — Ag = may — Maz = m (ay — ag) = m times (a, — az), 
that is 4, — A, is the same multiple of (a; — a2) as Ay is of a. 
Prop. vi. Algebraically. 
Let A,, Az be equimultiples respectively of a, a2 two others, 
that is, let 4; = m times a, = may, 
Ay =m times az = made. 
Also if B, a part of 4, = 2 times a, = na, 
and 6, a part of do =n times az = nag. 
Then by taking equals from equals, 
. Ay— By = ma, — na, = (m — n) ay = (m — 2) times ay, 
A, — Bz = maz — naz = (Mm — n) ag =(m — n) times ar, 
that is, the remainders A, — B,, A,z— By are equimultiples of a;, ay 
respectively. 
And if m— 2 = 1, then A, — B, = a, and A, — B, = ar: 
or the remainders are equal to a;, az respectively. 
Prop. A. Algebraically. 
Let Ai, a2, As, a4 be proportionals, 
OWA Sa bese Alsyic\ ay 
then a = aad 
a2 a4 


, ee aie: A; : 
And since the fraction — is equal to = the following relations only 
2 4 
ean subsist between A, and a2; and between As and ay. 
| First, if A, be greater than a2; then A; is also greater than ay: 
Secondly, if A; be equal to a2; then Ag is also equal to ay: 
Thirdly, if 4; be less than a2; then Az is also less than ay: 


: eed 
Otherwise, the fraction = could not be equal to the fraction ae 
a2 as 


Prop. B. Algebraically. 
Let Ay, a2, As, a be proportionals, 
Ol Lines (in sas ace ee Cae 
Them shall a): Ay:: av Ag 
For since A; : d.:: Ag: ds, 
A, As 


a, ay 
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and if 1 be divided by each of these equals, 


ag ads, 
eee 
A, ‘Ay 


and therefore ao: A, :: a4: A>. 

Prop. ¢. “This is frequently made use of by geometers, and is necessary 
to the 5th and 6th Propositions of the 10th Book. Clavius, in his notes sub- 
joined to the 8th def. of Book 5, demonstrates it only in numbers, by help 
of some of the propositions of the 7th Book; in order to demonstrate the 
property contained in the 5th definition of the 5th book, when applied to 
numbers, from the property of proportionals contained in the 20th def. of the 
7th Book: and most of the commentators judge it difficult to prove that four 
magnitudes which are proportionals according to the 20th def. of the 7th 
Book, are also proportionals according to the 5th def. of the 5th Book. But 
this is easily made out as follows : 

First, if A, B, OC, D, be four magnitudes, such that 4 is the same multi- 
ple, or the same part of B, which C is of D: 

Then A, 2B, OC, D, are proportionals: 
this is demonstrated in proposition (c). 

Secondly, if A contain the same parts of CD that 7’ does of GH; 

in this case likewise 4B is to CD, as HF to GH. 
A B E F 


ok qi 
Let CK be a part of CD, and GZ the same part of G/7; 
and let AB be the same multiple of CA, that #F'is of GL: 
therefore, by Prop. c, of Book v, AB is to CA, as HF’ to GL: 
and CD, GH, are equimultiples of CA, GZ, the second and fourth ; 
wherefore, by Cor. Prop. 4, Book v, AB is to CD, as FF’ to GI. 
And if four magnitudes be proportionals according to the 5th def. of Book v, 
they are also proportionals aceording to the 20th Def. of Book vii. 
First, if A be to B, as C to D; 
then if A be any multiple or part of B, C is the same multiple or part 
of D, by Prop. p, Book v. 
Next, if AB be to CD, as FF to GIT: 
then if 4B contain any part of CD, #F contains the same part of G//; 


| Se E Tr 
=. m M—_—_—_—___ 
o:'Kx D ae ie 


for let CK be a part of CD, and GZ the same part of G7/, 
and let AB be a multiple of CA’: 
EF is the same multiple of GZ: 
take M the same multiple of GZ that AB is of CK’; 
therefore, by Prop. c, Book vy, AB is to CK, as Mto GT: 
and CD, GH, ave equimultiples of CA, GL ; 
wherefore, by Cor, Prop, 4, Book v, AB is to CD, as M to GUT. 
And, by the hypothesis, 4B is to CD, as BF’ to GH; 
therefore A/ is equal to HF’ by Prop. 9, Book v, 
and consequently, “is the same multiple of GZ that 4B is of Ch.” 
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This is the method by which Simson shews that the Geometrical defi- 

nition of proportion is a consequence of the Arithmetical definition, and 
conversely. 
Game 
be 
ma, me any equimultiples of a and ¢ the first and third, and nb, nd any equi- 
multiples of 5 and d the second and fourth. 

And conversely, it may be shewn ex absurdo, that if four quantities are 
proportionals according to the fifth definition of the fifth book of Euclid, 
they are also proportionals according to the Algebraical definition. 

The student must however bear in mind, that the Algebraical definition 
is not equally applicable to the Geometrical demonstrations contained in the 
sixth, eleventh, and twelfth Books of Euclid, where the Geometrical definition 
is employed. It has been before remarked, that Geometry is the science of 
magnitude and not of number; and though a sum and a difference of two 
magnitudes can be represented Geometrically, as well as a multiple of any 
given magnitude, there is no method in Geometry whereby the quotient of 
two magnitudes of the same kind can be expressed. The idea of a quotient 
is entirely foreign to the principles of the Fifth Book, as are also any dis- 
tinctions of magnitudes as being commensurable or incommensurable. As 
Euclid in Books vir—x has treated of the properties of proportion according 
to the Arithmetical definition and of their application to Geometrical magni- 
tudes; there can be no doubt that his intention was to exclude all reference 
to numerical measures and quotients in his treatment of the doctrine of pro- 
portion in the Fifth Book; and in his applications of that doctrine in the 
sixth, eleventh and twelfth books of the Elements. 


It may however be shewn by employing the equation and taking 


Prop. C. Algebraically. 
Let Ai, a2, As, a4 be four magnitudes. 
First let A, = mag and As = mag: 
TMiem At 2 de 2 3 -Ag 2 aa. 


P Ay; 
For since A; = mag, ... m= — ; 
a2 
As 
and A; = ma, .’. m =—. 
a 
Al A3 
Hence — = —, 
aa as 
and -Aiy } do 3: Ag 3 a. 
1 1 
Secondly. Let A, = — a2, and A; =— a: 
m m 
A; 1 Azs m 
Then, as before, — =—, and —=—, ; 
ae 7 as 1 
A, As 
Hence — = —, 
ag a4 


CHnelescbpatis Owl Sore 
Prop. D. Algebraically. 
Let Aj, a2, As, a4 be proportionals, 
OMA SY Carte lg) Satta 
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First let A; be a multiple of a2, or A; =m times a; = may 
Then shall dg = mag. 
For since A; : d2:: As: da, 


A S Als 
. —=>—! 
, a4 
but since A, = mada, 
md, As 3 
= — , Orr — , 
dy a4 ads 


and A; = ma4. 
Therefore the third Ag is the same multiple of a, the fourth. 


1 1 
Secondly. If 4; = = um then shall As = — ay. 


m 
ee eae 
For since — = —, 
a2 a4 
1 Ay 1 
and A, =— 4s, ... — =—, 
D dg om 
Ag 1 1 
._—=-—,and As =>— M1: 
ay ve we 


wherefore, the third Ag is the same part of the fourth a4. 

Prop. vit. is so obvious that it may be considered axiomatic. Also 
Prop. vitt, and Prop. 1X. ave so simple and obvious, as not to require alge- 
braical proof. 

Prop. x. Algebraically. 

Let A, have a greater ratio to a, than As has to a. 

Then A, > As. 


. ; ; A 
For the ratio of A, to a is represented by — 
a 


; ; A 
and the ratio of A, to a is represented by —, 
a 


‘ A, As 
and since — > —; 
a a 


it follows that A, > Ag. 
Secondly. Let a have to Ay a greater ratio than a has to A). 
Then Ag < Aj. 


‘ ‘ a 
For the ratio of a: Ag is represented by —-, 


3 
: , a 
and the ratio of a: A, is represented by rr, 
1 
' a a 
and since — > 1) 
414 414 
dividing these unequals by a, 


1 i 
Ne es 
Ay” Ay 
and multiplying these unequals by A, . Ag, 
ee A, > As, 
or Ay . A. 
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Prop. x1. Algebraically. 

Let the ratio of 4, : a be the same as the ratio of A; : a, 
and the ratio of As: a4 be the same as the ratio of A, : dg. 
Then the ratio of A, : a, shall be the same as the ratio of A, : de 
For since A, : dg:: As: a, 


5 on. As 
"a, ay’ 
and since As: a4:: As: de, 
As As 
. w= os 
Hence — wc 
a2 as 


and Aly : a@q+: Als de. 
Prop. xu. Algebraically. 
Let Ai, a2, A3, a4, As, a be proportionals, 
SO! that Sida: Aa a Gals esis dee 
Then shall A; :@2:: A; + As + Ap: de + Gs + Gen 

Rorsmee Ay says: Algt dy iy Ass Ge, F 
Age Age Ale 
ows a2 ~- as ae 


i) = = Ea acai Aya == (Ubvile 


ae SS Se Asa = a2 As, 


also Aidg = a2 A3. 
Hence A; (a2 + dy + as) == 4 (A, + As + As), by addition, 
and dividing these equals by az (a2 + a4 + ae), 
: Ay ea se A; 4 As. 


a2 G2 + Ag + Ag 
and 4;:a2:: A; + As + As: dg + a4 + Qe. 
Prop. x1. Algebraically. 
Let Aj, a2, As, a4, As, ae, be six magnitudes, such that A, :a.:: Ad’ ‘ ay 
but that the ratio of A: a4 is greater than the ratio of As : de. 
Then the ratio of A, : a2 shall be greater than the ratio of As: de» 


: Ay” As 
For since A; : @2:: As: a4... —=—}; 
a2 a4 
. 3 As 
but since As: a, > As: ag.°. — > —. 
a4 a 
1 As 
Hence — > —. 
ag ag 


That is, the ratio of A; : a2 is greater than the ratio of As: ae. 
Prop. xty. Algebraically. 
Let A,, a, As, a be proportionals. 
Then if A, > As, then a2 > as, and if equal, equal; and if less, lese 
For since A; : @2:: As: a4, 
: A, — As 


(lg 4 


TT 


250 EUCLID’S ELEMENTS. 


Multiply these equals by + : 
3 
ay SG 
‘ Ags 7 as ' 


and because these fractions are always equal, 
if A, be > Ag, then ay must be greater than as, 
for if a; were not greater than ay, 


the fraction “? could not be equal to 4 ; 
7 as As 
which would be contrary to the hypothesis. 
In the same manner, 
if A, be = Ag, then ay must be equal to aa, 
and if A, be < As3, a must be less than a4. 
Hence, therefore, if &c. 
Prop. xv. Algebraically. 
Let Ay, a be any magnitudes of the same kind. 
Then A, : dg:: mA, : made; 
mA, and mag being any equimultiples of A; and a. 
i. = =. 
ag ag 
and since the numerator and denominator of a fraction may be muitiplied 
by the same number without altering the value of the fraction, 


and A; : dg:: mAgq: mag. 
Prop. xv1. Algebraically. 
Let Ay, d2, As, a4 be four magnitudes of the same kind, which are 
proportionals, 
Aly. ig t2 Ap sags 
Then these shall be proportionals when taken alternately, that is, 
Ay: Ag 22 Gat 
For since A; : ag:: Ag: ad, 


A 
then —* = mit 
a4 ly 
Multiply these equals by a . 
<t9 
A, ws aq 


Bee 
and A; : Ag:: do: ay. 
Prop. xvi. Algebraically. 
Let A, + do, da, Ag + a4, ay be proportionals, 
then A;, do, Ag, a shall be proportionals, 
For since A, + da: d9:: Ag + ay: aa, 

_ Ay + ay Ag + ay. 
4 ’ 


= 


aq ry 
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and taking 1 from each of these equals, 
A Ay a Ag 


a and Ay: dog:: Ag: %&. 


Prop. xvii, is the converse of Prop. xv1. 
The following is Euclid’s indirect demonstration. 
Let AZ, £B, CF, FD be proportionals, 
that is, as A to #B, so let CH be to FD. 
then these shall be proportionals also when taken jointly ; 
that is, as AB to BH, so shall CD be to DF. 
A 1B es 


CaO ae 


For if the ratio of AB to BL be not the same as the ratio of CD to DF; 
the ratio of AB to BE is either greater than, or less than the ratio of 

CD to DF. 
First, let 4B have to BF a less ratio than CD has to DF; 

and let DQ be taken so that AB has to GH the same ratio as CD to DQ: 
and since magnitudes when taken jointly are proportionals, 
they are also proportionals when taken separately; (v. 17.) 

therefore A # has to #B the same ratio as CQ to QD; 

but, by the hypothesis, A # has to #D the same ratio as CF' to FD; 
therefore the ratio of CQ to QD is the same as the ratio of CF’ to #D, (v. 11.) 

And when four magnitudes are proportionals, if the first be greater than 
the second, the third is greater than the fourth; and if equal, equal; and 
if less, less; (v. 14.) but CQ is less than CF, 

therefore QD is less than /D ; which is absurd. 
Wherefore the ratio of AL to BF is not less than the ratio of CD to DF; 
that is, 4B has the same ratio to BH as CD has to DF. 

Secondly By a similar mode of reasoning, it may likewise be shewn, 
that AB has the same ratio to BH as CD has to DF, if AB be assumed to 
have to B#'a greater ratio than OD has to DF. 

Prop. xvi. Algebraically. 

Let Ay: dg:: Ag: a. 
Then A; + a2: dg:: As + Ag: a 
For since A; : a,:: Ag: da, 
A A, Ag 
rae” ag 
and adding 1 to each of these equals; 


A; 
ee ae cle i 
(2 ay 
A, + a2 Ag + (4 
or, ——— = ——— 
a2 a4 
and Ay 4 dss da 2s Ais) ap aaa 
Prop. x1x. Algebraically. 
Let the whole A, have the same ratio to the whole As, 
as a taken from the first, is to a2 taken from the second, 
that is, let A; : do:: a1: a. 
Then Ay — a + Az—d9:: A,: Ao 


b] 
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For since A, : dg::@:: da, 


Multiplying these equals by a, 
i 
Ar Asa, As. 


au Ag ay ¥ ay ay } 
A, As 
or, —=—, 
ay, dg 
and subtracting 1 from each of these equals, 
A A 
aes een 
ay, a2 
A, == i As — de 
OS = eee ’ 
ay, a2 
rest a 
and multiplying these equals by —-—, 
Ag — ds, 


ees, ee 
bu ah 
A,—% A, 
Ag — dg Ag 


and A; — a: Ay—aq:: Ai: Ag 
Oor, If A; +A ss ay 3 de, 
Then A; — a, : Ag —dy:: a: ds, is found proved in the preceding 
process. 
Prop. E. Algebraically. 
Let Ai: aa:: Ag: a, 


Then shall A, : Ay — dg:: Ag: Ag — am 
For since A; : dg:: Ag: aa, 


_ 4A, _ As 
y ay ay 
subtracting 1 from each of these equals, 
A mf 
.- t= 11 
a) as 
A; — aq Ag—a% 
or, —— = ——_ , 
ag a4 
A A 
but — = =, 
alg a4 


Dividing the latter by the former of these equals, 


Ay A; — dg Ay As mm (55 
= -= - —s 


ag dy 4 as 

or Ay fig As 4 
’ " er 3 F Pare: 
ay A; 7 Qa a4 As — % 
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AY Ay 


pe "AG os 2 
and Al: Ay —da:: As: As—aa. 
Prop. xx. Algebraically. 
Let 4,, As, As be three magnitudes, and a1, a2, as, other three 
such that Ay: Ag:: a1: aa, 
and A»: As:: do: as: 
if 4, > As, then shall a, > as, 
and if equal, equal; and if less, less. 


si Ay, ay 
UICO Manns Ales da: dae 
A» ae 
As ag 


also since 42:.A3::do:a3, .°.—=—, 
Ags a3 
and multiplying these equals, 
) Ay LAG _ ae 
i Ag . Aa wis * a3 


3 ; Ay. a 
and since the fraction —— is equal to — ; 
Ag a3 


and that 4d, > As: 
It follows that a, is > as. 
In the same way it may be shewn ; 
that if 4, = As, then a1 = a3; and if A; be < Ag, then a; < az. 
Prop. xx1. Algebraically. 
Let A,, Ao, As, be three magnitudes, 
and @, @, a4 three others, 
such that A, : Ae:: de: as, 
and Aig: As: dy? Go. 
If A, > As, then shall a; > as, and if equal, equal; and if less, less, 


~ F Ay a2 
Forsince Ay: Als: dai da, .. ——=—, 
As» as 

Ag ay 


ANCSIMMCE Aly As 7h Gy 1a. — 
As a3 


As As Ag ay 
a X—==— x =, 


A, 
or — =—; 
419 ag 
° Ay . ay 
and since the fraction 4,8 equal to — , 
413 a3 


and that A, > As. 


Tt follows that also a, > ag. 
Similarly, it may be shewn, that if 4; = Ag, then a; = a3; 
and if A, < As, also a; < ag. 
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Prop. xx. Algebraically. 
Let A;, As, As be three magnitudes, 


and a, d2, a3 other three, 
such that A,: Ao:: a: do, 
and Ag: Ag:: ao: as. 
Then shall Ay: Ag:: ay: ds. 


4 A, ay 

For sinee A,: Agi: a): do, .* =—, 
As dg 

° Ag a3 

and since Ag: A3:: dg: a4, .°. —=—. 
Ay Ms 


Multiply these equals, 


and A;: Ag?: a : as. 
Next if there be four magnitudes, and other four such that 
Aly 3 sig $ DE Gan 
Ay: Ag: do: Gs, 
Ag t Bard? de Pag! 
Then shall A; : Agi: a): a. 


. Ay, ay 
For since A; : Agi: a:d9} ...—-=—y, 
Ag aa 
Ay ag 
Ag: Agi: daids, 2. —=— 
Ag ds 
Ay as 
As: Agti dig, ==. 
A, a4 


Ary de Asa 
Ag Ag A, a3 a’ 


A, a4 é 
and A;: Aqg:: @.: a, 
and similarly, if there were more than four magnitudes, 
Prop. xxur. Algebraically. 
Let A;, Ao, As be three magnitudes, 
and a, a9, as other three, 
such that 4A; : Ag:: ao: as, 
and Ag: Agi: a: ao. 
Then shall A; : Ag :: a): dg. 
Ay * aq 
Ay as’ 


For since A, : Ag:: do: da, .* 


and since Ag: Aa:: aim, > 
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Multiplying these equals, 
, A; = As ie’ (2 . ay 
a Abs VAG RG, dae 


Aly ot ay 
Ag s a3 4 
and d,: Ag:: a: as. 
If there were four magnitudes, and other foi, 
such that A, : Ag:: as: a, 


pA eAlgns th ult ae 
Yate Rial S Oak B ix, 


e EAR a3 
For since .4,;: Ag::@3:d4, ..—=—, 
Ag aa 

A» a2 

Ay Ao <s Gh 2 Gsthals a= —, 

As a3 

vale ay 

Aig AB: 3 GS, Gag Oo SS 

Jah ag 


Multiplying these equals, 
2 A; A, Ay _ a3 . a2 a 


Ag Als A, a4 a3 ayy 
Ay, ay 
= SS— 
As a4 


Stamens Algusae Ory met lias 


and similarly, if there be more than four magnitudes, 


Prop. xxiv. Algebraically. 
het Ay : dg:: As: oa, 


BMC Als sda: eAlns Ga, 
Then Shall Ay -= As: dat: Als -- Aig® aa. 


; Ay — Aly 
For since 41: d2::A3:a@4, .. —-=— , 
a2 a4 
. As As 
AMCISIMGOAlg = iy ieas Aait Cay se =—, 
: a2 a4 


Divide the former by the latter of these equals, 
bs A; EB A; As a Ag 


a2 a2 a4 a4 


Ge Die GAG 
A, _ A; 
Ais Ae! 
adding 1 to each of these equals; 
dls ein eee 
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and As _ — 4s 
ay a4 
Multiply these equals together, 


A,+As As As; + Ag Ae 
= x — Aaa 


A, ad Ags a, i 
A,+As; As+ Ae 
or a) 
dg a, 


*, A; + As: aa:3; As + Ag: Ge 
Cor. 1. baton may be shewn, that 
A,—A, : do::A3g— Ag: a4. 
Prop. xxv. Algebraically. 
Let A, + & : As: a4, 
and let A; be the greatest, and aryeuinenl a; the least. 
Then shall A, + a4 > de + Ag, 
Since A; : ag:: As: a, 
_ hi ee 
oe “Gs = ie 


F * dy 
Multiply these equals by 7% 
3 


A A; __ 4 
a 
subtract 1 from each of these equals, 
n A, a 
o. C Milaieaiaat i 
P A, es dg—4 
Ay i 


Multiplying these equals by ats a 
ag— % 
< aes 


dy— a a3’ 
but A, > ag, *.* A, is the greatest of the four magnitudes, 
.*. also A, — Ag > dg — a4, 
add As + ay to each of these equals, 
o. Ay + ag > do + Ag. 

“The whole of the process in the Fifth Book is purely logical, that is, 
the whole of the results are virtually contained in the definitions, in the 
manner and sense in which metaphysicians (certain of them) i imagine all 
the results of mathematics to be contained in their definitions and hy: 
potheses, No assumption is made to determine the truth of any conse- 
quence of this definition, which takes for granted more about number or 
magnitude than is necessary to understand the definition itself. The 
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latter being once understood, its results are deduced by inspection—of itself 
only, without the necessity of looking at any thing else. Hence, a great 
distinction between the fifth and the ‘preceding books presents itself. “The 
first four are a series of propositions, resting on different fundamental as- 
sumptions ; that is, about different kinds of magnitudes. The fifth is a defi- 
nition and its development; and if the analogy by which names have been 
given in the preceding Books had been attended to, the propositions of that 
Book would have been called corollaries of the definition."-—Connexion of 
Number and Magnitude, by Professor De Morgan, p. 56. 

The Fifth Book of the Klements as a portion of Euclid’s System of Geom. 
etry ought to be retained, as the doctrine contains some of the most impor- 
tant characteristics of an effective instrument of intellectual education. This 
opinion is favoured by Dr. Barrow in the following expressive terms: ‘‘ There 
is nothing in the whole body of the Elements of a more subtile invention, 
nothing more solidly established, or more accurately handled, than the doc- 
trine of proportionals.” 


QUESTIONS ON BOOK V. 


1. Exprary and exemplify the meaning of the terms, multiple, submulti- 

ple, ge neon 
What operations in Geometry and Arithmetic are analogous ? 

3. What are the different meanings of the term measure in Geometry ? 
When are Geometrical magnitudes said to have a common measure 2 

4. When are magnitudes said to have, and not to have, a ratio to one 
another? What restriction does this impose upon the magnitudes in regard 
to their species ? 

5. When are magnitudes said to be commensurable or incommensurable 
to each other? Do the definitions and theorems of Book y. include incom- 
mensurable quantities : ? 

6. What is nfeant by the term geometrical ratio? How is it aeipe po ? 

47. Why does Euclid give no independent definition of ratio? 

8. What sort of quantities are excluded from Euclid’s idea of ratio, and 
how does his idea of ratio differ from the Algebraic definition ? 

9. How is a ratio represented Algebraically? Is there any distinction 
between the terms, a ratio of equality, and equality of ratio ? 

10. In what manner are ratios, in Geometry, distinguished from each 
other as equal, greater, or less than one another? What objection is there 
to the use of an independent definition (properly so called) of ratio in a sys- 
tem of Geometry ? 

11. Point out the distinction between the geometrical and algebraical 
methods of treating the subject of proportion. 

12. What is the geometrical definition of proportion? Whence arises 
the pee ssity of such a definition as this ? 

13. Shew the necessity of the qualification “ any whatever” in Euclid’s 
definition of proportion. 

14. Must magnitudes that are proportional be all of the same kind? 

15. To what ‘objection has Eue. v. def. 5, been considered liable ? 

16. Point out the connexion between the more obvious definition of pro- 
portion and that given by Euclid, and illustrate clearly the nature of the 
advantage obtained by which he was induced to adopt it. 

ye Why may not Euclid’s definition of proportion be superseded in a 
system of Geometry by the following: “ Four quantities are proportionals, 


258 EUCLID’S ELEMENTS. 


when the first is the same multiple of the second, or the same part of it, that 
the third is to the fourth”? ; 

18. Point out the defect of the following definition: ‘‘ Four magnitudes 
are proportional when equimultiples may be taken of the first and the third, 
and also of the second and fourth, such that the multiples of the first and 
second are equal, and also those of the third and fourth.” 

19. Apply Euclid’s definition of proportion, to shew that if four quantities 
be proportional, and if the first and the third be divided into the same arbi- 
trary number of equal parts, then the second and fourth will either be equi- 
multiples of those parts, or will lie between the same two successive multiples 
of them. 

20. The Geometrical definition of proportion is a consequence of the 
Algebraical definition; and conversely. 

21. What Geometrical test has Euclid given to ascertain that four quan- 
tities are not proportionals? What is the Algebraical test ? 

22. Show in the manner of Euclid, that the ratio of 15 to 17 is greater 
than that of 11 to 13. 

23. How far may the fifth definition of the fifth Book be regarded as an 
axiom? Is it convertible ? 

24, Def. 9, Book y. ‘Proportion consists of three terms at least.” 
Ifow is this to be understood ? 

25. Define duplicate ratio. Wow does it appear from Euclid that the 
duplicate ratio of two magnitudes is the same as that of their squares ? 

26. When is a ratio compounded of any number of ratios? What is the 
ratio which is compounded of the ratios of 2 to 5, 8 to 4, and 5 to 6? 

27. By what process is a ratio found equal to the composition of two or 
more given ratios? Give an example, where straight lines are the magni- 
tudes which express the given ratios. 

28. What limitation is there to the alternation of a Geometrical proportion ? 

29. Explain the construction and sense of the phrases, ex a@guali, and 
ex equali in proportione perturbata, used in proportions. 

80. Exemplify the meaning of the word homologous as it is used in the 
Fifth Book of the Elements. 

31. Why, in Euclid v. 11, is it necessary to prove that ratios which are 
the same with the same ratio, are the same with one another ? 

32. Apply the Geometrical criterion to ascertain whether the four lines 
of 3, 5, 6, 10 units are proportionals. 

33. Prove by taking equimultiples according to Euclid’s definition, that 
the magnitudes 4, 5, 7, 9, are not proportionals, 

34. Give the Algebraical proofs of Props. 17 and 18, of the Fifth Book. 

35. What is necessary to constitute an exact definition? In the demon- 
stration of Eue. v. 18, is it legitimate to assume the converse of the fifth 
definition of that Book? Does a mathematical definition admit of proof on 
the principles of the science to which it relates ? 

36. Explain why the properties proved in Book v. by means of straight 
lines, are true of any concrete magnitudes. 

87. Enunciate Eue, vy, 8, and illustrate it by numerical examples. 

38. Prove Algebraically Eue, v. 25. 

39. Shew that when four magnitudes are proportionals, they cannot, 
when equally increased or equally diminished by any other magnitude, con- 
tinue to be proportionals, 

40, What grounds are there for the opinion that Euclid intended ta 
exclude the idea of numerical measures of ratios in his Fifth Book ? 

41. What is the object of the Fifth Book of Euclid’s Elements ? 


BOOK VI. 


DEFINITIONS. 
ls 


Smmar rectilineal figures are those which have their several 
angles equal, each to each, and the sides about the equal angles pro- 


portionals, 
i 


“ Reciprocal figures, viz. triangles and parallelograms, are such as 
have their sides about two of their angles proportionals in such a 
manner, that a side of the first figure is to a side of the other, as the 
remaining side of the other is to the remaining side of the first.” 


Ti. 


A straight line is said to be cut in extreme and mean ratio, when 
the whole is to the greater segment, as the greater segment is to the 
less. 


PY. 


The altitude of any figure is the straight line drawn from its vertex 
perpendicular to the base. 


PROPOSITION I. THEOREM. 


Triangles and par allelogr ams of the same alsitude are one to the other as 
their bases. 


Let the triangles ABC, ACD, and the parallelograms ZC, CF, 
have the same altitude, 
viz. the perpendicular drawn from the ae A to BD or BD 
produced. 
As the base BC is to the base CD, so shall tine triangle ABO be 
to the triangle ACD, 
and the parallelogram EC to the parallelogram CF. 
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EA F 


AN 


HGBC D K L 
Produce BD both ways to the points H, L, 
and take any nuniber of straight lines BG, GH, each equal to the 
base BC; (1. 8.) 
and D4, AL, any number of them, each equal to the base CD; 
and join AG, AH, AK, AL. 
Then, because CB, BG, GH, are all equal, 
the triangles AWG, AGB, ABC, are all equal: (1. 88.) 
therefore, whatever multiple the base 1C is of the base BC, 
the same multiple is the triangle AH of the triangle ABC: 
for the same reason whatever multiple the base LC is of the base CD, 
the same multiple is the triangle AZO of the triangle ADC: 
and if the base /C’ be equal to the base CL, 
the triangle A//0 is also equal to the triangle ALC: (1. 88.) 
and if the base /7C be greater than the base CZ, 
likewise the triangle A//C is greater than the triangle ALC; 
and if less, less; 
therefore since there are four magnitudes, 
viz. the two bases BC, CD, and the two triangles ABC, ACD; 
and of the base BC, and the triangle ABC, the first and third, any 
equimultiples whatever have been taken, 
viz. the base //( and the triangle A/7(; 
and of the base (PD and the triangle ACD, the second and fourth, 
have been taken any equimultiples whatever, 
viz. the base CZ and the triangle ALC; 
and since it has been shewn, that, if the base ZC be greater than 
the base CZ, 
the triangle A//C is greater than the triangle ALC; 
and if equal, equal; and if less, less; 
therefore, as the base PC is to the base CD, so is the triangle ABO 
to the triangle ACD. (v. def. 5.) 
And because the parallelogram CZ is double of the triangle ABC, 
(1. 41.) 
and the parallelogram CF double of the triangle ACD, 
and that magnitudes have the same ratio which their equimulti- 
ples have; (vy. 15.) 
a3 the triangle ABC isto the triangle A CD, so is the parallelogram 
EC to the parallelogram CF’; 
and because it has been shewn, that, asthe base BC is to the base 
CD, so is the triangle ABC to the triangle ACD; 
and as the triangle A BC is to the triangle A CY, so is the parallelo- 
gram LC to the parallelogram CF’; 
therefore, as the base BC isto the base CV), so is the parallelogram 
EC to the parallelogram CF. (vy. 11.) 
Wherefore, triangles, &c.  Q.B.D. 
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Cor. From this it is plain, that triangles and parallelograms 
that have equal altitudes, are to one another as their bases. 

Let the figures be placed so as to have their bases in the same 
straight line; and having drawn perpendiculars from the vertices 
of the triangles to the bases, the straight line which joins the ver- 
tices is parallel to that in which their bases are, (1. 83.) because the 
perpendiculars are both equal and parallel to one another. (1. 28.) 
Then, if the same construction be made as in the proposition, the 
demonstration will be the same. 


PROPOSITION II. THEOREM. 


Tf a straight line be drawn parallel to one of the sides of a triangle it 
shall cut the other sides, or these produced, proportionally : and conversely, 
if the sides, or the sides produced, be cut proportionally, the straight line 
which joins the points of section shall be parallel to the remaining side of 
the triangle. 

Let DZ be drawn parallel to BC, one of the sides of the triangle ABC, 
Then BD shall be to DA, as Cl’ to HA. 
A A E D 


D KE B Cc 
Join BE, CD. 
Then the triangle BDF is equal to the triangle CDE, (t. 37.) 

because they are on the same base DZ, and between the same 

parallels DE, BC; ; 
hut ADF is another triangle ; 

and equal magnitudes have the same ratio to the same magni- 
tude; (vy. 7.) 

therefore, as the triangle BDF is to the triangle ADL, so is the 
triangle CDF to the triangle ADF: 

but as the triangle BDF to the triangle A DZ, so is BD to DA, (v1. 1.) 

because, having the same altitude, viz. the perpendicular drawn 
from the point & to AB, they are to one another as their bases; 
and for the same reason, as the triangle CDZ to the triangle 
ADE, sois CE to BA: 
therefore, as BD to DA, sois CE to HA. (v. 11.) 

- Next, let the sides AB, AC of the triangle ABC, or these sides 
produced, be cut proportionally in the points D, Z, that is, so that 
BD may be to DA as CE to PA, and join DE. 

Then DZ shall be parallel to BC. 
The same construction being made, 
because as BD) to DA, so is CE to EA ; 
and as BD to DA, so is the triangle SDE tothe triangle ADE; (vi. 1.) 
and as CE to FA, so is the triangle CDF to the triangle ADE; 
therefore the triangle BDF is to the triangle ADZ£, as the tri 
angle CDE to the triangle ADZ; (v. 11.) 
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eld oa triangles BDE, CDE have the same ratio to the triangle 
DE: 
therefore the triangle BDZ is equal to the triangle CDE: (vy. 9.) 
and they are on the same base D#: 
but equal triangles on the same base and on the same side of it, 
are between the same parallels; (1. 39.) 
: therefore DZ is parallel to BC. 
Wherefore, if a straight line, &c. Q.z.p. 


PROPOSITION III. THEOREM. 


If the angle of a triangle be divided into two equal angles, by a straight 
line which also cuts the base ; the segments of the base shall have the same 
ratio which the other sides of the triangle have to one another: and con- 
versely, if the segments of the base have the same ratio which the other sides 
of the triangle have to one another ; the straight line drawn from the vertex 
to the point of section, divides the vertical angle into two equal angles. 


Let ABC be a triangle, and let the angle BAC be divided into 
two equal angles by the straight line AD. 
Then LD shall be to DC, as BA to AC. 


Through the point C draw CF parallel to DA, (1. 81) 
and let BA produced meet CH in FP. 
Because the straight line AC meets the parallels AD, FC, 
the angle ACF is equal to the alternate angle CAD): (1. 29.) 
but CAD, by the hypothesis, is equalto the angle BAD; + 
wherefore BAD is equal to the angle ACE. (ax. 1.) 
Again, because the straight line BAF meets the parallels AD, EC, 
the outward angle BAD is equal to the inward and opposite 
angle AFOU: (1. 29.) 
but the angle A CZ has been proved equal to the angle BAD ; 
therefore also ACF is equal to the angle AFC, (ax. 1.) 
and consequently, the side AZ’ is equal to the side AC: (1. 6.) 
and because A/ is drawn parallel to 2C, one of the sides of the 
triangle BCE, 
therefore BD is to DC, as BA to AF: (v1. 2.) 
but 4/7 is equal to AC; 
therefore, as BD to DC, so is BA to AC. (v. 7.) . 
Next, let BD be to DC, as BA to AC, and join AD. 
Then the angle BAC shall be divided into two equal angles by 
the straight line AD, 
The same construction being made ; 
because, as BY to DC, so is BA to AC; 
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and as BD to DC, so is BA to AF, because AD is parallel te 
EC; (v1. 2.) 
therefore BA isto AC, as BA to AH: (v. 11.) 
consequently AC is equal to AF, (v. 9.) 
and therefore the angle AZ’C is equal to the angle ACH: (1. 5.) 
but the angle AC is equal to the outward and opposite angle BAD; 
and the angle AC is equal to the alternate angle CAD: (1. 29.) 
wherefore also the angle GAD is equal to the angle CAD; (ax. 1.) 
that is, the angle BAC is cut into two equal angles by the straight 
line AD. 
i Therefore, if the angle, &c. @Q.£E.D. 


PROPOSITION A. THEOREM. 


Tf the outward angle of a triangle made by producing one of its sides, 
be divided into two equal angles, by a straight line, which also cuts the base 
produced ; the segments between the dividing line and the extremities of the 
base, have the same ratio which the other sides of the triangle have to one 
another : and conversely, if the segments of the base produced have the same 
ratio which the other sides of the triangle have ; the straight line drawn from 
the vertex to the point of section divides the outward angle of the triangle 
into two equal angles. 


Let ABC be a triangle, and let one of its sides BA be produced to 7; 
and let the outward angle ('A/ be divided into two equal angles by 
the straight line AD which meets the base produced in J, 
Then BD shall be to DO, as BA to AC. 

E 
A 


B C D , 


Through (draw CF parallel to AD: (1. 81.) 

* and because the straight line 4 @ meets the parallels 4D, FC, 
the angle ACF is equal to the alternate angle CAD: (1. 29.) 
but CAD is equal to the angle DAF; (hyp.) 
therefore also DAF is equal to the angle AC/. (ax. 1.) 
Again, because the straight line #'4# meets the parallels AD, FC, 

the outward angle DAF is equal to the inward and opposite 
angle CRA: (1. 29.) 
but the angle AC/’ has been proved equal to the angle DAZ; 
therefore also the angle ACF’ is equal to the angle C/A; (ax. 1.) 
and consequently the side A/’is equal to the side AC: (1. 6.) 
and because AD is parallel to FC, a side of the triangle DCF, 
therefore, BD is to DC, as BA to AF: (v1. 2.) 
but Af’ is equal to AC; 
therefore as BD is to DC, so is BA to AG. (vy. 7.) 
Next, let BD be to DO, as BA to AG, and join AD. 
The angle (AD, shall be equal to the angle DAZ. 
The same construction being made, 
because BD is to DC, as BA to AC; 


264 EUCLID’S ELEMENTS. 


and that BD is also to DC, as BA to AF; (vt. 2.) 

therefore BA is to AC, as BA to AF: (vy. 11.) 
wherefore AC is equal to AF, (v. 9.) 
and the angle A/C equal to the angle ACF: (1. 5.) 
but the angle A/’'U is equal to the outward angle LAD, (1. 29.) 
and the angle ACF to the alternate angle CAD; 
therefore also HAD is equal to the angle CAD. (ax. 1.) 
Wherefore, if the outward, &. Q.E.D. t 


PROPOSITION IV. THEOREM. 


The sides about the equal angles of equiangular triangles are propor- 
tionals ; and those which are opposite to the equal angles are homologous 
sides, that is, are the antecedents or consequents of the ratios. 

Let ABC, DCE be equiangular triangles, having the angle ABC 
equal to the angle DCE, and the angle ACB to the angle DEC; and 
consequently the angle BAC equal to the angle CDE. (1. 82.) 

The sides about the equal angles of the triangles ABC, DCH 

shall be proportionals ; 

and those shall be the homologous sides which are opposite to 

the equal angles. 


F 
A 

D 
B CE 


Let the triangle DCF be placed, so that its side CZ may be con- 
tiguous to BC, and in the same straight line with it. (1. 22.) 
Then, because the angle BCA is equal to the angle CED, (hyp.) 
add to each the angle ABC; 
therefore the two angles ABC, BCA are equal to the two anyles 
ABC, CED: (ax. 2.) 
but the angles ABC, BCA are together less than two right an- 
gles; (1. 17.) 
therefore the angles ABC, CED are also less than two right angles: 
wherefore BA, EP, if produced will meet: (1. ax. 12.) 
let them be produced and meet in the point 7’: 
then because the angle ABC is equal to the angle DCE, (hyp.) 
BF is parallel to CD; (1. 28.) 
and because the angle ACB is equal to the angle DEC, 
AC is parallel to FF: (1. 28.) 
therefore A CD isa parallelogram ; 
and consequently A/’is equal to CD, and AC to FD: (1, 84.) 
and because 4 (is parallel to /’Z, one of the sides of the triangle “BZ, 
BA isto AF, as BC to CF: (vi. 2.) 
but AF is equal to CD; 
therefore, as BA to CD, so is BU to OP: (v. 7.) 
and alternately, as AB to BC, so is DC to CE; (vy. 16) 
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again, because CD is parallel to BF, 
as BC to CE, so is FD to DE: (v1. 2.) 
but /’D is equal to AC; 
therefore, as BC to CH, so is AC to DE; (v. 7.) 
and alternately, as BC to CA, so CH to ED: (vy. 16.) 
therefore, because it has been proved that AB isto BC, as DC to OF, 
and as BC to CA, so CE to ED, 
ex aquali, BA isto AC, as CD to DE. (v. 22.) 
Therefore the sides, &c. Q.z.D. 


PROPOSITION V. THEOREM. 


Tf the sides of two triangles, about each of their angles, be proportionals, 
the triangles shall be equiangular ; and the equal angles shall be those which 
are opposite to the homologous sides. 


Let the triangles ABC, DEF have their sides proportionals, 

so that AB is to BC, as DE to EF; 
and BC to CA, as HF'to FD; 
and consequently, ex «quali, BA to AC, as ED to DF. 

Then the triangle ABC shall be equiangular to the triangle DEF, 
and the angles which are opposite to the homologous sides shall be 
equal, viz. the angle ABC equal to the angle DHF, and LCA to 
EFD, and also BAC to EDF. 


A D 
BO G. 
At the points Z, 7, inthe straight line ZF, make the angle FEG 
equal to the angle A BC, and the angle L/'G equalto BCA; (1. 23.) 
wherefore the remaining angle YG@J, is equal to the remaining 
angle BAC, (1. 82.) 
and the triangle GZF is therefore equiangular to the triangle ABC: 
consequently they have their sides opposite to the equal angles 
proportional: (v1. 4.) 
wherefore, as AB to BC, so is GE to EF; 
but as AB to BO, so is DE to BF; (hyp.) 
therefore as DE to LF, so GE to EF; (v. 11.) 
that is, DH and GZ have the same ratio to EF, 
and consequently are equal. (v. 9.) 
For the same reason, Dis equal to /@: 
and because, in the triangles DEF, GHP, Dis equal to HG, and 
EHF is common, 
the two sides DE, EF are equal to the two GZ, LF, each to each ; 
and the base DF is equal to the base GF; 
therefore the angle DHF is equal to the angle G/F, (1. 8.) 
and the other angles to the other angles which are subtended by the 
equal sides; (1. 4.) 
therefore the angle D/'F is equal to the angle GFZ, and EDF to 
EGE. 
12 
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and because the angle DEF’ is equal to the angle GEF, 
and GEF equal to the angle ABC; (constr.) 
therefore the angle ABC is equal to the angle DEF’: (ax. 1.) 
for the same reason, the angle ACB is equal to the angle DFE, 
and the angle at A equal to the angle at D: 
therefore the triangle ABC is equiangular to the triangle DEF. 
Wherefore, if the sides, &¢. Q.E.D. 


PROPOSITION VI. THEOREM. 


Tf two triangles have one angle of the one equal to one angle of the other, 
and the sides about the equal angles proportionals, the triangles shall be equi- 
angular, and shall have those angles equal which are opposite to the homolo- 
gous sides. 

Let the triangles ABC, DEF have the angle BA C in the one equal 
to the angle LD’ in the other, and the sides about those angles pro- 
portionals ; that is, BA to AC, as ED to DF. 

Then the triangles 4 BC, DZ’ shall be equiangular, and shall have 
the angle ABC equal to the angle DEF, and ACB to DFE. 


Nj 
E ¥F 
B () 


At the points D, /, in the straight line DF, make the angle FD@ 
equal to either of the angles BAC, EDF; (1. 28.) 
and the angle D/’@ equal to the angle ACB: 
wherefore the remaining angle at Bis equal to the remaining angle 
at G: (1. 32.) 
and consequently the triangle DG Fis equiangular to the triangle ABC; 
therefore as BA to AC, so is GD to DF: (vt. 4.) 
but, by the hypothesis, as BA to AC, so is ED to DF; 
therefore as HD to DF, so is GD to DF; (v. 11.) 
wherefore 2D is equal to DG; (v. 9.) 
and DF’ is common to the two triangles LDF, GDF: 
therefore the two sides LD, DF’ are equal to the two sides GD, DF, 
each to each ; 
and the angle ED?’ is equal to the angle GDF; (constr.) 
wherefore the base ZF’ is equal to the base FG, (1. 4.) 
and the triangle 2DF to the triangle GDF, 
and the remaining angles to the remaining angles, each to each, 
which are subtended by the equal sides; 
therefore the angle D/@ is equal to the angle DFP, 
and the angle at @ to the angle at F; 
but the angle DFG is equal to the angle ACB; (constr.) 
therefore the angle ACB is equal to the angle DFE; (ax. 1.) 
and the angle BAC is equal to the angle HDF: (hyp.) 
wherefore also the remaining angle at B is equal to the remaining 
angle at #; (1. 82.) 
therefore the triangle ABC is equiangular to the triangle DEF. 
Wherefore, if two triangles, &e.  q.n.p, 
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PROPOSITION VI. THEOREM. 


If two triangles have one angle of the one equal to one angle of the other, 
und the sides about two other angles proportionals ; then, if each of the re- 
sinaining angles be either less, or not less, than a right angle, or if one of 
them be a right angle; the triangles shall be equiangular, and shall have 
those angles equal about which the sides are proportionals. 

Let the two triangles ABC, DEF have one angle in the one 
equal to one angle in the other, 

viz. the angle BAC’ to the angle EDF, and the sides about two 

other angles ABC, DEF proportionals, 
so that AB is to BC, as DE to EF’; 
and in the first case, let each of the remaining angles at (, F’be less 
than a right angle. 
The triangle ALC shall be equiangular to the triangle DEF, 
viz. the angle AGC shall be equal to the angle DEF, 
and the remaining angle at C equal to the remaining angle at / 
A 


a D 
E Fr 
B C 


For if the angles ABC, DEF be not equal, 
one of them must be greater than the other: 
let ABC be the greater, 
and at the point J, in the straight line AB, 
make the angle ABG equal to the angle DEF; (1. 23.) 
and because the angle at A is equal to the angle at D, (hyp.) 
and the angle ALG to the angle DEF; 
the remaining angle AGJZ is equal to the remaining angle DFE: 
I. 382. 
Mone oe triangle A BG is equiangular to the triangle DEF’: 
w ierefore as APB is to BG, so is DE to LF; (v1. 4.) 
but as DZ to HF, so, by hypothesis, is AB to BC; 
therefore as AB to BC, so is ABto BG: (v. 11.) 
and because AB has the same ratio to each of the lines BC, BG, 
BC is equal to BG; (v. 9.) 
and therefore the angle BGC is equal to the angle BCG: (1. 5.) 
but the angle BCG is, by hypothesis, less than a right angle; 
therefore also the angle BGC is less than a right angle ; 
and therefore the adjacent angle AG must be greater than a 
right angle; (1. 13.) é 
but it was proved that the angle 4G is equal to the angle at FP; 
therefore the angle at /’ is greater than a right angle; 
but, by the hypothesis, it is less than a right angle ; which is absurd. 
Therefore the angles ABO, DEF are not unequal, 
that is, they are equal: 
and the angle at A is equal to the angle at D: (hyp.) 
wherefore the remaining angle at C is equal to the remaining ang'e 
at ds (1. 82.) 
therefore the triangle ABC is equiangular to the triangle DEF. 
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Next, let each of the angles at C, / be not less than a right angle. 
Then the triangle ABC shall also in this case be equiangular to 
the triangle DLE. 


mae 
D 
ae ls rae 
B C BE F 


The same construction being made, 
it may be proved in like manner that BC is equal to BG, 
and therefore the angle at C equal to the angle Ba'C: 
but the angle at C’is not less than a right angle; (hyp.) 
therefore the angle BGC is not less than a right angle: 
wherefore two angles of the triangle BGC are together not less 
than two right angles: 
which is impossible ; (1. 17.) 
and therefore the triangle ABC may be proved to be equiangular to 
the triangle D/P, as in the first case. 
Lastly, let one of the angles at C, /, viz. the angle at C, be a right 
angle: in this case likewise the triangle ABU shall be equian- | 
gular to the triangle DEF. 


A 
A D 
a 
A Ld. FA 
B Cc G 


For, if they be not equiangular, 
at the point Bin the straight line AB make the angle ABG equal 
to the angle DEF; 
then it may be proved, asin the first case, that B@ is equalto BC: 
and therefore the angle BCG equal to the angle BGC: (1. 5.) 
but the angle BCG is a right angle, (hyp.) 
therefore the angle BGC is also a right angle; (ax. 1.) 
whence two of the angles of the triangle BG'U are together not 
less than two right angles ; 
which is impossible: (1. U7.) 
therefore the triangle AC is equiangular to the triangle DEF. 
Wherefore, if two triangles, &. Q.B.v. 


PROPOSITION VIII. THEOREM. 


In a right-angled triangle, if a perpendicular be drawn from the right - 
angle to the hase ; the triangles on each side of it are similar to the whole 
triangle, and to one another. 


Let ABC be a right-angled triangle, having the right angle BAC; 
and from the point A let AD be drawn perpendicular to the base 
BO. 

Then the triangles ABD, ADC shall be similar to the whole tri- 
angle APC, and to one another, 
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A 


b WW 0) 

Because the angle BAC is equal to the angle ADB, each of them 
being a right angle, (ax. 11.) 
and that the angle at 6 is common to the two triangles ABC, ABD: 

the remaining angle ACB is equal to the remaining angle BAD, 

(1. 32.) 
therefore the triangle ABC is equiangular to the triangle ABD, 
and the sides about their equal angles are proportionals; (vi. 4.) 
wherefore the triangles are similar; (v1. def. 1.) 
in the like manner it may be demonstrated, that the triangle 
ADC is equiangular and similar to the triangle ABC. 

And the triangles ALD, ACD, being both equiangular and simi- 

lar to ABC, are equiangular and similar to each other. 
Therefore, in a right-angled, &e. Q.£.D. 

Cor. From this it is manifest, that the perpendicular drawn 
from the right angle of a right-angled triangle to the base, is a mean 
proportional between the segments of the base; and also that each 
of the sides is a mean proportional between the base, and the segment 
of it adjacent to that side: because in the triangles BDA, ADO; 
BD is to DA, as DA to DC; (v1. 4.) 
and in the triangles ABC, DBA; BC is to BA, as BA to BD: (v1.4.) 
and in the triangles ABC, ACD; BC isto CA, as CA to CD. (v1. 4.) 


PROPOSITION IX. PROBLEM. 
From a given straight line to cut off any part required. 


Let AB be the given straight line. 
It is required to cut off any part from it. 


A 


B (0) 


From the point A draw astraight line A 0, making any angle with A B; 
and in AC take any point D, 
and take A( the same multiple of AD, that AB is of the part 
which is to be cut off from it; 
join BC, and draw DZ£ parallel to CB. 
Then AZ shall be the part required to be cut off. 
Because HD is.parallel to BC, one of the sides of the triangle ABO, 
as CD is to DA, so is BE to HA; (v1. 2.) 
and by composition, C/A is to AD, as BA to AL: (vy. 18.) 
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but CA is a multiple of AD; (constr.) 
therefore BA is of the same multiple A: (vy. v.) 
whatever part therefore AD is of AC, A is the same part of AB: 
wherefore, from the straight line AZ the part required is cut 
otf. Q.E.F. 


PROPOSITION X. PROBLEM. 


To divide a given straight line similarly to a given divided straight line, 
that is, into parts that shall have the same ratios to one another which the 
parts of the divided given straight line have. 


Let AV be the straight line given to be divided, and AC the divided 
line. 


It is required to divide ABP similarly to 40. 


s = 18 
Let AC be divided in the points D, F; 
and let AB, AV be placed so as to contain any angle, and join BC, 
and through the points D, / draw DF, LE parallels to BC. (1. 81.) 
Then AB shall be divided in the points /, @, similarly to AC. 
Through D draw DIK parallel to AB: 
therefore each of the figures, /H/, 1/2 is a parallelogram ; 
wherefore D/ is equal to /G, and 7K to GB: (1. 84.) 
and because /7/ is parallel to AC, one of the sides of the tri- 
angle DAC, 
as Ci to ED, so is KH to HD: (vt. 2.) 
but A// is equal to BG, and HD to GF; 
therefore, as CH is to LD, so is BG to GF: (v. 7.) 
agains because /') is parallel to GZ, one of the sides of the triangle 
AGE, 
as LD is to DA, so is GF to FA; (vt. 2.) 
therefore, as has been proved, as C/’ is to ED, so is BG to GF, 
and as LD) is to DA, sois GF to FA: 
therefore the given straight line AZ, is divided similarly to AC. Q.1.¥, 


PROPOSITION XI. PROBLEM. 
To find a third proportional to two given straight lines. 
Let AB, AC be the two given straight lines. 
St is required to find a third proportional to 43, AC. 


D E 
Let AB, AC be placed so as to contain any angle: 
produce AL, AC to the points D, 2; 
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and make BD equal to AC; 
join BC, and through D, draw DE parallel to BC. (z. 81.) 
Then C#' shall be a third proportional to AB and AC. 
Because LC is parallel to VF, a side of the triangle ADL, 
AB isto BD, as AC to CH: (v1. 2.) 
but BD is equal to AC; 
therefore as AB is to AC, sois AC to CE. (v. ¥.) 
Wherefore, to the two given straight lines 48, AC, a third pros 
gortional (His found. Q.£.F. 


PROPOSITION XII. PROBLEM. 
To find a fourth proportional to three given straight lines. 


Let A, B, C be the three given straight lines. 
It is required to find a fourth proportional to A, B, @. 
Take two straight lines D2, DF, containing any angle LDF: 
and upon these make DG equal to A, GZ equal to B, and DH equal 
to Gs G.&.) 


join GH, and through 7/7 draw HF parallel to it. (1. 31.) 
Then ///’ shall be the fourth proportional to A, B, C. 
Because GZ is parallel to L’F, one of the sides cf the triangle DEF, 
DG isto GE, as DH to HF; (v1. 2.) 
but DG is equal to A, GE to B, and DH to C; 
therefore, as 4 isto B, sois Cto HF. (vy. 7.) 

Wherefore to the three given straight lines A, B, C, a fourth 
proportional Z/’is found. Q.z.¥. 


PROPOSITION XIII. PROBLEM. 
To find a mean proportional between two given straight lines, 


Let AB, BC be the two given straight lines. 
It is required to find a mean proportional between them. 
D 


iN 


A By 


Place AB, BC in a straight line, and upon AC describe the semi 
circle ADC, 
and from the point B draw BD at right angles to AC. (1. 11.) 
Then BD shall be a mean proportional between AP and BC. 
Join AD, DC. 
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And because the angle ADC in a semicircle isa right angle, (11. 31.) 
and because in the right-angled triangle ADC, BD is drawn from 
the right angle perpendicular to the base, 
DB is a mean proportional between AB, BC the segments of the 
base: (vr. 8. Cor.) 
therefore between the two given straight lines AB, BC, a mean 
proportional DZ is found. Q.£.¥. 


PROPOSITION XIV. THEOREM. 


Equal parallelograms, which have one angle of the one equal to one angle 
of the other, have their sides about the equal angles reciprocally proportional : 
and conversely, parallelograms that have one angle of the one equal to one 
angle of the other, and their sides about the equal angles reciprocally propor- 
tional, are equal to one another. 


Let AB, BO be equal parallelograms, which have the angles at 
B equal. 

The sides of the parallelograms 4, BC about the equal angles, 
shall be reciprocally proportional ; 


that is, DB shall be to BE, as GB to BF. 
A F 


¢ @G 
Let the sides DB, BF be placed in the same straight line; 
wherefore also “2B, BE are in one straight line: (1. 14.) 
complete the parallelogram FF. 
And because the parallelogram AB is equal to BOS and that FZ 
is another parallelogram, 
AB isto FE, as BC to FE: (v. 7.) 
but as AB to LE so is the base DB to BE, (vt. 1.) 
and as BO to FE, so is the base GB to BF; 
therefore, as DB to BE, so is GBto BE. (vy. 11.) 
Wherefore, the sides of the parallelograms AB, BC about their 
equal angles are reciprocally proportional. 
Next, let the sides about the equal angles be reciprocally proportional, 
viz. as DB to BE, so GB to BF: 
the parallelogram AB shall be equal to the parallelogram BC. 
Because, as DB to BE, so is GBto BFP; 
and as DB to BE,so is the parallelogram A Pto the parallelogram 
FE: (yt As) 
and as GB to BF, soisthe parallelogram BC tothe parallelogram FE, 
therefore as AB to FE, so BC to FR: (vy. 11.) 
therefore the parallelogram AB is equal to the parallelogram BC. 
vy. 9.) 
Therefore equal parallelograms, &e,  Q.E.D. 
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PROPOSITION XV. THEOREM. 


Equal triangles which have one angle of the one equal to one angle o 
the other, have their sides about the equal angles reciprocally proportional : 
and conversely, triangles which have one angle in the one equal to one angle 
en the other, and their sides about the equal angles reciprocally proportional, 
are equal to one another. 


Let ABC, ADE be equal triangles, which have the angle BAC 
equal to the angle DAF. 
Then the sides about the equal angles of the triangles shall be re- 
ciprocally proportional ; 
that is, CA shall be to AD, as HA to AB. 


Let the triangles be placed so that their sides CA, AD be in one 
straight line ; 
wherefore also #A and AB are in one straight line; (1. 14.) 
and join BD. 
Because the triangle ABC is equal to the triangle ADE, 
and that AD is another triangle; 
therefore as the triangle (AB, is to the triangle BAD, so is the 
triangle A/D to the triangle DAB; (v. 7.) 
but as the triangle CAB to the triangle BAD, so is the base CA 
to the base AJ, (v1. 1.) 
and as the triangle HAV to the triangle DAB, so is the base HA 
to the base AB; (v1. 1.) 
therefore as C/A to AD, so is HA to AB: (v. 11.) 
wherefore the sides of the triangles ABC, ADL, about the equal 
angles are reciprocally proportional. 
Next, let the sides of the triangles ABO, ADE about the equal 
angles be reciprocally proportional, 
viz. CA to AD as HA to AB. 
Then the triangle ABC shall be equal to the triangle ADZ. 
Join BD as before. 
Then because, as CA to AD, so is ZA to AB; (hyp.) 
and as CA to AD, so is the triangle ABC to the triangle BAD: 
(ve 1.) 
and as HA to AB, so is the triangle HAD to the triangle BAD; 
Cyae .t) 
therefore as the triangle BAC to the triangle BAD, so is the tri 
angle HAD to the triangle BAD; (vy. 11.) 
that is, the triangles BAC, HAD have the same ratio to the tri 
angle BAD: 
wherefore the triangle ABC is equal to the triangle ADZ. (vy. 9.) 
Therefore, equal triangles, &c, Q.£.D. 
ae 
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PROPOSITION XVI. THEOREM. 


Lf four straight lines be proportionals, the rectangle contained by the ex 
tremes is equal to the rectangle contained by the means: and conversely, Hd 
the rectangle contained by the extremes be equal to the rectangle contained by 
the means, the four straight lines are proportionals. 


Let the four straight lines 42, CD, £, F be proportionals, 
viz. as AB to CD, so FL to F. 
The rectangle contained by AB, F shall be equal to the rectangle 
sontained by UD, £. 


H 
G 
ee 
— || 
A B 
_ ) 
From the points A, C draw AG, C7 at right angles to AB, CD: 


(a, aL.) 
and make AG equal to F, and CH equal to £; (1. 8.) 
and complete the parallelograms BG, DH. (1. 81.) 
Because, as AB to CD, so is E to F; 
and that / is equal to CH, and F’'to AG, 
AB isto CD as CH to AG: (v. 7.) 
therefore the sides of the parallelograms BG, DH about the equal 
angles are reciprocally proportional ; 
but parallelograms which have their sides about equal angles reci- 
procally proportional, are equal to one another; (v1. 14.) 
therefore the parallelogram B@ is equal to the parallelogram D//: 
but the parallelogram L@ is contained by the straight lines AB, F; 
becanse AG is equal to F; 
and the parallelogram D// is contained by CD and FL; 
because CH is equal to 7 ; 
therefore the rectangle contained by the straight lines AB, F, is 
equal to that which is contained by CD and £. 
And if the rectangle contained by the straight lines AB, /, be 
equal to that which is contained by CD, £; 
these four lines shall be proportional, 
viz. AB shall be to CD, as Eto 
The same construction being made, 
because the rectangle contained by the straight lines AB, F, is 
equal to that which is contained by CD, B 
and that the rectangle BG is contained by AB, F’; 
because A is equal to F; 
and the rectangle D/T by CD, F; because CH is equal to F; 
therefore the parallelogram BG is equal to the parallelogram DA ; 
(ax. 1.) 
and they are equiangular : 
but the sides about the equal angles of equal parallelograms are 
reciprocally proportional: (v1. 14.) 
wherefore, as AD to CD, so is CH to AG. 
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But CH is equal to Z, and AG to F; 
therefore as ABis to CD, sois to Ff. (vy. 7.) 
Wherefore, if four, &c. Q.E.D. 


PROPOSITION XVII. THEOREM. 


Jf three straight lines be proportionals, the rectangle contained by the ex- 
tremes is equal to the square on the mean; and conversely, if the rectangle 
contained by the extremes be equal to the square on the mean, the three 
etraight vines are proportionals. 


Let the three straight lines A, B, C be proportionals, 
viz. as A to B, so B to C. 
The rectanyle vuarained by A, ( shall be equal to the square on B. 


A————_ D 
ee 

D a 
Sa A B 


Take D equal to B. 
And because as A to L, so B to C, and that B is equal to D; 
4 isto B, as Dto C: (vy. 7.) 
but if four straight lines be proportionals, the rectangle contained 
by the extremes is equul to that which is contained by the means; 
‘ya. 16. 
ees the rectangle contained by A, ( is equal to that con- 
tained by B, D: 
but the rectangle contained by B, D, is the square on B, 
because B is equal to D: 
therefore the rectangle contained by A, C, is equal to the square on B. 
And if the rectangle contained by A, (, be equal to the square on B, 
then A shall be to B, as B to C. 
The same construction being made, 
because the rectangle contained by A, C is equal to the square on B, 
and the square on J is equal to the rectangle contained by B, D, 
because B is equal to D; 
therefore the rectangle contained by A, C, is equal to that contained 
by 28; 22: 
but ie the rectangle contained by the extremes be equal to that con- 
tained by the means, the four straight lines are proportionals: (v1. 16.) 
therefore A is to B, as D to C: 
but B is equal to D; 
wherefore, as A to B. so B to 0. 
Therefore, if three straight lines, &c. Q.E.D. 


PROPOSITION XVIII. PROBLEM. 


Upon a given straight line to describe a rectilineal figure similar, and 
similarly situated, to a given rectilineal figure. 

Let AB be the given straight line, and CDF the given rectilineal 
figure of four sides. 
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It is required upon the given straight line AB to describe a rec- 
tilineal figure similar, and similarly situated, to CDA/. 
G _i 
F 
A B Cc UD 
Join DF, and at the points A, B in the straight line A.B, make the 
angle BAG equal to the angle at C, (1. 23.) 
and the angle ABG equal to the angle CDF; 
therefore the remaining angle A@B is equal to the remaining angle 
CFD: (1. 82 and ax. 8.) 
therefore the triangle /’CD is equiangular to the triangle GAP. 
Again, at the points G’, B, in the str aight line GB, make the angle 
BGH equal to the angle DFE, (1. 28.) 
and the angle GBH equal to PDE; 
therefore the remaining angle GIB is equal to the remaining angle 
FED, 
and the triangle /D/ equiangular to the triangle GBH: 
then, because the angle AGB is equal to the angle CFD, and BGH 
to DFE, 
the whole angle A JZ is equal to the whole angle CF’; (ax. 2.) 
for the same reason, the angle A 4/7 is equal to the angle CDE: 
also the angle at A is equal to the angle at C, (constr.) 
and the angle GHB to FED: 
therefore the rectilineal figure ABTG is equiangular to CDEF: 
likewise these figures have their sides about the equal angles pro- 
portionals ; 
because the triangles GAB, FCD being equiangular, 
BA is to AG, as CD to CF; (v1. 4.) 
and because .A@ is to CB, as OF to fo 
and as GB is to GH, so is FD to FE, 
by reason of the equiangular triangles BG H, DFP, 
therefore, ex equali, AG is to GH, as CF to FE. (vy. 29.) 
In the same manner it may be proved that AB is to BH, as CB 


to DE: > 
and G/T isto 7B, as FE to BD. (vt. 4.) 

Wherefore, because the rectilineal figures ABWG, CDEF are 

equiangular. 
and have their sides about the equal angles proportionals, 
they are similar to one another, (v1. def. 1.) 

Next, let it be required to describe upon a given straight line 4B, 
arectilineal figure similar, and similarly situated, to the rectilineal 
figure DAFF of five sides. 

Join DF, and upon the given straight line AB describe the recti- 
lineal figure AB/7@ similar, and similarly situated, to the quadrilat- 
eral figure CDEF, by the former case : 

and at the points 4, /7, in the straight line B77, make the a di 

HBL equal to the angle EDK, 
and the angle BIL equal to the angle DEA; 
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therefore the remaining angle at Z is equal to the remaining angle 
at K. (1. 82, and ax. 3.) 
And because the figures ABHG, CDEF are similar, 
the angle GHB is equal to the angle FED; (v1. def. 1.) 
and LHL is equal to DEK ; 
wherefore the whole angle GHZ is equal to the whole angle PEK: 
for the same reason the angle AZ is equal to the angle CDK: 
therefore the five-sided figures AGHLB, CFEKD are equiangular : 
and because the figures AGHB, CFED are similar, 
GH isto HB, as FE to ED; (v1. def. 1.) 
but as HB to HL, so is HD to HK; (vt. 4.) 
therefore, ex wquali, GH is to HL, as FL to LA: (v. 22.) 
for the same reason, AP is to BL, as CD to DK: 
and BL is to LH, as DK to KE, (v1. 4.) 
because the triangles BLH, DEKE are equiangular : 
therefore because the five-sided figures AGHLBL, CPEKD are 
equiangular, 
and have their sides about the equal angles proportionals, 
they are similar to one another. 
In the same manner a rectilineal figure of six sides may be de- 
scribed upon a given straight line similar to one given, and so on. 
Q.E.F. 


PROPOSITION XIX. THEOREM. 


Similar triangles are to one another in the duplicate ratio of their homol- 
ogous sides. 


Let ABC, DEF be similar triangles, having the angle B equal to 
the angle £, 
and let AB be to BC, as DE to EF, 
so that the side BC may be homologous to LY. (v. def. 12.) 
Then the triangle ABC shall have to the triangle DH the du- 
plicate ratio of that which BC has to ZF. 
A 
fy CG E F 
Take B& a third proportional to BC, ZF, (v1. 11.) 
s0 that BC may be to LF, as FF’ to BG, and join GA. 
Then, because as AB to BC, so DE to EF; 
alternately, AB is to D&, as BC to HF: (v. 16.) 
but as BC to LF, so is EF to BG; (constr.) 
therefore, as AB to DEH, so is HF to BG: (v. 11.) 
therefore the sides of the triangles ABG, DEF, which are about 
the equal angles, are reciprocally proportional : 
but triangles, which have the sides about two equal angles recipro 
cally proportional, are equal to one another: (v1. 15.) 
therefore the triangle APG is equal to the triangle DEP: 
and because as LU is to HF, so LF to BG; 
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and that if three straight lines be proportionals, the first is said 
to have to the third, the duplicate ratio of that which it has to the 
second: (v. def. 10.) 
therefore BC has to BG the duplicate ratio of that which BChasto EF: 
but as BC isto BG, so is the triangle ALC tothe triangle ABG; (v1. 1.) 
therefore the triangle ALC has to the triangle ABG, the dupli- 
cate ratio of that which BC has to LF: 
but the triangle A BG is equal to the triangle DEF; 
therefore also the triangle ABC has to the triangle DEF, the 
duplicate ratio of that which BC has to FF. 
Therefore similar triangles, &e. Q.E.D. 
Cor. From this it is manifest, that if three straight lines be pro- 
portionals, as the first is to the third, so is any triangle upon the 
first, to a similar and similarly described triangle upon the second. 


PROPOSITION XX. THEOREM. 


Similar polygons may be divided into the same number of similar tri- 
angles, having the same ratio to one another that the polygons have ; and the 
polygons have to one another the duplicate ratio of that which their homol- 
ogous sides have. 


Let ABCDE, FGIKL be similar polygons, and let AB be the 
side homologous to /’G: 

the polygons ABCDE, FGHKTL may be divided into the same 
number of similar triangles, whereof each shall have to each the 
same ratio which the polygons have ; 

and the polygon ABCY EF shall have to the polygon “GHKT the 

duplicate ratio of that which the side AB has to the side /'@. 

A 


M 
> 


D Cc 


Join BE, FC, GL, LH. 
And because the polygon 4A BCDF is similar to the polygon PGHKL, 
the angle BAF is equal to the angle GFL, (v1. def. 1.) 
and BA isto AF, as Gi'to FPL: (v1. def. 1.) 
therefore, because the triangles ABH, FGL have an angle in one, 
equal to an angle in the other, and their sides about these equal 
angles proportionals, 
the triangle ABZ is equiangular to the triangle FGL: (vt. 6.) 
and therefore similar to it; (v1. 4.) 
wherefore the angle ABZ is equal to the angle PGL: 
and, because the polygons are similar, 
the whole angle ABC is equal to the whole angle FG/7; (vi. def. 1.) 
therefore the remaining angle YBC is equal to the remaining 
angle LGH: (1, 82. and ax, 3.) 
and because the triangles ARF, FCT are similar, 
EB is to BA, as LG to GF; (v1. 4.) 


\ 
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and also, because the polygons are similar, 
AB is to BC, as PG to GH; (v1. def. 1.) 

_. therefore, ex equali, HB isto BC, as LG to GH; (vy. 22.) 
that is, the sides about the equal angles HBC, LGZ are proportionals; 

therefore, the triangle “4C is equiangular to the triangle LGH, 

(v1. 6.) and similar to it; (v1. 4.) 

for the saine reason, the triangle “CD likewise is similar to the 

triangle LHK: 

therefore the similar polygons ABCDE, FGHKTL are divided 

into the same number of similar triangles. 

Also these triangles shall have, each to each, the same ratio 

which the polygons have to one another, ; 

the antecedents being ALL, LLC, LCD, and the consequents 

FGL, LGH, LHE : 

and the polygon 4 bCDE£ shall have to the polygon FGHATL the 
duplicate ratio of that which the side AB has to the homologous 
side #’G. Because the triangle AB/ is similar to the triangle /GL, 

ABE has to PGL, the duplicate ratio of that which the side BZ 

has to the side GL: (vr. 19.) 

for the same reason, the triangle B/C has to GLH the duplicate 

ratio of that which LEH has to GL: 

therefore, as the triangle ALJ is to the triangle /GL, so is the 

triangle BHC to the triangle GLH. (v. 11.) 

Again, because the triangle #BC is similar to the triangle 7GZ, 

EBC has to LGH, the duplicate ratio of that which the side 2C 

has to the side LH: 

for the same reason, the triangle CD has to the triangle LK, 

the duplicate ratio of that which /C has to LH: 
therefore, as the triangle “BC is to the triangle LGZ, so is the tri- 

angle HCD to the triangle-LHA: (vy. 11.) 

but it has been proved, 
that the triangle HBC is likewise to the triangle ZLGH, as the 
triangle ABE to the triangle /GL ; 
therefore, as the triangle A BF to the triangle /'@Z, so is the triangle 
EBC tothetriangle L@Z, and the triangle “CD to the triangle LHL: 
and therefore, as one of the antecedents is to one of the consequents, 
so are all the antecedents to all the consequents: (v. 12.) 
that is, as the triangle ABZ to the triangle /'@Z, so is the poly- 
gon ABODE to the polygon FGHKL: 
but the triangle A BZ has to the triangle /@Z, the duplicate ratio of 

that which the side AB has to the homologous side /'@; (v1. 19.) 
therefore also the polygon ABCDE has to the polygon FGHAL the 

duplicate ratio of that which AB has to the homologous side /'G. 

Wherefore, similar polygons, &c. Q.5.D. 

Cor. 1. In like manner it may be proved, that similar four-sided 
figures, or of any number of sides, are one to another in the duplicate 
ratio of their homologous sides: and it has already been proved in 
triangles: (v1. 19.) therefore, universally, similar rectilineal figures 
are to one another in the duplicate ratio of their homologous sides. 

Cor. 2. And if to AB, /’G, two of the homologous sides, a third 
proportional J be taken, (v1. 11.) 
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AB has to M the duplicate ratio of that which AB has to FG: 
(v. def. 10.) 
but the four-sided figure or polygon upon AB, has to the four- 
sided figure or polygon upon /’G likewise the duplicate ratio of that 
which AB has to FG: (v1. 20. Cor. 1.) 
therefore, as AB is to WV, so is the figure upon AB to the figure 
upon FG: (vy. 11.) 
which was also proved in triangles: (vr. 19. Cor.) 
therefore, universally, it is manifest, that if three straight lines 
de proportionals, as the first is to the third, so is any rectilineal 
figure upon the first, to a similar and similarly described rectilineal 
figure upon the second. 


PROPOSITION XXI. THEOREM. 


Rectilineal figures which are similar to the same rectilineal figure, are 
also similar to one another. 


Let each of the rectilineal figures A, B be similar to the recti- 
lineal figure (. 
The figure A shall be similar to the figure B. 


i Ge 


Because A is similar to (, 
they are equiangular, and also have their sides about the equal 
angles proportional: (v1. def. 1.) 
again, because PB is similar to C, 
they are equiangular, and have their sides about the equal angles 
proportionals: (v1. def. 1.) . 
therefore the figures A, B are each of them equiangular to C, 
and have the sides about the equal angles of each of them and of @ 
proportionals. 
Wherefore the rectilineal figures A and B are equiangular, 
: m4 , and have their sides about the equal angles proportionals ; 
Te tis 
therefore A is similar to B. (vr. def. 1.) 
Therefore, rectilineal figures, &e. Q.8.D, 


PROPOSITION XXII THEOREM. 

If four straight lines be proportionals, the similar rectilineal Jigures 
similarly described upon them shall also be proportionals : and conversely, 
if the similar rectilineal Jigqures similarly described upon four straight lines 

e proportionals, those straight lines shail be proportionais, 

Let the four straight lines AB, CD, EF, GH be proportionals, 

viz. AB to CD, as LF to GH; 

and upon AB, CD let the similar rectilineal figures AAB, LOD 

be eng | described ; 

and upon LF, GH the similar rectilineal figures M7, NH, in 

like manner : 
the rectilineal figure AAZB shall be to LCD, as MF’ to NH. 
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To AB, CD tale a third proportional X; (vr. 11.) 
and to #F, GH a third proportional O: 
and because AB is to CD as LF to GH, 
therefore CD is to X, as GH to O; (v. 11.) 
wherefore, ex «quali, as AB to X, so HF’ to O: (vy. 22.) 
but as AB to X, so isthe rectilineal figure “AZ to the rectilineal 
figure LOD, 
and as LF to O, so is the rectilineal figure J//’to the rectilineal 
figure VH: (vi. 20. Cor. 2.) 
therefore, as KAB to LCD, sois MF to NH. (vy. 11.) 
And if the rectilineal figure AB be to LCD, as MF to NH; 
the straight line 4B shall be to CD, as EF to GH. 
Make as AB to CD, so HF to PR, (v1. 12.) 
and upon PF describe the rectilineal figure S/ similar and simi- 
larly situated to either of the figures IZ/, NH: (vt. 18.) 
then, because as AB to CD, so is HF’ to PR, 
and that upon AB, CD are described the similar and similarly 
situated rectilineals AB, LCD, 
and upon #F, PR, in like manner, the similar rectilineals 177%, SR; 
therefore HAB is to LCD, as MF'to SR: 
but by the hypothesis HAB is to LOD, as MF' to NH; 
and therefore the rectilineal J// having the same ratio to each of the 
two VA, SR, . 
these are equal to one another; (v. 9.) 
they are also similar, and similarly situated ; 
therefore GH is equal to PR: 
and because as AB to CD, so is HF to PR, 
and that PF is equal GH; 
ABis to CD, as EF'to GH. (v. 7.) 
If therefore, four straight lines, &e. Q.ED. 


PROPOSITION XXIII. THEOREM. 


Equiangular parallelograms have to one another the ratio which is com- 
pounded of the ratios of their sides. 


Let AC, CF be equiangular parallelograms, having the angle BCD 
equal to the angle LCG. 
Then the ratio of the parallelogram A ( to the parallelogram CF, 


shall be the same with the ratio which is compounded of the ratios 
of their sides, 


AS Dead 
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Let BC, CG be placed in a straight line; 
therefore DC and CF are also in a straight line; (1. 14.) 
and complete the parallelogram DG; 
and taking any straight line A, 
make as BC to CG, so K to LZ; (v1. 12.) 
and as DC to CE, so ‘make L to M; (v1. 12.) 
therefore, the ratios of A to L,and L to UM, are the same with the 
ratios ‘of the sides, 
viz. of BC to CG, and DC to CE: 
but the ratio of A to Mis that which is said to be compounded of 
the ratios of H to Z, and Z to A; (v. def. a.) 
therefore A hasto J/ the ratio compounded of the ratios of the sides: 
and because as BC to CG, so is the parallelogram AC to the paral- 
lelogram CH; (v1. 1.) 
but as BC to OG, so is K to L; 
therefore A is to LZ, as the parallelogr am AC to the parallelogram 
OH: (vy. 11.) 
again, because as DC to CE, so is the parallelogram CH to the 
parallelogram CF; 
but as DC to CE, so is L to M; 
wherefore Z is to M, as the parallelogram CZ to the parallelogram 
Of» (Ws Ls) 
therefore since it has been proved, 
that as A to Z, so is the parallelogram A ( to the parallelogram C/T, 
and as Z to WM, so is the parallelogram C// to the parallelogram GF’; 
ex «quali, A is to W/, as the parallelogram AC to the parallelogram 
OF: (vy. 22.) 
but A’ has to J the ratio which is compounded of the ratios of the 
sides ; 
therefore also the parallelogram AC has to the parallelogram CF, 
the ratio which is compounded of the ratios of the sides, 
Wherefore, equiangular parallelograms, &c.  Q.x.D. 


PROPOSITION XXIV. THEOREM. 


Parallelograms about the diameter of any parallelogram, are similar to 
the whole, and to one another. 
Let ABCD be a parallelogram, of which the diameter is AC; 
and #G, HK parallelograms about the diameter. 
The parallelograms 2G, 17K shall be similar both to the whole 
parallelogram ABCD, and to one another. 


Because DC, GF are parallels, 
the angle ADC is equal to the angle AGF: (1. 29.) 
for the same reason, because LC, LF are parallels, 
the angle ABC is equal to the angle ALF: 
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and each of the angles BCD, LFG is equal to the opposite angle 
DAB, (1. 34.) 
and therefore they are equal to one another : 
wherefore the parallelograms ABCD, AFFG, are equiangular: 
and because the angle ALC is equal to the angle ALP, 
and the angle BAC common to the two triangles BAC, LAF, 
they are equiangular to one another ; 
therefore as AB to BC, so is AH to HF: (v1. 4.) 
and because the opposite sides of parallelograms are equal to one 
another, (1. 34.) 
AB isto AD as AE to AG; (v. 7.) 
and DCU to CB, as GF to FL; 
and also CD to DA, as FG to GA: 
therefore the sides of the parallelograms ABCD, AEFG about 
the equal angles are proportionals ; 
and they are therefore similar to one another: (vr. def. 1.) 
for the same reason, the parallelogram AZLCD is similar to the 
parallelogram FHCEK: 
wherefore each of the parallelograms GH, AH is similar to DB: 
but rectilineal figures which are similar to the same rectilineal figure, 
are also similar to one another: (vr. 21.) 
therefore the parallelogram GZ is similar to XH. 
Wherefore, parallelograms, &c. Q.£.D. 


PROPOSITION XXV. PROBLEM. 


To describe a rectilineal figure which shall be similar to one, and equat 
to another given rectilineal figure. 


Let ABC be the given rectilineal figure, to which the figure to 
be described is required to be similar, and J) that to which it must 
be equal. 

It is required to describe a rectilineal figure similar to ABC, and 

equal to ye 


K 
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Upon the straight line BC describe the parallelogram BL equal 
to the figure ABC; (1. 45. Cor.) 
also upon C'# describe the parallelogram CV equal to D, (1. 45. Cor.) 
and having the angle “CZ equal to the angle CBL: 
therefore BC and CF are in a straight line, as also ZL and LM: 
(1. 29. and 1. 14.) 
between BO and CF find a mean proportional GH, (v1. 13.) 
and upon @Z describe the rectilineal figure AGH similar and simi 
larly situated to the figure ABC. (vr. 18.) 
Because BC is to GH as GH to CF, 
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and that if three straight lines be proportionals, as the first is to 
the third, so is the figure upon the first to the similar and similarly 
described figure upon the second ; (v1. 20. Cor. 2.) 
therefore, as BC to CF, so is the rectilineal figure ABC to AGH: 
but as BC to CF, so is the parallelogram BH to the parallel- 
ogram LF’; (vr. 1.) 
therefore as the rectilineal figure ABC is to HGH, so is the 
parallelogram B# to the parallelogram LF’: (v. 11.) 
and the rectilineal figure ABC is equal to the parallelogram 
BE; (constr.) 
therefore the rectilineal figure 4 GZ is equal to the parallelogram 
EF: (v. 14.) 
but ZF is equal to the figure D; (constr.) 
wherefore also AG@// is equal to J): and it is similar to ABC. 
Therefore the rectilineal figure AGH has been described similar 
to the figure ABC, and equalto D. QE. 


PROPOSITION XXVI. THEOREM. 


Tf two similar parallelograms have a common angle, and be similarly 
situated ; they are about the same diameter. 


Let the parallelograms ABCD, AFFG be similar and similarly 
situated, and have the angle 2.42 common, 
ABCD and AELFG shall be about the same diameter. 


For if not, let, if possible, the parallelogram BD have its diam- 
eter A/7C in a ditferent straight line from A, the diameter of the 
parallelogram L2G, 

and let GF meet A/C in JT; 
and through // draw H/K parallel to AD or BC; 
therefore the parallelograms ABCD, AKHG being about the same 

diameter, they are similar to one another; (v1. 24.) 

wherefore as DA to AB, so is GA to AX: (v1. def. 1.) 
but because ABCD and AEFG are similar parallelograms, (hyp.) 
as DA is to AB, so.is GA to AP; 
therefore as GA to AL, so GA to AK; (v. 11.) 
that is, 7A has the same ratio to each of the straight lines 42, AK; 
and consequently AX is equal to AF, (vy. 9.) 
the less equal to the greater, which is impossible : 
therefore ABCD and AX HG are not about the same diameter : 
wherefore ABCD and AE FG must be about the same diameter, 
Therefore, if two similar, &c.  Q.8.D, 
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PROPOSITION XXVII. THEOREM. 


Of all parallelograms applied to the same straight line, and deficient by 
parallelograms, similar and similarly situated to that which is described 
upon the half of the line; that which is applied to the half, and is similar 
4o its defect, is the greatest. 

Let AB be a straight line divided into two equal parts in C; 

and let the parallelogram AD be applied to the half AC, which is 
therefore deficient from the parallelogram upon the whole line AB 
by the parallelogram CH upon the other half CB: 

of all the parallelograms applied to any other parts of AB, and 
ileficient by parallelograms that are similar and similarly situated to 
CE, AD shall be the greatest. 

Let A/’ be any parallelogram applied to AX, any other part of AB 
than the half, so as to be deficient from the parallelogram upon the 


whole line AB by the parallelogram A similar and similarly situa- 
ted to CH: 


A OKs 


AD shall be greater than AF. 

First, let 4. the base of AV, be greater than AC the half of AB: 
and because (Z is similar to the parallelogram HA, (hyp.) 
they are about the same diameter: (vr. 26.) 
draw their diameter DB, and complete the scheme: 
then, because the parallelogram CF is equal to 4, (1. 48.) 
add AH to both: 
therefore the whole (ZH is equal to the whole AZ: 
but CH is equal to CG, (1. 36.) 
because the base 4 (is equal to the base CB; 
therefore ('G@ is equal to WH: (ax. 1.) 
to each of these equals add C/’; 

then the whole A/’is equal to the gnomon CHL: (ax. 2.) 
therefore CZ, or the parallelogram AVY is greater than the paral- 
lelogram AF. 
Next, let AZ the base of A?’ be less than AC: 


GEM Ff 


AKO B 
then, the same construction being made, because BO is equal to CA, 
therefore H/ is equal to WG; (1. 34.) 
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therefore the parallelogram DJZ/ is equal to the parallelogram DG; 
I. 36. 
wherefore DH is greater than LG: 
but D/Z is equal to DA; (1. 43.) 
therefore DX is greater than LG: 
to each of these add AL; 
then the whole AV is greater than the whole AZ. 
Therefore, of all parallelograms applied, Ge. Q.E.D. 


PROPOSITION XXVIII. PROBLEM, 


To a given straight line to apply a parallelogram equal to a given reeti- 
lineal figure, and deficient by a parallelogram similar to a given parallelo- 
gram: but the given reetilineal figure to which the parallelogram to be ap- 
plied is to be equal, must not be greater than the parce apna applied to 
half of the given line, having its defect similar to the defect of that which is 
to be applied ; that is, to the given parallelogram. 


Let AB be the given straight line, and ( the given rectilineal 
figure to which the parallelogram to be applied is required to be 
equal, which figure must not be greater (v1. 27.) than the parallelo- 
gram applied to the half of the line, having its defect from that upon 
the whole line similar to the defect of that which is to be applied ; 

and let ) be the parallelogram to which this defect is required to 
be similar. 

It is required to apply a parallelogram to the straight line AB, 
which shall be equal to the figure C, and be deficient from the paral- 
lelogram upon the whole line by a parallelogram similar to D. 

Divide AP into two equal parts in the point Z, (1. 10.) 
and upon /’B describe the parallelogram LBFG similar and simi- 
larly situated to D, (vr. 18.) 
and complete the parallelogram AG, which must cither be equal 
to O, or greater than it, by the determination. 
If AG be equal to C, then what was required is already done: 


nH G OF 
\ 
1 \ \3 
, ease 
A ESB 


for, upon the straight line A ZB, the parallelogram A @ is applied equal 
to the figure (, and deficient by the parallelogram ZF similar to D, 
But, if 4@ be not equal to C, it is greater than it: 
and /Y’ is equal to AG; (1. 86.) 

therefore FF also is greater than C. 
Make the parallelogram A°LILN: equal to the excess of ZF above 

(” and similar and similarly situated to D: (v1. 25.) 

then, since /) is similar to BF, (constr.) 
therefore also AU is similar to LF, (v1. 21.) 
let AZ be the homologous side to HG, and LM to GFP: 
and because Fis equal to ( and AM together, 
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FF is greater than KM; 
therefore the straight line HG is greater than eh, and @F'than LM: 
make GX equal to LK, and GO equal to "LM, (1. 3.) 
and complete the parallelogram XGOP: (1 31.) 
therefore XO is equal and similar to AW: 
but AM is similar to HF; 
wherefore also XO is similar to ZF’; 
and therefore XO and #F are about the same diameter: (v1. 26.) 
let GPB£ be their diameter and complete the scheme. 
Then, because #/’is equal to C’ and AM together, 

and XO a part of the one is equal to AW a part of the other, 

the remainder, viz. the gnomon RO, is equal to the remainder (: 
(ax. 3.) 

and because O? is equal to XS, by adding SR to each, (1. 48.) 

the whole OB is equal to the whole XB: 

but XB is equal to TZ, because the base A/’ is equal to the base 

EB; (1. 36.) 
wherefore also 7'/7is equal to OB: (ax. 1.) 

add XS to each, then the whole ZS is equal to the whole, viz. to 
the gnomon LRO: 

but it has been proved that the gnomon FRO is equal to 0; 

and therefore also 7S is equal to @. 

Wherefore the parallelogram 7S, equal to the given rectilineal 
figure (, is applied to the given straight line 4B, deficient by the 
parallelogram S/?, similar to the given one D, because SZ is similar 
to HF. (vi. 24.) Q.@.F. 


PROPOSITION XXITX. PROBLEM. 


To a given straight line to apply a parallelogram equal to a given reeti- 
lineal figure, exceeding by a parallelogram similar to another given. 


Let AB be the given straight line, and ( the given rectilinea) 
figure to which the parallelogram to be applied is required to be 
equal, and D the parallelogram to which the excess of the one to be 
applied above that upon the given line is required to be similar. 

It is required to apply a parallelogram to the given straight line 
AB which shall be equal to the figure C, exceeding by a paralle'o- 
gram similar to D. 


Divide AB into two equal parts in the point Z, (1. 10.) and upon 
EB describe the parallelogram /Z similar and similarly situated to 
POLS onc allt) 

and make the parallelogram GH equal to ZZ and ( together, and 
similar and similarly situated to D: (v1. 25.) 
wherefore @/ is similar to ZZ: (v1. 21.) 
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let AZ be the side homologous to FZ, and KG to FF: 
and because the parallelogram GH is greater than LZ, 
therefore the side AH is greater than FZ, 
and #G than /'2: 
produce FZ and FF, and make FLM equal to KH, and FEN to KG, 
and complete the parallelogram A/V: 
ALN is therefore equal and similar to GZ: 
but G//is similar to LL; 
wherefore MN is similar to EL; 
and consequently ZZ and J/N are about the same diameter : (v1, 26.) 
draw their diameter /X, and complete the scheme. 
Therefore, since G// is equal to EZ and C together, 
and that G/7is equal to WN; 
MN is equal to LL and C: 
take away the common part ZZ; 
then the remainder, viz. the gnomon NOZ, is equal to C. 
And because AF is equal to /B, 
the parallelogram AWN is equal to the parallelogram VB, (1. 86.) 
that is, to BA: (1. 43.) 
add VO to each; 
therefore the whole, viz. the parallelogram AX, is equal to the 
gnomon NOL: 
but the gnomon VOL is equal to (; 
therefore also AX is equal to C. 

Wherefore to the straight line AB there is applied the parallelo- 
gram AX equal to the given rectilineal figure C, exceeding by the 
parallelogram PO, which is similar to JY, because PO is similar te 
EL. (vt. 24.) Q.E.F. 


PROPOSITION XXX. PROBLEM. 


To cut a given straight line in extreme and mean ratio. 


Let AB be the given straight line. 
It is required to cut it in extreme and mean ratio, 
ee. | 


Upon AB describe the square BC, (1. 46.) 
and to AC apply the parallelogram CD, equal to BC, exceeding by 
the figure AD similar to BO: (v1. 29.) 
then, since BC is a square, 
therefore also AD is a square: 
and because BC is equal to CD, 
by taking the common part CZ from each, 
the remainder 7/’ is equal to the remainder AJ): 
and these figures are equiangular, 


— 
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therefore their sides about the equal angles are reciprocally pro- 
portional: (v1. 14.) 
therefore, as FH to ED, so AH to HB: 
but /F is equal to AC, (1. 34) that is, to AB; (def. 30.) 
and #'D is equal to AF; 
therefore as BA to AH, sois AL to EB: 
but AB is greater than AF; 
wherefore A/ is greater than HB: (vy. 14.) 
therefore the straight line 44 is cut in extreme and mean ratio} 
in &. (vi. def. 3.) Q.E.F. : 
Otherwise : 
Let AB be the given straight line. 
It is required to cut it in extreme and mean ratio. 
| 
A © B 

Divide AZ in the point (, so that the rectangle contained by 

AB, BC, may be equal to the square on AC. (ar. 11.) 
Then, because the rectangle AZ, BC is equal to the square on AC; 

as BA to AC, so is AC to CB: (v1. 17.) 
therefore AB is cut in extreme and mean ratioin (. (v1. def. 8.) 

Q.E.F. 


PROPOSITION XXXI. THEOREM. 


In right-angled triangles, the rectilineal figure described wpon the side 
opposite to the right angle, is equal to the similar and similarly described 
Jigures upon the sides containing the right angle. 


Let ABC be a right-angled triangle, having the right angle BAC. 
The rectilineal figure described upon BC shall be equal to the 
similar and similarly described figures upon BA, AC. 


eae 


Draw the perpendicular AD: (1. 12.) 
therefore, because in the right-angled triangle ABC, 
AD is drawn from the right angle at A perpendicular to the base BC, 
the triangles ABD, ADC are similar to the whole triangle ABC, 
and to one another: (vt. 8.) 
and because the triangle ABC is similar to ADB, 
as CB to BA, so is BA to BD: (v1. 4.) 
and because these three straight lines are proportionals, 
as the first is to the third, so is the figure upon the first to the simi- 
lar and similarly described figure upon the second: (v1. 20. Cor. 2.) 
therefore as CB to BD, so is the figure upon CB to the similar 
and similarly described figure upon BA ; 
and inversely, as D2 to BO, so is the figure upon BA to that 
upon BU: (vy. B.) 
13 
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for the same reason, as DC to OB, so is the figure upon CA to 
that upon CB: 

therefore as BD and DC together to BC, so are the figures upon 
BA, AC to that upon BC: (vy. 24.) 

but BD and DC together are equal to BC;_ 

therefore the figure described on BC is equal to the similar and 

similarly described figures on BA, AC. (v. A.) 
Wherefore, in right-angled triangles, &c. Q.z.p. 


PROPOSITION XXXII, THEOREM. 


Tf two triangles which have two sides of the one proportional to two sides 
of the other, be joined at one angle, so as to have their homologous sides 
parallel to one another ; the remaining sides shall be in a straight line. 


Let ABC, DCE be two triangles, which have the two sides BA, 
AC proportional to the two CD, DE, 
viz. BA to AC, as CD to DE; 
and let AB be parallel to DC, and AC to DE, 


A 


B Cc E 


Then BC and CF shall be in a straight line. 
Because AB is parallel to DC, and the straight line AC meets them, 
the alternate angles BAC, ACD are equal; (1. 29.) 
for the same reason, the angle CD£ is equal to the angle ACD ; 
wherefore also BA ( is equal to CDF: (ax. 1.) 
and because the triangles ABC, DCF have one angle at A equal to 
one at D, and the sides about these angles proportionals, 
viz. BA to AC, as CD to DE, 
the triangle ABC is equiangular to DOL: (v1. 6) 
therefore the angle ABC is equal to the angle DCF: 
and the angle BAC was proved to be equal to ACD; 
therefore the whole angle ACZ is equal to the two angles ABC, 
BAC: (ax. 2.) 
add to each of these equals the common angle ACB, 
‘then the angles A CZ, ACB are equal to the angles ABC, BAC, ACB: 
but ABC, BAC, ACB are equal to two right angles: (1. 32.) 
therefore also the angles ACE, ACB are equal to two right angles ; ° 
and since at the point C, in the straight line AC, the two straight 
lines BO, CF, which are on the opposite sides of it, make the adja 
cent angles A CE, ACB equal to two right angles ; 
therefore BO and CF are in a straight line. (1, 14.) 
Wherefore, if two triangles, &e.  Q.8.p. 
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PROPOSITION XXXII. THEOREM. 


In equal circles, angles, whether at the centers or circumferences, have the 
same ratio which the circumferences on which they stand have to one another . 
so also have the sectors. 


Let ABC, DEF be equal circles; and at their centers the angles 

BGC, EHF, and the angles BAC, EDF, at their circumferences. 
As the circumference BC to the circumference /F, so shall the 
angle BGO be to the angle LHF, and the angle BAC to the 


angle HDF; 
and also the sector BGC to the sector HAF. 
ie D 
L 
) a EM 


and any number whatever FZ, ALN, each equal to #F: 
| and join GA, GL, HM, HN. 
| Because the circumferences BO, CK, KL are all equal, 
the angles BGO, C@K, KGL are also all equal: (1. 27.) 

therefore what multiple soever the circumference LL is of the 
_ <eircumference BO, the same multiple is the angle B@L of the angle 

BGC: 

For the same reason, whatever multiple the circumference EN 
is of the circumference #F, the same multiple is the angle HN of 
the angle ZAF: . 

and if the circumference BL be equal to the circumference EN, 

the angle BGZ is also equal to the angle HHN; (11. 27.) 
and if the circumference BZ be greater than LN, 
likewise the angle B@L is greater than LHN; and if less, less: 

therefore, since there are four magnitudes, the two circumferences 
BO, EF, and the two angles BGC, HHI; and that of the cireum- 
ference BC, and of the angle BGC, have been taken any equimul- 
tiples whatever, viz. the circumference BL, and the angle BEL; and 
of the circumference HF, and of the angle HHF, any equimultiples 
whatever, viz. the cireumference ZN, and the angle HHN: 

and since it has been proved, that if the circumference BL be 

greater than LV; 
the angle BL is greater than HHN; 
and if equal, equal; and if less, less; 
therefore as the circumterence BC to the circumference ZF, so is 
the angle BGC to the angle LHF’: (v. def. 5.) 
but as the angle BG@C is to the angle HHP, so is the angle BAC to 
the angle LDF: (v. 15.) 
for each is double of each; (mt. 20.) 
therefore, as the circumference BC is to EF, so is the angle BGC to 
the angle ZH, and the angle BAC to the angle ED/. 


) Take any number of circumferences OK, KZ, each equal to BC, 
| 
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Also, as the circumference BC to ELF, so shall the sector BGC 
be to the sector LHF 


AL 


v) 


BX OC ) 
Join BC, CK, and in the circumferences, BC, CK, take any 
points Y, O, and join BX, XC, CO, OK. 
Then, because in the triangles GBC, GCK, 
the two sides BG, GC are equal to the two CG, GX each to each, 
and that they contain equal angles ; 
the base BV is equal to the base CA, (1. 4.) 
and the triangle GBC to the triangle GCK: 
and because the circumference BC is equal to the circumference CK, 
the remaining part of the whole circumference of the circle A BO, is 
equal to the remaining part of the whole circumference of the same 
circle: (ax. 3.) 
therefore the angle BXC is equal to the angle COX; (1. 27.) 
and the segment BX is therefore similar to the segment COX; 
(um. def. 11.) 
and they are upon equal straight lines, BC, CK; 
but similar segments of circles upon equal straight lines, are equal 
to one another: (11, 24.) 
therefore the segment BYC is equal to the segment COX: 
and the triangle BG'U was proved to be equal to the triangle C@K; 
therefore the whole, the sector BGC, is equal to the whole, the seo- 
tor OGK: 
for the same reason, the sector A@Z is equal to each of the sectors 
BGO, OGK: 
in the same manner, the sectors LHF, FIM, MITN, may be proved 
equal to one another : 
therefore, what multiple soever the circumference BL is of the cireum- 
ference 4, the same multiple is the sector BGL of the sector BEC; 
and for the same reason, whatever multiple the circumference 
EN is.of EF, the same multiple is the sector LIN of the 
sector HITF: 
and if the circumference BL be equal to LN, the sector BEL is 
equal to the sector LIN; 
and if the cireumference BL be greater’than EN, the sector 
BGL is greater than the sector HN; 
and if less, less ; 
since, then, there are four magnitudes, the two circumferences 
BO, BF, and the two sectors BGC, LHF, and that of the cireum- 
ference BU, and sector BGC, the cireumference BL and sector BAL 
are any equimultiples whatever ; and of the circumference LF, and 
sector VHF, the cireumference LN, and sector LIZN are any equi- 
multiples whatever ; \ 


—————— 


ae 
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and since it has been proved, that if the circumference BZ be greater 
than “W, the sector BL is greater than the sector LAN ; 
and if equal, equal; and if less, less: 
therefore, as the circumference BC is to the circumference LF, so 
is the sector B@C to the sector HAF. (v. def. 5.) 
Wherefore, in equal circles, &c. Q.E.D. 


PROPOSITION B. THEOREM. 


Tf an angle of a triangle be bisected by a straight line which likewise cuts 
the base ; the rectangle contained by the sides of the triangle is equal to the 
rectangle contained by the segments of the base, together with the square on 
the straight line which bisects the angle. 


Let ABC be a triangle, and let the angle BAC be bisected by the 
straight line AD. 

The rectangle BA, AC shall be equal to the rectangle BD, DC, 
together with the square on AD, 


A 
LN 
VY 
E 
Describe the circle ACB about the triangle, (rv. 5.) 
and produce AD to the circumference in /, and join LC. 
Then because the angle BAD is equal to the angle CAZ, (hyp.) 
and the angle ABD to the angle AZC, (m. 21.) 
for they are in the same segment; 
the triangles ABD, AFC are equiangular to one another: (1. 32.) 
therefore as BA to AD, so is HA to AC; (v1. 4.) 
and consequently the rectangle BA, AC is equal to the rectangle ZA, 
AD; (v1. 16.) 
‘that is, to the rectangle HD, DA, together with the square on AD; 
qr. 3.) 
but the rectangle 7D, DA is equal to the rectangle BD, DC; (am. 35.) 
therefore the rectangle BA, A C is equal to the rectangle BD, DC, 


together with the square on AD. 
Wherefore, if an angle, &c. Q.E.D. 


B 


PROPOSITION C. THEOREM. 


Tf from any angle of a triangle, a straight line be drawn perpendicular 
“to the base; the rectangle contained by the sides of the triangle is equal to 
the rectangle contained by the perpendicular and the diameter of the circle 
described about the triangle. 


Let ABO be a triangle, and AD the perpendicular from the angle 
A to the base BC. 

Lhe rectangle BA, AC shall be equal to the rectangle contained 
by AD and the diameter of the circle described about the triangle, 
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E 

Describe the circle ACB about the triangle, (1v. 5.) and draw its_ 
diameter AZ, and join £C. 

Because the right angle BDA is equal to the angle HCA in a 

semicircle, (11. 31.) 
and the angle ALP equal to the angle A/C in the same segment; 
(1. 21.) the triangles ABD, AFC are equiangular : 
therefore as BA to AD, so is HA to AU; (vi 4.) 
and consequently the rectangle BA, AC is equal to the rectangle ZA, 
ALD. (v1. 16.) If therefore from any angle, &e. Q.E.D. 


PROPOSITION D. THEOREM. 
The rectangle contained by the diagonals of a quadrilateral figure inscribed 
in a circle, is equal to both the rectangles contained by its opposite sides. 
Let ABCD be any quadrilateral figure inscribed in a circle, and 
join AC, BD. 
The rectangle contained by AC, BD shall be equal to the two 
rectangles contained by AB, CD, and by AD, BC. 
Make the angle ABZ equal to the angle DBC: (1. 23.) 
add to each of these equals the common angle EBD, 
then the angle ABD is equal to the angle EBC: 
and the angle BDA is equal to the angle BCL, because they are 
in the same segment: (11. 21.) 
therefore the triangle A BD is equiangular to the triangle BCE: 
wherefore, as BC is to CL, so is BD to DA; (v1. 4.) 


i. 


0 


> 
Dy 


< a) Yd 


and consequently the rectangle BO, AD is equal to the rectangle 
BD, CE: (vt. 16.) 
again, because the angle ABZ is equal to the angle DBC, and the 
angle BAF to the angle BDC, (m1. 21.) 
the triangle ABZ is equiangular to the triangle BCD: 
therefore as BA to AF, so is BD to DC; 
wherefore the rectangle BA, DC is equal to the rectangle BD, AF: 
but the rectangle BC, AD has been shewn to be equal 
to the rectangle BD, CE; 
therefore the whole rectangle AC, BD is equal to the rectangle 
AB, DC, together with the rectangle AD, BC. (nu. 1.) 
Therefore the rectangle, &e. Q.8.p. 


This is a Lemma of Cl. Ptolemaus, in page 9 of his MeydAn Suvratis. 


NOTES TO BOOK VI. 


In this Book, the theory of proportion exhibited in the Fifth Book, is 
applied to the comparison of the sides and areas of plane rectilineal figures, 
both of those which are similar, and of those which are not similar. 

Def. 1. In defining similar triangles, one condition is sufficient, namely, 
that similar triangles are those which have their three angles respectively 
equal; as in Prop. 4, Book vi., it is proved that the sides about the equal 
angles of equiangular triangles are proportionals. But in defining similar 
figures of more than three sides, both of the conditions stated in Def. 1. are 
requisite, as it is obvious, for instance, in the case of a square and a rectan- 
gle, which have their angles respectively equal, but have not their sides 
about their equal angles proportionals. 

The following definition has been proposed: ‘‘ Similar rectilineal figures 
of more than three sides, are those which may be divided into the same num- 
ber of similar triangles.” This definition would, if adopted, require the omis- 
sion of a part of Prop. 20, Book vt. 

Def. ur. To this definition may be added the following: 

A straight line is said to be divided harmonically, when it is divided 
into three parts, such that the whole line is to one of the extreme segments, 
as the other extreme segment is to the middle part. Three lines are in har- 
monical proportion, when the first is to the third, as the difference between 
the first and second, is to the difference between the second and third; and 
the second is called a harmonic mean between the first and third. 

The expression ‘harmonical proportion’ is derived from the following 
fact in the Science of Acoustics, that three musical strings of the same ma- 
terial, thickness, and tension, when divided in the manner stated in the defi- 
nition, or numerically, as 6, 4, and 38, produce a certain musical note, its 
fifth, and its octave. 

Def. rv. The term altitude, as applied to the same triangles ahd paral- 
lelograms, will be different according to the sides which may ‘be assumed as 
the ase, unless they are equilateral. 

Prop. 1. In the same manner may be proved, that triangles and paral- 
lelograms upon equal bases, are to one another as their altitudes. 

Prop. A. When the triangle ABC is isosceles, the line which bisects 
the exterior angle at the vertex is parallel to the base. In all other cases, 
if the line which bisects the angle BAC cut the base BC in the point G, 
then the straight line BD is harmonically divided in the points G, C. 


For BG isto GC as BA is to AC; (vi. 3.) 
and BD is to DC as BA is to AC, (VI. A.) 
therefore BD is to DC as BG is to GC, 
but BG = BD — DG, and GC = GD — DC. 
Wherefore BD is to DO as BD — DG is to GD — DC. 
Hence BD, DG, DC, are in harmonical proportion. 
Prop. tv. is the first case of similar trianglas, and corresponds to the 
third case of equal triangles, Prop. 26, Book 1. 
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Sometimes the sides opposite to the equal angles in two equiangular tri- 
angles, are called the corresponding sides, and these are said to be propor- 
tional, which is simply taking the proportion in Euclid alternately. 

The term homologous (éuddoyos), has reference to the places the sides of 
the triangles have in the ratios, and in one sense, homologous sides may be 
considered as corresponding sides. The homologous sides of any two simi- 
lar rectilineal figures will be found to be those which are adjacent to two 
equal angles in each figure. 

Prop. v., the converse of Prop. rv., is the second case of similar triangles, 
and corresponds to Prop. 8, Book 1., the second case of equal triangles. 

Prop. vt. is the third case of similar triangles, and corresponds to Prop. 
4, Book 1., the first case of equal triangles. 

The property of similar triangles, and that contained in Prop. 47, Book 
I., are the most important theorems in Geometry. 

Prop. vit. is the fourth case of similar triangles, and corresponds to the 
fourth case of equal triangles demonstrated in the note to Prop. 26, Book 1. 

Prop. 1x. The learner here must not forget the different meanings of 
the word part, as employed in the Elements. The word here has the same 
meaning as in Eue. 1. ax. 9. : 

It may be remarked, that this proposition is a more simple case of the 
next, namely, Prop. x. 

Prop. x1. This proposition is that particular case of Prop. x11., in which 
the second and third terms of the proportion are equal. These two problems 
exhibit the same results by a Geometrical construction, as are obtained by 
numerical multiplication and division. 

Prop. xu. The difference in the two propositions Eue. 1. 14, and Rue, 
vi. 18, is this: in the Second Book, the problem is, to make a rectangular 
figure or square equal in area to an irregular rectilinear figure, in which the 
idea of ratio is not introduced. In the Prop. in the Sixth Book, the prob- 
lem relates to ratios only, and it requires to divide a line into two parts, so 
that the ratio of the whole line to the greater segment may be the same as 
the ratio of the greater segment to the less. 

The result in this proposition obtained by a Geometrical construction, is 
analogous to that which is obtained by the multiplication of two numbers, 
and the extraction of the square root of the product. 

It may be observed, that half the sum of AB and BC is called the Arith- 
metic mean between these lines; also that BD is called the Geometric mean 
between the same lines. 

To find two mean proportionals between two given lines is impossible by 
the straight line and cirele. Pappus has given several solutions of this prob- 
lem in Book ut, of his Mathematical Collections; and Eutocius has given, 
in his Commentary on the Sphere and Cylinder of Archimedes, ten different 
methods of solving this problem. 

Prop. xrv. depends on the same principle as Prop. xv., and both may 
easily be demonstrated from one diagram. Join DF, FE, FG in the fig. to 
Prop. X1v., and the figure to Prop, xv. is formed. We may add that there 
does not appear any reason why the properties of the triangle and parallelo- 
gram should be here separated, and not in the first proposition of the Sixth 
Book, 

Prop. xv. holds good when one angle of one triangle is equal to the 
defect from what the corresponding angle in the other wants of two right 
angles, 

This theorem will perhaps be more distinctly comprehended by the 
Jearner, if he will bear in mind, that four magnitudes are reciprocally 
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proportional, when the ratio compounded of these ratios is a ratio of 
equality. 
Prop. xvu. is only a particular case of Prop. xv1., and more properly 
might appear as a corollary: and both are cases of Prop. xrvy. 
Algebraically, Let 45, CD, E£, F, contain a, b, c, d units respectively. 


: , a 
Then, since a, 6, c, d are proportionals, ... -=-—. 


Multiply these equals by bd, .*. ad = be, 
or, the product of the extremes is equal to the product of the means. 
And conversely, If the product of the extremes be equal to the product 
of the means, 
or ad = be, 
then, dividing these equals by bd, .*. - = 5 
or the ratio of the first to the second number, is equal to the ratio of the 
third to the fourth. 


Similarly may be shewn, that if > = : - then ad = 0, 
And conyersely, if ad = 6°; then : = - 


Prop. xvut. Similar figures are said to be similarly situated, when 
their homologous sides are parallel, as when the figures are situated on the 
same straight line, or on parallel lines; but when similar figures are sit- 
uated on the sides of a triangle, the similar figures are said to be similarly 
situated when the homologous sides of each figure have the same rela- 
tive position with respect to one another; that is, if the bases on which the 
similar figures stand, were placed parallel to one another, the remaining 
sides of the figures, if similarly situated, would also be parallel to one an- 
other. 

Prop. xx. It may easily be shewn, that the perimeters of similar poly- 
gons are proportional to their homologous sides, 

Prop. xx1. This proposition must be so understood as to include all 
rectilineal figures whatsoever, which require for the conditions of similarity 
another condition than is required for the similarity of triangles. See note 
on Eue. yi. Def. 1. 

Prop. xxm1. The doctrine of compound ratio, including duplicate and 
triplicate ratio, in the form in which it was propounded and practised by the 
ancient Geometers, has been almost wholly superseded. However satisfac- 
tory for the purposes of exact reasoning the method of expressing the ratio 

-of two surfaces, or of two solids by two straight lines, may be in itself, it has 
not been found to be the form best suited for the direct application of the 
results of Geometry. Almost all modern writers on Geometry and its appli- 
cations to every branch of the Mathematical Sciences, have adopted the 


: ees 
algebraical notation of a quotient AB: BC; or of a fraction Ra? for ex- 


pressing the ratio of twolines 4B, BC: as well as that of a product AB x BO, 

or AB. BO, for the expression of a rectangle. The want of a concise and 

expressive method of notation to indicate the proportion of Geometrical mag- 

nitudes in a form suited for the direct application of the results, has doubt- 

less favoured the introduction of Algebraical symbols into the language of 

Geometry. It must be admitted, however, that such notations in the lan 
13* 
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guage of pure Geometry are liable to very serious objections, chiefly on the 
ground that pure Geometry does not admit the Arithmetical or Algebraical 
idea of a product or a quotient into its reasonings. On the other hand, it 
may be urged, that it is not the employment of symbols which renders a 
process of reasoning peculiarly Geometrical or Algebraical, but the ideas 
which are expressed by them. If symbols be employed in Geometrical rea- 
sonings, and be understood to express the magnitudes themselves and the 
tonception of their Geometrical ratio, and not any measures, or numerical 
values of them, there would not appear to be any very great objections to 
their use, provided that the notations employed were suth as are not likely 
to lead to misconception. It is, however, desirable, for the sake of avoiding 
confusion of ideas in reasoning on the properties of number and of magni- 
tude, that the language and notations employed both in Geometry and Alge- 
bra should be rigidly defined and strictly adhered to, in all cases, At the 
commencement of his Geometrical studies, the student is recommended not 
to employ the symbols of Algebra in Geometrical demonstrations. How far 
it may be necessary or advisable to employ them when he fully understands 
the nature of the subject, is a question on which some difference of opinion 
exists. 

Prop. xxv. There does not appear any sufficient reason why this propo- 
sition is placed between Prop. xx1v. and Prop. Xxv1. 

Prop. xxvit. To understand this and the three following propositions 
more easily, it is to be observed : 

1, ‘‘ That a parallelogram is said to be applied to a straight line, when 
it is described upon it as one of its sides. Ex. gr. the parallelogram AC is 
said to be applied to the straight line 4B. 

2. But a parallelogram A is said to be applied to a straight line AB, 
deficient by a parallelogram, when AJ the base of AV is less than AB, and 
therefore AF is less than the parallelogram AC described upon AB in the 
same angle, and between the same parallels, by the parallelogram DC; and 
DC is therefore called the defect of AL. 

3. And a parallelogram AG is said to be applied to a straight line AB, 
exceeding by a parallelogram, when A/’ the base of AG is greater than 
AB, and therefore AG exceeds AC the parallelogram described upon AB 
in the same angle, and between the same parallels, by the parallelogram 
BG.”—Simson. 

Both among Euclid’s Theorems and Problems, eases occur in which the 
hypotheses of the one, and the data or quesita of the other, are restricted 
within certain limits as to magnitude and position, The determination of 
these limits constitutes the doctrine of Maxima and Minima, Thus :—The 
theorem Euce. vi. 27 is a case of the maximum value which a figure fulfilling 
the other conditions can have; and the succeeding proposition is a problem 
involving this fact among the conditions as a part of the data, in truth, per- 
fectly analogous to Euc. 1. 20, 22; wherein the limit of possible diminution 
of the sum of the two sides of a triangle described upon a given base, is the 
magnitude of the buse itself: the limit of the side of a square which shall be 
equal to the rectangle of the two parts into which a given line may be di- 
vided, is half the line, as it appears from Eue. 11. 6 :—the greatest line that 
can be drawn from a given point within a circle to the circumference, Eue. 
iu. 7, is the line which passes through the center of the circle; and the 
least line which can be so drawn from the same point, is the part produced, 
of the greatest line between the given point and the circumference. Euc. 
11. 8, also affords another instance of a maximum and a minimum when the 
given point is outside the given circle. 
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Prop. xxx. This proposition is the general case of Prop. 47, Book 1, 
for any similar rectilineal figure described on the sides of a right-angled 
triangle. The demonstration, however, here given is wholly independent 
of Kue. 1. 47. 

Prop. xxx1. In the demonstration of this important proposition, angles 
greater than two right angles are employed, in accordance with the criterion 
of proportionality laid down in Kue. y. def. 5. 

This proposition forms the basis of the assumption of ares of circles for 
the measures of angles at their centers. One magnitude may be assumed 
as the measure of another magnitude of a different kind, when the two are 
so connected, that any variation in them takes place simultaneously, and 
in the same direct proportion. This being the case with angles at the 
center of a circle, and the ares subtended by them; the ares of circles 
can be assumed as the measures of the angles they subtend at the center of 
the circle. 

Prop. B. The converse of this proposition does not hold good when the 
triangle is isosceles. 


QUESTIONS ON BOOK VI. 


1. Distrvauisu between similar figures and equal figures. 

2. What is the distinction between homologous sides, and equal sides in 
Geometrical figures ? 

3. What is the number of conditions requisite to determine similarity of 
figures? Is the number of conditions in Euclid’s definition of similar figures 
greater than what is necessary? Propose a definition of similar figures 
which includes no superfluous condition. 

4, Explain how Euclid makes use of the definition of proportion in 
Hue. v1. 

5. Prove that triangles on the same base are to one another as their 
altitudes. 

6. If two triangles of the same altitude have their bases unequal, and if 
one of them be divided into m equal parts, and if the other contain n of 
those parts; prove that the triangles have the same numerical relation as 
their bases. Why is this Proposition less general than Eue. vi. 1? 

7, Are triangles which have one angle of one equal to one angle of 
another, and the sides about two other angles proportionals, necessarily 
similar ? 

8. What are the conditions, considered by Euclid, under which two tri- 
angles are similar to each other ? 

9. Apply Eue. vi. 2, to trisect the diagonal of a parallelogram. 

10. When are three lines said to be in harmonical proportion? If both 
the interior and exterior angles at the vertex of a triangle (Euc. vr. 8, A.) be 
bisected by lines which meet the base, and the base produced in D, G; the 
segments BG, GD, GC of the base shall be in Harmonical proportion. 

11. If the angles at the base of the triangle in the figure Euc. vi. A, be 
equal to each other, how is the proposition modified ? 

12. Under what circumstances will the bisecting line in the fig. Eue. v1. 
A, meet the base on the side of the angle bisected? Shew that there is an 
indeterminate case. 
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13. State some of the uses to which Eue. vr. 4, may be applied. 

14. Apply Eue. vr. 4, to prove that the rectangle contained by the seg- 
ments of any chord passing through a given point within a circle is 
constant. , 

15. Point out clearly the difference in the proofs of the two latter cases 
in Eue. vi. 7. : 

16. From the corollary of Euc. v1. 8, deduce a proof of Eue. 1. 47. 

17. Shew how the last two properties stated in Eue. yi. 8. Cor. may be 
deduced from Euc. 1. 473; 11. 23 vi. 17. 

, 18. Given the nth part of a straight line, find by a Geometrical construe- 
tion, the (m + 1)" part. 

19. Define what is meant by a mean proportional between two given 
lines: and find a mean proportional between the lines whose lengths are 4 
and 9 units respectively. Is the method you employ suggested by any 
Propositions in any of the first four books ? 

20. Determine a third proportional to two lines of 5 and 7 units: and a 
fourth proportional to three lines of 5, 7, 9, units. 

21, Find a straight line which shall have to a given straight line, the 


ratio of 1 to V5. 

22. Define reciprocal figures. Enunciate the propositions proved respect- 
ing such figures in the Sixth Book. 

23. Give the corollary, Eue. vi. 8, and prove thence that the Arithmetic 
mean is greater than the Geometric between the same extremes. 

24. If two equal triangles have two angles together equal to two right 
angles, the sides about those angles are reciprocally proportional. 

25. Give Algebraical proofs of Prop, 16 and 17 of Book v1. 

26. Enunciate and prove the converse of Bue. vi. 15, 

27. Explain what is meant by saying, that ‘similar triangles are in the 
duplicate ratio of their homologous sides.” ' 

28. What are the data which determine triangles both in species and 
magnitude? Tlow are those data expressed in Geometry ? 

29. If the ratio of the homologous sides of two triangles be as 1 to 4, 
what is the ratio of the triangles? And if the ratio of the triangles be as 1 
to 4, what is the ratio of the homologous sides ? 

30. Shew that one of the triangles in the figure, Eue. ry. 10, is a mean 
proportional between the other two, 

31. What is the algebraical interpretation of Bue. v1. 19 ? 

$2. From your definition of Proportion, prove that the diagonals of a 
square are in the same proportion as their sides. 

33. What propositions does Euclid prove respecting similar polygons ? 

34. The parallelograms about the diameter of a parallelogram are similar 
to the whole and to one another, Shew when they are equal, 

35. Prove Algebraically, that the areas (1) of similar triangles and (2) 
of similar parallelograms are proportional to the squares of their homologous 
rides, 

36. Tow is it shewn that equiangular parallelograms have to one 
another the ratio which is compounded of the ratios of their bases and 
altitudes ? 

37. To find two lines which shall have to each other, the ratio com- 
pounded of the ratios of the lines A to B, and C to D, 

38. State the force of the condition ‘ similarly described ;” and shew 
that, on a given straight line, there may be described as many polygons of 
different magnitudes, similar to a given polygon, as there are sides of differ- 
ent lengths in the polygon. 
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39. Describe a triangle similar to a given triangle, and having its area 
double that of the given “tr iangle. 

40, The three sides of a triangle are 7, 8, 9 units respectively; determine 
the length of the lines which meeting the base, and the base produced, bi- 
sect the interior angle opposite to the greatest ‘side of the triangle, and the 
adjacent exterior angle. 

41. The three sides of a triangle are 3, 4, 5 inches respectively ; find the 
lengths of the external segments of the sides determined by the lines which 
bisect the exterior angles of the triangle. 

42. What are the segments into which the hypotenuse of a right-angled 
triangle is divided by a perpendicular drawn from the right angle, if the sides 
containing it are a and 3a units respectively ? 

43. If the three sides of a triangle be 8, 4, 5 units respectively: what 
are the parts into which they are divided by the lines which bisect the angles 
opposite to them ? 

44, If the homologous sides of two triangles be as 3 to 4, and the area 
of one triangle be known to contain 100 square units; how many square 
units are contained in the area of the other triangle ? 

45. Prove that if BD be taken in AB produced (fig. Euc. v1. 80) equal 
to the greater segment AC, then 1D is divided in extreme and mean ratio 
in the point B. 

Shew also, that in the series 1, 1, 2, 8, 5, 8, &c. in which each term is 
the sum of the two preceding terms, the last two terms perpetually approach 
to the proportion of the segments of a line divided in extreme and mean 
ratio. Finda general expression (free from surds) for the mth term of this 
series. 

46. The parts of a line divided in extreme and mean ratio are incom- 
mensurable with each other. 

47. Shew that in Euclid’s figure (Euc. um. 11.) four other lines, besides 
the given line, are divided in the required manner. 

48. Enunciate Euc. vi. 31. What theorem of a previous book is in- 
cluded in this proposition ? 

49, What is the superior limit, as to magnitude, of the angle at the cir- 
cumference in Eue. v1. 332 Shew that the proof may be extended by with- 
drawing the usually supposed restriction as to angular magnitude; and then 
deduce, as a corollary, the proposition respecting the magnitudes of angles in 
segments greater than, equal to, or less than a semicircle. 

50. The sides of a triangle inscribed in a circle are a, 6, c, units respect- 
ively: find by Eue. vr. ¢, the radius of the circumscribing circle. 

51. Enunciate the converse of Euc. vi. b. 

52. Shew independently that Euc. vi. p, is true when the quadrilateral 
figure is rectangular. 

53. Shew that the rectangles contained by the opposite sides of a quad- 
rilateral figure which does not admit of having a circle described about it, 
are together greater than the rectangle contained by the diagonals. 

Bd, What different conditions may be stated as essential io the possibility 
of the inscription and circumscription of a circle in and about a quadrilateral 
figure ? 

55. Point out those propositions in the Sixth Book in which Euclid’s defi- 
nition of proportion is directly applied. 

56. Explain briefly the advantages gained by the application of analysis 
to the solution of Geometrical Problems. 

57. In what cases are triangles proved to be equal in Euclid, and in what 
cases are they proved to be similar ? 
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PROPOSITION I. PROBLEM. | 
To inscribe a square in a given triangle. 


Analysis. Let ABC be the given triangle, of which the base [TQ | 
aud the perpendicular AD are given. 


\ 
B H DK 6 


Let FGHK be the required inscribed square. 
Then BHG, BDA are similar triangles, 
and G// is to GB, as AD is to AB, 
but GF’ is equal to GH; 
therefore GF is to GB, as AD is to AB. 
Let BF be joined and produced to meet a line drawn from A 
parallel to the base BC in the point 
Then the triangles BG, BAF are similar, 
and AF is to AB, as GF'is to GB, 
but GF is to GB, as AD is to AB; 
wherefore AF is to AB, as AD is to AB; 
hence AF is equal to AD. 
Synthesis. Through the vertex A, draw AJ parallel to BC vhe 
base of the triangle, 
make AF equal to AD, 
join LB cutting AC in F, 
through /, draw /'@ parallel to BC, and FX parallel to AD; 
also through @ draw @Z parallel to AD, 
Then GHEF is the square required. 
The different cases may be considered when the triangle is equi- 
lateral, scalene, or isosceles, and when each side is taken as the base. 


PROPOSITION II, THEOREM. 


If from the extremities of any diameter of a given circle, perpendiculars 
be drawn. to any chord of the cirele, they shall meet the chord, or the chord 
produced in two points which are equidistant from the center. 


First, let the chord CD intersect the diameter AB in Z, but not 
at right angles; and from A, B, let AX, BF be drawn perpendicular 
to CD. Then the points /, / are equidistant from the center of the 
chord CD, 

Join LB, and from J the center of the circle, draw J@ perpen- 
dicular to CD, and produce it to meet #B in H. 
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Then ZG bisects CD in @; (am. 2.) 
and J, AZ being both perpendicular to CD, are parallel. (1. 29.) 
Therefore B/ is to BH, as JA is to HE; (v1. 2.) 
and BH is to FG, as HE isto GE; 
therefore BI is to 'G, as IA is to GF; 
but BJ is equal to JA ; 
therefore #’G is equal to GE. 
It is also manifest that DZ is equal to CF. 
When the chord does not intersect the diameter, the perpendicu- 
lars intersect the chord produced. 


PROPOSITION III. THEOREM. 


Tf two diagonals of a regular pentagon be drawn to cut one another, the 
greater segments will be equal to the side of the pentagon, and the diagonals 
will cut one another in extreme and mean ratio. 


Let the diagonals AC, BF be drawn from the extremities of the 
side AB of the regular pentagon ALCDE, and intersect each other 
in the point ZH. 

Then BF and AC are cut in extreme and mean ratio in H, and 
the greater segment of each is equal to the side of the pentagon. 

Let the circle ABCDE be described about the pentagon. (rv. 14.) 
Because HA, AB are equal to AB, BC, and they contain equal 

angles ; 

therefore the base #B is equal to the base AC, (1. 4.) 

and the triangle #AB is equal to the triangle CBA, 

and the remaining angles will be equal to the remaining angles, 
each to each, to which the equal sides are opposite. 
D 


Therefore the angle BAC is equal to the angle ABE; 
and the angle A/7# is double of the angle BAZ, (1. 32.) 
but the angle HAC is also double of the angle BAC, (v1. 33.) 
therefore the angle HAF is equal to AHEZ, 
and consequently 7F is equal to FA, (1. 6.) or to AB, 
And because BA is equal to 4 £, 
the angle ABZ is equal to the angle AZB; 
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but the angle ABZ has been proved equal to BAH: 
therefore the angle BFA is equal to the angle BAZ: 
and ALF is common to the two triangles ABL, ABH; 
therefore the remaining angle BAF is equal to the remaining 
angle AHB; 
and consequently the triangles ABE, ABH are equiangular ; 
therefore YB is to BA, as AB to BH: but BA is equal to LA, 
therefore /B is to FH, as EH is to BH, 
but BF is greater than LH; therefore £H is greater than HB; 
therefore BF has been cut in extreme and mean ratio in #, 
Similarly, it may be shewn, that AC has also been cut in extreme 
and mean ratio in /7, and that the greater segment of it CH is equal 
to the side of the pentagon. 


PROPOSITION IV. PROBLEM. 


Divide a given are of a circle into two parts which shall have their chords 
in a given ratio. 

Analysis. Let A, B be the two given pointsin the circumference 
of the circle, and ( the point required to be found, such that when 
the chords AQ and BC are joined, the lines 40 and BC shall have 
to one another the ratio of # to /. 

Cc_-— 


Draw CD touching the cirele in C0; 
join AB and produce it to meet CD in D. 
Since the angle BAC is equal to the angle BOD, (m1. 82.) 
and the angle CDB is common to the two triangles DBC, DAC; 
therefore the third angle CBD in one, is equal to the third angle 
DCA in the other, and the triangles are similar. 
therefore AD is to DO, as DC is to DB; (vr. 4.) 
hence also the square on AD is to the square on DC as AD is to 
BD. (vt. 20. Cor.) 
But AD is to AC, as DC is to CB, (vt. 4.) 
and AD is to DO, as AC to CB, (v. 16.) 
also the square on AY) is to the square on JC, as the square on 
A( is to the square on OB; 
but the square on A/ is to the square on DC, as AD is to DB: 
wherefore the square on A ( is to the square on CB, as AD is to BD; 
but AC is to CB, as Lis to F, (constr.) 
therefore AD is to DPB as the square on J is to the square on F. 
Hence the ratio of AD to DB is given, 
and A# is given in magnitude, because the points A, B in the cir- 
cumference of the circle are given, 


ON BOOK VI. 803 


‘Wherefore also the ratio of AD to AB is given, and also the 
magnitude of AD. 
Synthesis. Join AB and produce it to D, so that AD shall be 
to BD, as the square on £' to the square on &. 

From D) draw D0 to touch the circle in C, and join CB, CA. 
Sines AP is to DS, as the square on # is to the square on /, (constr.} 
and AD is to DS, as the square on AC is to the square on BC; 
therefore the square on AC is to the square on BO, as the square 

on £'is to the square on Ff, 
and AC is to BC, as # is to F 


PROPOSITION V. PROBLEM. 


A, B, © are given points. It is required to draw through any other 
point in the same plane with A, B, and ©, a straight line, such that the sum 
of its distances from two of the given points, may be equal to its distance 
from the third. 


Analysis. Suppose / the point required, such that the line X7H 
being drawn through any other point X, and AD, BE, CH perpen- 
diculars on X/’H, the sum of BH and CH is equal to AD. 


Join AB, BC, CA, then ABC is a triangle. 
Draw AG to bisect the base BC in G, and draw GX perpen 
dicularto HF. 
Then since BC is bisected in G, 
the sum of the perpendiculars CH, b£ is double of GX; 
but CH and BH are equal to AD, (hyp.) 
therefore 4D must be double of GX; 
but since AD is parallel to GK, 
the triangles ADF, GEF are similar, 
theretore AD is to AF, as GX is to GF; 
but AD is,double of GA, therefore A/’is double of GF; 
and consequently, G/ is one-third of AG the line drawn from 
the vertex of the triangle to the bisection of the base. 
But AG is a line given in magnitude and position, 
therefore the point /’ is determined. 

Synthesis. Join AB, AC, BC, and bisect the base BC of the tri- 
angle ABC in G; join AG and take G/F equal to one-third of GA; 
the line drawn through X and /’ will be the line required. 

It is also obvious, that while the relative position of the points 
A, B, C, remains the same, the point /’ remains the same, wherever 
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the point Y may be. The point Y may therefore coincide with the 
point /, and when this is the case, the position of the line YX is 
left undetermined. Hence the following porism. 

A triangle being given in position, a point in it may be found, 
such, that any straight line whatever being drawn through that 
point, the perpendiculars drawn to this straight line from the two 
angles of the triangle, which are on one side of it, will be together, 
equal to the perpendicular that is drawn to the same line from the 
angle on the other side of it. 


A. 


6. Trraneres and parallelograms of unequal altitudes are to each 
other in the ratio compounded of the ratios of their bases and altitudes. 

7. If ACB, ADB be two triangles upon the same base AB, and 
between the same parallels, and if through the point in which two 
of the - 4s (or two of the sides produced) intersect two straight lines 
be dra‘vn parallel to the other two sides so as to meet the base AB 
(or AB yroduced) in points Zand /. Prove that A= BF. 

8. In the base AC’ of a triangle ABC take any point D; bisect 
AD, DC, AB, BC, in FE, F, G, H respectively: shew that 2G is 
equal to ZF, 

9. Construct an isosceles triangle equal to a given scalene tri- 
angle and having an equal vertical angle with it. 

10. If, in similar triangles, from any two equal angles to the 
opposite sides, two straight lines be drawn making equal angles with 
the homologous sides, these straight lines will have the same ratio 
as the sides on which they fall, and will also divide those sides pro- 
portionally. 

11. Any three lines being drawn making equal angles with the 
three sides of any triangle towards the same parts, and meeting one 
another, will form a triangle similar to the original triangle. 

12. BD, CD are perpendicular to the sides AB, AC of a tri- 
angle ABC, and CF is drawn perpendicular to AD, meeting AB in 
£: shew that the triangles ABC, ACE are similar. 

13. In any triangle, if a perpendicular be let fall upon the base 
from the vertical angle, the base will be to the sum of the sides, as 
the difference of the sides to the difference or sum of the segments 
of the base made by the perpendicular, according as it falls within 
or without the triangle. 6 

14, If triangles ARF, ABC have a common angle A, triangle 
ABO: triangle AFF:: AB. AC: AE. AF. 

15. If one side of a triangle be produced, and the other shortened 
by equal quantities, the line joining the points of section will be di- 
sided by the base in the inverse ratio of the sides, 


II. 


16. Find two arithmetic means between two given straight lines. 
17. To divide a given line in harmonica] proportion. 
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18. To find, by a geometrical construction, an arithmetic, geo- 
metric, and harmonic mean between two given lines. 

19. Prove geometrically, that an arithmetic mean between two 
quantities, is greater than a geometric mean. Also having given the 
sum of two lines, and the excess of their arithmetic above their 
geometric mean, find by a construction the lines themselves. 

20. If through the point of bisection of the base of a triangle any 
line be drawn, intersecting one side of the triangle, the other pro- 
duced, and a line drawn parallel to the base from the vertex, this 
line shall be cut harmonically. 

21. If a given straight line AB be divided into any two parts in 
the point C, it is required to produce it, so that the whole line pro- 
duced may be harmonically divided in C and B. 

22. If from a point without a circle there be drawn three straight 
lines, two of which touch the circle, and the other cuts it, the line 
which cuts the circle will be divided harmonically by the convex 
circumference, and the chord which joins the points of contact. 


Ti 


23. Shew geometrically that the diagonal and side of a square 
are incommensurable. 

24, If a straight line be divided in two given points, determine a 
third point, such that its distances from the extremities may be pro- 
portional to its distances from the given points. 

25. Determine two straight lines, such that the sum of their 
squares may equal a given square, and their rectangle equal a given 
rectangle. 

26. Draw a straight line such that the perpendiculars let fall 
from any point in it on two given lines may be in a given ratio. 

27. If diverging lines cut a straight line, so that the whole is to 
one extreme, as the other extreme is to the middle part, they will 
intersect every other intercepted line in the same ratio. 

28. It is required to cut off a part of a given line so that the part 
eut off may be a mean proportional between the remainder and 
another given line. 

29. It is required to divide a given finite straight line into two 
parts, the squares of which shall have a given ratio to each other, 

IV. . 

30. From the vertex of a triangle to the base, to draw a straight 
line which shall be an arithmetic mean between the sides containing 
the vertical angle. 

31. From the obtuse angle of a triangle, it is required to draw a 
line to the base, which shall be a mean proportional between the 
segments of the base. How many answers does this question admit 
of? 

32. To draw a line from the vertex of a triangle to the base, which 
shall be amean proportional between the whole base and one segment. 

33. If the perpendicular in a right-angled triangle divide the 
hypotenuse in extreme and mean ratio, the less side is equal to the 
alternate segment. 
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84, From the vertex of any triangle ABC, draw a straight line 
meeting tle base produced in J, so that the rectangle BD. DU = AD’, 

35. To find a point Pin the base BC of a triangle produced, so 
that PD being drawn parallel to AC, and meeting A VU produced to D, 
AO OP OPE LE: 

36. If the triangle ABC has the angle at C aright angle, and 
from © a perpendicular be dropped on the opposite side intersecting 
it in D, then AD: DB;: AC?: CB’. 

37. In any right-angled triangle, one side is to the other, as the 
excess of the hypotenuse above the second, to the line cut off from the 
first between the right angle and the line bisecting the opposite angle. 

38. If on the two sides of a right-angled triangle squares be de- 
scribed, the lines joining the acute angles of the triangle and the op- 
posite angles of the squares, will cut off equal segments from the 
sides ; and each of these equal segments will be a mean proportional 
between the remaining segments. 

39. In any right-angled triangle A BC, (whose hypotenuse is AB,) 
bisect the angle A by AD meeting CB in J, and prove that 

240° ; AO*—OD*:: BC: CD. 

40. On two given straight lines similar triangles are described. 
Required to find a third, on which, if a triangle similar to them bo 
described, its area shall equal the difference of their areas. 

41. In the triangle ABC, AC=2.BC. If CD, CE respectively 
bisect the angle C, and the exterior angle formed by producing AC; 
prove that the triangles CBD, ACD, ABC, CDE, have their areas 
as 1, 2, 3, 4. 


ye 


42. It is required to bisect any triangle (1) by a line drawn par- 
allel, (2) by a line drawn perpendicular, to the base. 

43, To divide a given triangle into two parts, having a given ratio 
to one another, by a straight line drawn parallel to one of its sides. 

44, Find three points in the sides of a triangle, such that, they 
being joined, the triangle shall be divided into four equal triangles. 

45, From a given point in the side of a triangle, to draw lines to 
the sides which shall divide the triangle into any number of equal parts. 

46. Any two triangles being given, to draw a straight line parallel 
to aside of the greater, which shall cut off a triangle equal to the less. 


"Tas 


47. The rectangle contained by two lines is a mean proportional 
between their squares. 

48. Describe a rectangular parallelogram which shall be equal to 
a given square, and have its sides in a given ratio, 

49. If from any two points within or without a parallelogram, 
straight lines be drawn perpendicular to each of two adjacent sides 
and intersecting each other, they form a parallelogram similar to the 
former. 

50. It is required to cut off from a rectangle a similar rectangle 
which shall be any required part of it, 
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51. Iffrom one angle A of a parallelogram a straight line be drawn 

cutting the diagonal in / and the sides in P, Q, shew that 
AH’= PH. HQ. 

52. The diagonals of a trapezium, two of whose sides are para\- 

lel, cut one another in the same ratio. 
VII. 

53. In a given circle place a straight line parallel to a given 
straight line, and having a given ratio to it; the ratio not being 
greater than that of the diameter to the given line in the circle. 

54. In a given circle place a straight line, cutting two radii 
which are perpendicular to each other, in such a manner, that the 
line itself may be trisected. 

55. AB is a diameter, and P any point in the circumference of a 
circle; AP and LP are joined and produced if necessary ; if from any 
point ( of AB, a perpendicular be drawn to AL meeting AP and BP 
in points Y and / respectively, and the circumference of the circle 
in a point / shew that OD is a third proportional of CH and CF. 

56. If from the extremity of a diameter of a circle tangents be 
drawn, any other tangent to the circle terminated by them is so 
divided at its point of contact, that the radius of the circle is a mean 
proportional between its segments. 

57. From a given point without a circle, it is required to draw a 
straight line to the concave circumference, which shall be divided in a 
given ratio at the point where it intersects the convex circumference. 

58. From what point in a circle must a tangent be drawn, so that 
a perpendicular on it from a given point in the circumference may be 
cut by the circle in a given ratio? 

59. Through a given point within a given circle, to draw a 
straight line such that the parts of it intercepted between that point 
and the circumference, may have a given ratio. 

60. Let the two diameters 42, CD, of the circle ADBO, be at 
right angles to each other, draw any chord #F, join CE, CF, meeting 
ABin G and H; prove that the triangles CGH and CEFF are similar. 

61. A circle, a straight line, and a point being given in position, 
required a point in the line, such that a line drawn from it to the 
given point may be ecual to a line drawn from it touching the circle. 
What must be the relation among the data, that the problem may 
become porismatic, i. e. admit of innumerable solutions? 

VIII. 

62. Prove that there may be two, but not more than two, similar’ 
triangles in the same segment of a circle. 

63. If as in Euclid vr., 3, the vertical angle BAC of the triangle 
BAG be bisected by AD, and BA be produced to meet CH drawn 
parallel to AD in Z; shew that AD will be a tangent to the circle 
described about the triangle FAC. 

64. If a triangle be inscribed in a circle, and from its vertex, lines 
be drawn parallel to the tangents at the extremities of its base, they 
will cut off similar triangles. 
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65. If from any point in the circumference of a circle perpen- 
diculars be drawn to the sides, or sides produced, of an inscribed tri- 
angle; shew that the three points of intersection will be in the same 
straight line. 

66. Ifthrough the middle point of any chord of a circle, two chords 
be drawn, the lines joining their extremities shall intersect the first 
chord at equal distances from its extremities. 

67. If astraight line be divided into any two parts, to find the 
jlocus of the point in which these parts subtend equal angles. 

68. If the line bisecting the vertical angle of a triangle be divided 
into parts which are to one another as the base to the sum of the sides, 
the point of division is the center of the inscribed circle. 

69. The rectangle contained by the sides of any triangle is to the 
rectangle by the radii of the inscribed and circumscribed circles, as 
twice the perimeter is to the base. 

70. Shew that the locus of the vertices of all the triangles construct- 
ed upon a given base, and having their sides in a given ratio, is a circle. 

71. If from the extremities of the base of a triangle, perpendicu- 
lars be let fall on the opposite sides, and likewise straight lines 
drawn to bisect the same, the intersection of the perpendiculars, that 
of the bisecting lines, and the center of the circumscribing circle, 
will be in the same straight line. 


IX. 


72. If a tangent to two circles be drawn cutting the straight line 
which joins their centers, the chords are parallel which join the points 
of contact, and the points where the line through the centers cuts the 
circumferences, 

73. If through the vertex, and the extremities of the base of a 
triangle, two circles be deseribed, intersecting one another in the base 
or its continuation, their diameters are proportional to the sides of the 
triangle. 

74. If two circles touch each other externally and also touch a 
straight line, the part of the line between the points of contact is a 
mean proportional between the diameters of the circles. 

75. If from the centers of each of two circles exterior to one 
another, tangents be drawn to the other circles, so as to cut one another, 
the rectangles of the segments are equal. . 

76. If a circle be inscribed in a right-angled triangle and another 
be described touching the side opposite to the right angle and the 
produced parts of the other sides, shew that the rectangle under the 
radii is equal to the triangle, and the sum of the radii equal to the 
sum of the sides which contain the right angle. 

77. If a perpendicular be drawn from the right angle to the hy- 
potenuse of a right-angled triangle, and circles be inscribed within the 
two smaller triangles into which the given triangle is divided, their 
diameters will be to each other as the sides containing the right angle. 


X. 


78. Describe a circle passing through two given points and touch- 
ing a given circle, 
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79. Describe a circle which shall pass through a given point and 
touch a given straight line and a given circle. 

80. Through a given point draw a circle touching two given 
circles. 

81. Describe a circle to touch two given right lines and such that a 
tangent drawn to it from a given point, may be equal to a given line. 

82. Deseribe a circle which shall have its center in a given line, 
‘and shall touch a circle and a straight line given in position. 

} XI. 

‘83. Given the perimeter of a right-angled triangle, it is required 
to construct it, (1) If the sides are in arithmetical progression. (2) 
If the sides are in geometrical progression. 

84, Given the vertical angle, the perpendicular drawn from it to 
the base, and the ratio of the segments of the base made by it, to 
construct the triangie. 

85. Apply (v1. oc.) to construct a triangle; having given the ver- 
tical angle, the radius of the inscribed circle, and the rectangle con- 
tained by the straight lines drawn from the center of the circle to 
the angles at the base. 

86. Describe a triangle with a given vertical angle, so that the 
line which bisects the base shall be equal to a given line, and the 
angle which the bisecting line makes with the base shall be equal to 
a given angle. 

87. Given the base, the ratio of the sides containing the vertical 
angle, and the distance of the vertex from a given point in the base; 
to construct the triangle. 

88. Given the vertical angle and the base of a triangle, and also 
a line drawn from either of the angles, cutting the opposite side in a 
given ratio, to construct the triangle. 

89. Upon the given base AB construct a triangle having its sides 
in a given ratio and its vertex situated in the given indefinite line CD. 
90. Describe an equilateral triangle equal to a given triangle. 

91. Given the hypotenuse of a right-angled triangle, and the side 
of an inscribed square. Required the two sides of the triangle. 

92. To make a triangle, which shall be equal to a given triangle, 
and have tivo of its sides equal to two given straight lines; and shew 
that if the rectangle contained by the two straight lines be less than 
twice the given triangle, the problem is impossible. 

XI. 

93. Given the sides of a quadrilateral figure inscribed in a circle, 
to find the ratio of its diagonals. 

94, The diagonals AC, BD, of a trapezium inscribed in a circle, 
cut each other at right angles in the point Z; 

the rectangle AB, BC: the rectangle AD. DC:: BE: ED. 

XII. 

95. In any triangle, inscribe a triangle similar to a given triangle. 

96. Of the two squares which can be inscribed in a right-angled 
triangle, which is the greater ? 

97. From the vertex of an isosceles triangle two straight lines 


a1? GEOMETRICAL EXERCISES ON BOOK VI. 


drawn to the opposite angles of the square described on the base, cut 
the diagonals of the square in # and /: prove that the line £F is 
parallel to the base. 

98. Inscribe a square in a segment of a circle. 

99. Inscribe a square in a sector of a circle, so that the angular 
points shall be one on each radius, and the other two in the circun - 
ference. 

100. Inscribe a square in a given equilateral and equiangul: * 
pentagon. 

101. Inscribe a parallelogram in a given triangle similar to a 
given parallelogram. 

102. If any rectangle be inscribed in a given triangle, required 
the locus of the point of intersection of its diagonals. 

103. Inseribe the greatest parallelogram in a given semicirele. 

104. In a given rectangle inscribe another, whose sides shall bear 
to each other a given ratio. 

105. In a given segment of a circle to inscribe a similar segment. 

106, The square inscribed in a circle is to the square inscribed in 
the semicircle :: 5: 2. 

107. If a square be inscribed in a right-angled triangle of which 
one side coincides with the hypotenuse of the triangle, the extremi- 
ties of that side divide the base into three segments that are con- 
tinued proportionals. 

108. The square inseribed in a semicircle is to the square inscribed ° 
in a quadrant of the same circle :: 8 : 5. 

109, Shew that if a triangle inscribed in a cirele be isosceles, 
having each of its sides double the base, the squares described upon 
the radius of the circle and one of the sides of the triangle, shall be 
to each other in the ratio of 4: 15, 

110. APB is a quadrant, SP7’ a straight line touching it’ at 
P, PM perpendicular to CA; prove that triangle SC7’: triangle 
ACB:: triangle ACB: triangle CMP. 

111. If through any point in the are of a quadrant whose radius 
is R, two circles be drawn touching the bounding radii of the quad- 
rant, and 7, 7” be the radii of these circles: shew that 77’=*. 

112. If & be the radians of the circle inseribed in a right-angled 
triangle ABO, right-angled at A; and a perpendicular be let fall 
from A on the hypotenuse BC, and if 7, 7’ be the radii of the circles 
inscribed in the triangles ADB, ACD: prove that 77+ r= 23, 

XI 


113. If in a given equilateral and equiangular hexagon another 
be inscribed, to determine its ratio to the given one. 

114, A regular hexagon inscribed in a circle is a mean propor- 
tional between an inscribed and circumscribed equilateral triangle. 

115. The area of the inseribed pentagon, is to the area of the cir- 
cumscribing pentagon, as the square of the radius of the circle in- 
scribed within the greater pentagon, is to the square of the radius 
of the cirele circumscribing it. 

116, The diameter of a circle is a mean proportional between the 
sides of an equilateral triangle and hexagon which are described 
about that circle, 
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HINTS, &c. 


8. This is a particular case of Euc. 1. 22. The triang-e however may 
be described by means of Eue. 1.1. Let AB be the given base, produce 
AB both ways to meet the circles in D, E (fig. Euc. 1. 1.); with center A, 
and radius AK, describe a circle, and with center B and radius BD, describe 
another circle cutting the former inG. Join GA, GB. 

9. Apply Hue. 1. 6, 8. 

10. ‘This is proved by Hue. 1. 82, 13, 5. 

‘11. Let fall also a perpendicular from the vertex on the base. 

12. Apply Eue. 1. 4. 

13. Let CAB be the triangle (fig. Euc. 1. 10.), CD the line bisecting the 
angle ACD and the base AB. Produce CD, and make DE equal to CD, and 
join AE. Then CB may be proved equal to AE, also AK to AC. 

14. Let AB be the given line, and C, D the given points. From C draw 
CE perpendicular to AB, and produce it making EF equal to CH, join FD, 
and produce it to meet the given line in G, which will be the point re- 
quired. 

15. Make the construction as the enunciation directs, then by Hue. 1. 4, 
BH is proved equal to CK: and by Eue. 1. 15, 6, OB is shewn to be equal 
to OC. 

» 16. This proposition requires for its proof the case of equal triangles 
omitted in Euclid :—namely, when two sides and one angle are given, but 
not the angle included by the given sides. 

17. The angle BCD may be shewn to be equal to the sum of the angles 
ABC, ADC. 

18. The angles ADE, AED may be each proved to be equal to the com- 
plements of the angles at the base of the triangle. 

19. The angles CAB, CBA, being equal, the angles CAD, CBE are equal, 
Eue. 1. 138. Then, by Euc. 1. 4, CD is proved to be equal to CE. And by 
Eue. 1. 5, 32, the angle at the vertex is shewn to be four times either of the 
angles at the base. 

20. Let AB, CD be two straight lines intersecting each other in EH, and 
let P be the given point, within the angle AED. Draw EF bisecting 
the angle AED, and through P draw PGH parallel to EF, and entting 
ED, EB in G, i. Then EG is equal to EH. And by bisecting the angle 
DEB and drawing through P a line parallel to this line, another solution 
is obtained. It will be found that the two lines are at right angles to 
each other. 

21. Let the two given straight lines meet in A, and let P be the given 
point. Let PQR be the line required, meeting the lines AQ, AR in Q and 
R, so that PQ is equal to QR. Through P draw PS parallel to AR and join 
RS. Then APSR is a parallelogram and AS, PR the diagonals. Hence the 
construction. 

22. Let the two straight lines AB, AC meet in A. In AB take any 
point D, and from AC cut off AE equal to AD, and joinDE. On DE, or DE 
produced, take DF equal to the given line, and through F draw FG parallel 
to AB meeting AC in G, and through G draw GH parallel to DE meeting 
AB in H. Then GH is the line required. 

14 
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23. The two given points may be both on the same side, or one point 
may be on each side of the line. If the point required in the line be supposed 
to be found, and lines be drawn joining this point and the given points, an 
isosceles triangle is formed, and if a perpendicular be drawn on the base 
from the point in the line: the construction is obvious. 

24, The problem is simply this—to find a point in one side of a triangle 
from which the perpendiculars drawn to the other two sides shall be equal. 
If all the positions of these lines be considered, it will readily be setn in 
what case the problem is impossible. 

25. If the isosceles triangle be obtuse-angled, by Eue. 1. 5, 32, the truth 
will be made evident. If the triangle be acute-angled, the enunciation of the 
proposition requires some modification, 

26. Construct the figure and apply Eue. 1. 5, 32, 15. 

If the isosceles triangle have its vertical angle less than two-thirds of a 
right-angle, the line ED produced, meets AB produced towards the base, and 
then 8. AEF = 4 right angles + AFE. If the vertical angle be greater 
than two-thirds of a right angle, ED produced meets AB produced towards 
the vertex, then 3. ALF = 2 right angles + AFI. 

27. Let ABC be an isosceles triangle, and from any point D in the base 
BC, and the extremity B, let three lines DE, DF, BG be drawn to the sides 
and making equal angles with the base. Produce ED and make DH equal 
to DF and join BH. 

28. In the isosceles triangle ABC, let the line DFE which meets the side 
AC in D and AB produced in E, be bisected by the base in the point E. 
Then DC may be shewn to be equal to BE. 

29. If two equal straight lines be drawn terminated by two lines which 
meet in a point, they will cut off triangles of equal area. Hence the two 
triangles have a common vertical angle and their areas and bases equal. By 
Eue. 1. 32 it is shewn that the angle contained by the bisecting lines is equal 
to the exterior angle at the base. 

30. There is an omission in this question. After the words “ making 
equal angles with the sides,” add, ‘‘ and be equal to each other respectively.” 
(1), (8) Apply Eue. 1. 26, 4. (2) The equal lines which bisect the sides may 
be shewn to make equal angles with the sides. 

31. At C make the angle BCD equal to the angle ACB, and produce AB” 
to meet CD in D. 

32. By bisecting the hypotenuse, and drawing a line from the vertex to 
the point of bisection, it may be shewn that this line forms with the shorter 
side and half the hypotenuse an isosceles triangle. 

33. Let ABC be a triangle, having the right angle at A, and the angle at 
C greater than the angle at B, also let AD be perpendicular to the base, and 
AK be the line drawn to Ei the bisection of the base. Then AE may bo 
proved equal to BE or EC independently of Bue, ut. 81. 

34. Produce EG, FG to meet the perpendiculars CE, BF, produced if 
necessary. The demonstration is obvious, 

35. If the given triangle have both of the angles at the base acute 
angles; the difference of the angles at the base is at once obvious from 
Kue, 1.92. If one of the angles at the base be obtuse, does the property 
hold good ? 

36. Let ABC be a triangle having the angle ACB double of the angle 
ABC, and let the perpendicular AD be drawn to the base BC. Take DE 
equal to DC and join AE, Then AE may be proved to be equal to EB, 

If ACB be an obtuse angle, then AC is equal to the sum of the segments 
of the base, made by the perpendicular from the vertex A, 
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37. Let the sides AB, AC of any triangle ABC be produced, the ex- 
terior angles bisected by two lines which meet in D, and let AD be joined, 
then AD bisects the angle BAC. For draw DE perpendicular on BC, also 
Di, DG perpendiculars on AB, AC produced, if necessary. Then DF may 
be proved equal to DG, and the squares on DF, DA are equal to the squares 
on IG, GA, of which the square on FD is equal to the square on DG; hence 
AF is equal to AG, and Eue. 1. 8, the angle BAC is bisected by AD. 

38. The line required will be found to be equal to half the sum of the 
two sides of the triangle. 

39. Apply Euce. 1. 1, 9. 

40. The angle to be trisected is one-fourth of a right angle. If an equi- 
lateral triangle be described on one of the sides of a triangle which contains 
the given angle, and a line be drawn to bisect that angle of the equilateral 
triangle which is at the given angle, the angle contained between this line 
and the other side of the triangle will be one-twelfth of a right angle, or equal 
to one-third of the given angle. 

It may be remarked, generally, that any angle which is the half, fourth, 
eighth, &c., part of a right angle, may be trisected by Plane Geometry. 

41. Apply Euc. 1. 20. 

42. Let ABC, DBC be two equal triangles on the same hase, of which 
ABC is isosceles, fig. Euc. 1. 87. By producing AB and making AG equat 
to AB or AC, and joining GD, the perimeter of the triangle ABC may be 
shewn to be less than the perimeter of the triangle DBC. 

43. Apply Eue. 1. 20. 

44. For the first case, see Theo. 32, p. 76: for the other two cases, 
apply Eue. 1. 19. 

45. This is obvious from Euce. 1. 26. 

46. By Eue. 1. 29, 6, FC may be shewn equal to each of the lines 
EF, FG. 

47. Join GA and AF, and prove GA and AF to be in the same straight 
line. 

48, Let the straight line drawn through D parallel to BC meet the 
side AB in E, and AC in F. Then in the triangle EBD, EB is equal 
to ED, by Euc. 1. 29, 6. Also, in the triangle EAD, the angle KAJ) 
may be shewn equal to the angle EDA, whence EA is equal to ED, 
and therefore AB is bisected in E. In a similar way it may be shewn, 
by bisecting the angle C, that AC is bisected in F. Or the bisection of AC 
in F may be proved when AB is shewn to be bisected in E. 

49. The triangle formed will be found to have its sides respectively 
parallel to the sides of the original triangle. 

50. Ifa line equal to the given line be drawn from the point where the 
two lines meet, and parallel to the other given line; a parallelogram may be 
formed, and the construction effected. 

51. Let ABO be the triangle; AD perpendicular to BC, AE drawn to 
the bisection of BC, and AF bisecting the angle BAC. Produce AD and 
make DA’ equal to AD: join FA’, EA’. 

52. If the point in the base be supposed to be determined, and lines 
drawn from it parallel to the sides, it will be found to be in the line which 
bisects the vertical angle of the triangle. 

53. Let ABC be the triangle, at C draw CD perpendicular to CB and 
equal to the sum of the required lines, through D draw DE parallel to CB 
meeting AC in E, and draw EF parallel to DC, meeting BC in F. Then 
EF is equal to DC. Next produce CB, making CG equal to CE, and join 
EG cutting AB in H. From H draw HK perpendicular to EAC, and 
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HL perpendicular to BC. Then HK and HL together are equal to DC, 
The proof depends on Theorem 27, p. 75. 

54. Let CU’ be the intersection of the circles on the other side of the base, 
and join AC’, BC’. Then the angles CBA, C’BA being equal, the angles 
CBP, C’BP are also equal, Euc. 1. 13: next by Eue. 1.4, CP, PU’ are proved 
equal; lastly prove CC’ to be equal to CP or PC’. 

55. In the fig. Eue. 1. 1, produce AB both ways to meet the circies in D 
and E, join CD, CE, then CDE is an isosceles triangle, having each of the 
angles at the base one-fourth of the angle at the vertex. At E draw EG 
perpendicular to DB and meeting DC produced in G. Then CEG is an 
equilateral triangle. 

56. Join CC’, and shew that the angles CC'F, CC’G are equal to two right 
angles; also that the line FC’G is equal to the diameter. 

57. Construct the figure and: by Eue. 1. 82. If the angle BAC be a 
right angle, then the angle BDC is half a right angle. 

58. Let the lines which bisect the three exterior angles of the triangle 
ABC form a new triangle A'B'C’. Then each of the angles at A’, B’, C’ may 
be shewn to be equal to half of the angles at A and B, B and ©, C and A re- 
spectively. And it will be found that half the sums of every two of three 
unequal numbers whose sum is constant, have less differences than the three 
numbers themselves. 

59. The first case may be shewn by Euce., 1. 4: and the second by Euc. 1. 
82, 6, 15. 


60, At D any point in a line EF, draw DC perpendicular to EF and - 
equal to the given perpendicular on the hypotenuse. With center C and — 


radius equal to the given base describe a circle cutting EF in B. At C draw 
CA perpendicular to CB and meeting EF in A. Then ABC is the triangle 
required, 

61. Let ABC be the required triangle having the angle ACB a right 
angle. In BC produced, take CE equal to AC, and with center B and radius 
BA deseribe a circular are cutting CE in D, and join AD. Then DE is the 
difference between the sum of the two sides AC, CB and the hypotenuse 
AB; also one side AC the perpendicular is given. Hence the construction. 
On any line EB take EC equal to the given side, ED equal to the given 
difference. At C, draw CA perpendicular to CB, and equal to EC, join AD, 
at A in AD make the angle DAB equal to ADB, and let AB meet EB in B. 
Then ABC is the triangle required. 

62. (1) Let ABC be the triangle required, having ACB the right angle. 
Produce AB to D making AD equal to AC or CB; then BD is the sum of 
the sides, Join DC: then the angle ADC is one-fourth of a right angle, 
and DBO is one-half of a right angle. Hence to construct: at B in BD 
make the angle DBM equal to half a right angle, and at D the angle BDC 
equal to one-fourth of a right angle, and let DO meet BM in C, At OC 
draw CA at right angles to BO meeting BD in A: and ABC is the tziangie 
required, 

(2) Let ABC be the triangle, C the right angle: from AB cut off AD 
equal to AC; then BD is the difference of the hypotenuse and one side. 
Join CD; then the angles ACD, ADC are equal, and each is half the supple- 
ment of DAC, which is half a right angle. Hence the construction, 

63. Take any straight line terminated at A. Make AB equal to the 
difference of the sides, and AC equal to the hypotenuse, At B make the 
angle CBD equal to half a right angle, and with center A and radius AC de- 
scribe a circle cutting BD in D; join AD, and draw DE perpendicular to 
AC, Then ADE is the required triangle. 
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64. Let BC the given base be bisected in D. At D draw DE at right 
engles to BC and equal to the sum of one side of the triangle and the per- 
pendicular from the vertex on the base: join DB, and at B in BE make the 
angle EBA equal to the angle BED, and let BA meet DE in A: join AC, 
and ABC is the isosceles triangle. 

65. This construction may be effected by means of Prob. 4, p. 71. 

66. The perpendicular from the vertex on the base of an equilateral 
triangle bisects the angle at the vertex which is two-thirds of one right 
angle. 

67. Let ABC be the equilateral triangle of which a side is required to be 
found, having given BD, CD the lines bisecting the angles at B, C. Since 
the angles DBC, DCB are equal, each being one-third of a right angle, 
the sides BD, DC are equal, and BDC is an isosceles triangle having the 
angle at the vertex the supplement of a third of two right angles, Hence 
the side BC may be found. 

68. Let the given angle be taken, (1) as the included angle between the 
given sides; and (2) as the opposite angle to one of the given sides. In the 
latter case, an ambiguity will arise if the angle be an acute angle, and oppo- 
site to the less of the two given sides. 

69. Let ABC be the required triangle, BC the given base, CD the given 
difference of the sides AB, AC: join BD, then DBC by Eue. 1. 18, can be 
shewn to be half the difference of the angles at the base, and AB is equal 
to AD. Hence at B in the given base BC, make the angle CBD equal to 
half the difference of the angles at the base. On CB take CE equal to the 
difference of the sides, and with center C and radius CH, describe a circle 
cutting BD in D: join CD and produce it to A, making DA equal to DB. 
Then ABC is the triangle required. 

70. On the line which is equal to the perimeter of the required triangle 
describe a triangle having its angles equal to the given angles. Then bisect 
the angles at the base; and from the point where these lines meet, draw 
lines parallel to the sides and meeting the base. 

71. Let ABC be the required triangle, BC the given base, and the side 
AB greater than AC. Make AD equal to AC, and draw CD. Then the 
angle BCD may be shewn to be equal to half the difference, and the angle 
DCA equal to half the sum of the angles at the base. Hence ABC, ACB 
the angles at the base of the triangle are known. 

72. Let the two given lines meet in A, and let B be the given point. 

If BC, BD be supposed to be drawn making equal angles with AC, and 
if AD and DC be joined, BCD is the triangle required, and the figure ACBD 
may be shewn to be a parallelogram. Whence the construction. 

73. It can be shewn that lines drawn from the angles of a triangle to 
bisect the opposite sides, intersect each other at a point which is two-thirds 
of their lengths from the angular points from which they are drawn. Let 
ABC be the triangle required, AD, BE, CF the given lines from the angles 
drawn to the bisections of the opposite sides and intersecting in G. Produce 
GD, making DH equal to DG, and join BH, CH: the figure GBHC is a par, 
allelogram. Hence the construction. 

74. Let ABC (fig. to Euce. 1. 20.) be the required triangle, having the 
base BC equal to the given base, the angle ABC equal to the given angle, 
and the two sides BA, AC together equal to the given line BD. Join DC, 
then since AD is equal to AC, the triangle ACD is isosceles, and therefore 
the angle ADC is equal to the angle ACD. Hence the construction. 

45. Let ABC be the required triangle (fig. to Euc. 1. 18), having the 
angle ACB equal to the given angle, and the base BC equal to the given. 
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line, also CD equal to the difference of the two sides AB, AC. If BD be 
joined, then ABD is an isosceles triangle. Hence the synthesis. Does this 
construction hold good in all eases ? 

76. Let ABC be the required triangle (fig. Euc. 1. 18), of which the side 
BC is given and the angle BAC, also CD the difference between the sides 
AB, AC. Join BD; then AB is equal to AD, because CD is their difference, 
and the triangle ABD is isosceles, whence the angle ABD is equal to the 
angle ADB; and since BAD and twice the angle ABD are equal to two right 
angles, it follows that ABD is half the supplement of the given angle BAC. 
Hence the construction of the triangle. 

77. Let AB be the given base: at A draw the line AD to which the line 
bisecting the vertical angle is to be parallel. At B draw BE parallel to AD; 
from A draw AE equal to the given sum of the two sides to meet BE in E. 
At B make the angle EBC equal to the angle BEA, and draw CF parallel to 
AD. Then ACB is the triangle required. 

78. Take any point in the given line, and apply Bue. 1. 23, 81. 

79. On one of the parallel lines take EF equal to the given line, and with 
center E and radius EF describe a circle cutting the other inG. Join EG, 
and through A draw ABC parallel to EG. 

80. This will appear from Eue. 1. 29, 15, 26. 

81. Let AB, AC, AD, be the three lines. Take any point E in AC, and 
on EC make EF equal to EA, through F draw FG parallel to AB, join GE 
and produce it to meet ABin H. Then GE is equal to GH. 

82. Apply Euc. 1. 32, 29. 

83. From E draw EG perpendicular on the base of the triangle, then ED 
and EF may each be proved equal to EG, and the figure shewn to be equi- 
lateral. Three of the angles of the figure are right angles, 

84. The greatest parallelogram which can be constructed with given 
sides can be proved to be rectangular. 

85. Let AB be one of the diagonals: at A in AB make the angle BAC 
less than the required angle, and at A in AC make the angle CAD equal to 
the required angle. Bisect AB in E and with center E and radius equal to 
half the other diagonal describe a circle cutting AC, AD in F, G. Join FB, 
BG: then AFBG is the parallelogram required. 

86. This problem is the same as the following: having given the base of 
a triangle, the vertical angle and the sum of the sides, to construct the tri- 
angle. This triangle is one half of the required parallelogram. 

87. Draw a line AB equal to the given diagonal, and at the point A make 
an angle BAC equal to the given angle. Bisect AB in D, and through D 
draw a line parallel to the given line and meeting AC in C. This will be 
the position of the other diagonal. Through B draw BE parallel to CA, 
meeting CD produced in E; join AE, and BC, Then ACBE is the parallel- 
ogram required, 

88. Construct the figures and by Bue, 1. 24, 

89. By Eue. 1. 4, the opposite sides may be proved to be equal. 

90, Let ABCD be the given parallelogram ; construct the other paral- 
lelogram A'B'C'D’ by drawing the lines required, also the diagonals AC, 
A’C’, and shew that the triangles ABC, A'B'C’ are equiangular, 

91. A’D' and B'C' may be proved to be parallel. 

92. Apply Eue. 1, 29, 32. 

93. The points D, D’, are the intersections of the diagonals of two ree- 
tangles: if the rectangles be completed, and the lines OD, OD' be produced, 
they will be the other two diagonals, 

94. Let the line drawn from A fall without the parallelogram, and 
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let CC’, BB’, DD’, be the perpendiculars from ©, B, D, on the line drawn 
from A: from B draw BE parallel to AC’, and the truth is manifest. Next, 
let the line from A be drawn so as to fall within the parallelogram. 

95. Let the diagonals intersect in E. In the triangles DCB, CDA, two 
angles in each are respectively equal and one side DE: wherefore the diago- 
nals DB, AC are equal: also since DE, EC are equal, it follows that HA, EB 
are equal. Hence DEC, AEB are two isosceles triangles having their verti- 
cal angles equal, wherefore the angles at their bases are equal respectively, 
and therefore the angle CDB is equal to DBA. 

96. (1) By supposing the point P found in the side AB of the parallelo- 
gram ABCD, such that the angle contained by AP, PC may be bisected by 
the line PD; CP may be proved equal to CD; hence the solution. 

(2) By supposing the point P found in the side AB produced, so that PD 
may bisect the angle contained by ABP and PC; it may be shewn that the 
side AB must be produced, so that BP is equal to BD. 

97. This may be shewn by Iue. 1. 35. 

98. Let D, E, F be the bisections of the sides AB, BC, CA of the tri- 
angle ABC: draw DE, EF, FD; the triangle DEF is one-fourth of the triangle 
ABC. The triangles DBE, FBE are equal, each being one-fourth of the 
triangle ABC: DF is therefore parallel to BE, and DBEF is a parallelogram 
of which DE is a diagonal. 

99. This may be proved by applying Euc. 1. 38. 

100. Apply Euc. 1. 37, 38. 

101. On any side BC of the given triangle ABC, take BD equal to the 
given base ; join AD, through C draw CE paraliel to AD, meeting BA pro- 
duced if necessary in E, join ED; then BDE is the triangle required. By a 
process somewhat similar the triangle may be formed when the altitude is 

iven. 
Z 102. Apply the preceding problem (101) to make a triangle equal to one 
of the given triangles and of the same altitude as the other given triangle. 
Then the sum or difference can be readily found. 

103. First construct a triangle on the given base equal to the given tri- 
angle; next form an isosceles triangle on the same base equal to this triangle. 

104, Make an isosceles triangle equal to the given triangle, and then this 
isosceles triangle into an equal equilateral triangle. 

105. Make a triangle equal to the given parallelogram upon the given 
line, and then a triangle equal to this triangle, having an angle equal to the 
given angle. 

106. If the figure ABCD be one of four sides; join the opposite angles 
A, C of the figure, through D draw DE parallel to AC meeting BC pro- 
duced in E, join AE:—the triangle ABE is equal to the four-sided figure 
ABCD. 

If the figure ABCDE be one of five sides, produce the base both ways, 
and the figure may be transformed into a triangle, by two constructions sim- 
ilar to that employed for a figure of four sides. If the figure consists of 
six, seven, or any number of sides, the same process must be repeated. 

107. Draw two lines from the bisection of the base parallel to the two 
sides of the triangle. ‘ 

108. This may be sbewn ex absurdo. 

109. On the same base AB, and on the same side of it, let two triangles 
ABC, ABD be constructed, having the side BD equal to BC, the angle 
ABC aright angle, but the angle ABD not a right angle; then the triangle 
ABC is greater than ABD, whether the angle ABD be acute or obtuse. 

110, Let ABC be a triangle whose vertical angle is A, and whose base 
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BC is bisected in D; let any line EDG be drawn through D, meeting AC the 
greater side in G and AB produced in E, and forming a triangle AEG havy- 
ing the same vertical angle A. Draw BH parallel to AC, and the triangles 
BDH, GDC are equal. Euc. 1. 26. 

111. Let two triangles be constructed on the same base with equal pe- 
rimeters, of which one is isosceles. Through the vertex of that which is not 
isosceles draw a line parallel to the base, and intersecting the perpendicular 
drawn from the vertex of the isosceles triangle upon the common base. Join 
this point of intersection and the extremities of the base. 

112. (1) DF bisects the triangle ABC (fig. Prop. 6, p. 78.) On each side 
of the point F in the line BC, take FG, FH, each equal to one-third of BF, 
the lines DG, DH shall trisect the triangle. Or, 

Let ABC be any triangle, D the given point in BC. Trisect BC in E, F. 
Join AD, and draw EG, FH parallel to AD. Join DG, DH; these lines tri- 
sect the triangle. Draw AE, AF and the proof is manifest. 

(2) Let ABC be any triangle; trisect the base BC in D, E, and join AD, 
AE. From D, E, draw DP, EP parallel to AB, AC and meeting inP. Join 
AP, BP, CP; these three lines trisect the triangle. 

(3) Let P be the given point within the triangle ABC. Trisect the base 
BC in D, E. From the vertex A draw AD, AE, AP. Join PD, draw AG 
parallel to PD and join PG, Then BGPA is one-third of the triangle. The 
problem may be solved by trisecting either of the other two sides and making 
a similar construction. 

113, The base may be divided into nine equal parts, and lines may be 
drawn from the vertex to the points of division. Or, the sides of the triangle 
may be trisected, and the points of trisection joined. 

114. It is proved, Bue, 1. 34, that each of the diagonals of a parallelogram 
bisects the figure, and it may be shewn that they also bisect each other. 
It is hence manifest that any straight line, whatever may be its position, 
which bisects a parallelogram, must pass through the intersection of the 
diagonals. 

115. See the remark on the preceding problem 114. 

116, Trisect the side AB in EB, F, and draw EG, FIT parallel to AD or 
BC, meeting DCin Gand H. If the given point P be in EF, the two lines 
drawn from P through the bisections of EG and FH will trisect the parallel- 
ogram. If P be in FB, a line from P through the bisection of FH will cut 
off one-third of the parallelogram, and the remaining trapezium is to be 
bisected by a line from P, one of its angles. If P coincide with E or F, the 
solution is obvious. 

117. Construet a right-angled parallelogram by Eue. 1. 44, equal to the 
given quadrilateral figure, and from one of the angles, draw a line to meet 
the opposite side and equal to the base of the rectangle, and a line from the 
adjacent angle parallel to this line will complete the rhombus. 

118. Biseet BC in D, and through the vertex A, draw AE parallel to BC, 
with center D and radius equal to half the sum of AB, AC, describe a circle 
cutting AE in E. 

119. Produce one side of the square till it becomes equal to the diagonal, 
the line drawn from the extremity of this produced side and parallel to the 
adjacent side of the square, and meeting the diagonal produced, determines 
the point required. 

120, Let fall upon the diagonal perpendiculars from the opposite angles 
of the parallelogram. These perpendiculars are equal, and each pair of 
triangles is situated on different sides of the same base and has equal alti- 
tudes, : 
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121. One case is included in Theo. 120. The other case, when the point 
is in the diagonal produced, is obvious from the same principle. 

122. The triangles DCF, ABF may be proved to be equal to half of the 
parallelogram by Eue. 1. 41. 

123. Apply Hue. 1. 41, 38. 

124. Ifa line be drawn parallel to AD through the point of intersection 
of the diagonal, and the line drawn through O parallel to AB; then by Eue. 
1, 43, 41, the truth of the theorem is manifest. 

125. It may be remarked that parallelograms are divided into pairs of 
equal triangles by the diagonals, and therefore by taking the triangle ABD 
equal to the triangle ABC, the property may be easily shewn. 

126. The triangle ABD is one-half of the parallelogram ABCD, Hue. 1. 34. 
And the triangle DKC is one-half of the parallelogram CDHG, Kuce. 1. 41, 
also for the same reason the triangle AKB is one-half of the parallelogram 
AHGB: therefore the two triangles DKC, AKB are together one-half of the 
whole parallelogram ABCD. Hence the two tr iangles DKO, AKB are equal 
to the triangle ABD: take from these equals the equal parts which are com- 
mon, therefore the triangle CKF is equal to the triangles AHK, KBD: 
wherefore also taking AHK from these equals, then the difference of the 
triangles CKF, AHK is equal to the triangle KBC: and the doubles of these 
are equal, or the difference of the parallelograms CFKG, AHKE is equal to 
twice the triangle KBD. 

127. First prove that the perimeter of a square is less than the perimeter 
of an equal rectangle: next, that the perimeter of the rectangle is less than 
the perimeter of any other equal parallelogram. 

128. This may be proved by shewing that the area of the isosceles tri- 
angle is greater than the area of any other triangle which has the same 
vertical angle, and the sum of the sides containing that angle is equal to the 
sum of the equal sides of the isosceles triangle. 

129. Let ABC be an isosceles triangle (fig. Euc. 1. 42), AE perpendicular 
to the base BC, and AECG the equivalent rectangle. Then AC is greater 
than AE, &c. 

130. Let the diagonal AC bisect the quadrilateral figure ABCD. Bisect 
AC in E, join BE, ED, and prove BE, ED in the same straight line and equal 
to one another. 

131. Apply Euce. 1. 15. 

132. Apply Eue. 1. 20. 

133. This may be shewn by Eue. 1. 20, 

134. Let AB be the longest and CD the shortest side of the rectangular 
figure. Produce AD, BC to meet in E. Then by Euc. 1. 32. 

135. Let ABCD ‘be the quadrilateral figure, and E, F, two points in 
the opposite sides AB, CD, join EF and bisect it in G: and through G 
draw a straight line HGK terminated by the sides AD, BC; and bisected 
in the point G. Then EF, HK are the diagonals of the required parallelo- 

ram. 

136, After constructing the figure, the proof offers no difficulty. 

137. If any line be assumed as a diagonal, if the four given lines taken 
two and two be always greater than this diagonal, a four-sided figure may be 
constructed having the assumed line as one of its diagonals : and it may be 
shewn that when the quadrilateral is possible, the sum of every three given 
sides is greater than the fourth. 

138. Draw the two diagonals, then four triangles are formed, two on one 
side of each diagonal. T’ hen two of the lines drawn through the points of 
bisection of two sides may be proved parallel to one diagonal, and two 

14* 
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parallel to the other diagonal, in the same way as Theo. 97, supra. The 
other property is manifest from the relation of the areas of the triangles 
made by the lines drawn through the bisections of the sides. 

139. It is sufficient to suggest, that triangles on equal bases, and of equal 
altitudes, are equal. 

140. Let the side AB be parallel to CD, and let AB be bisected in E and: 
CD in F, and let EF be drawn. Join AF, BF, then Eue. 1. 88. 

141, Let BCED be a trapezium of which DC, BE are the diagonals in- 
tersecting each other in G. If the triangle DBG be equal to the triangle 
EGC, the side DE may be proved parallel to the side BC, by Euc. 1. 39. 

142. Let ABCD be the quadrilateral figure having the sides AB, CD, 
parallel to one another, and AD, BC equal. Through B draw BE parallel to 
AD, then ABED is a parallelogram. 

143. Let ABCD be the quadrilateral having the side AB parallel to CD. 
Let IE, F be the points of bisection of the diagonals BD, AC, and join EF and 
produce it to meet the sides AD, BC in G and H. Through H draw LHK 
parallel to DA meeting DC in Land AB produced in K. Then BK is half 
the difference of DC and AB. 

144. (1) Reduce the trapezium ABCD to a triangle BAE by Prob. 
106, supra, and bisect the triangle BAE by a line AF from the vertex. 
If F fall without BC, through F draw FG parallel to AC or DE, and join 
AG. 

Or thus. Draw the diagonals AC, BD: bisect BD in E, and join AB, EC. 
Draw FEG parallel to AC the other diagonal, meeting AD in F, and DCin G, 
AG being joined, bisects the trapezium. 

(2) Let E be the given point in the side AD, Join EB. Bisect the 
quadrilateral EBCD by EF, Make the triangle EFG equal to the triangle 
EAB, on the same side of EF as the triangle AB. Bisect the triangle EPG 
by EH. EH bisects the figure. 

145. If a straight line be drawn from the given point through the inter- 
section of the diagonals and meeting the opposite side of the square; the 
problem is then reduced to the bisection of a trapezium by a line drawn from 
one of its angles, 

146, If the four sides of the figure be of different lengths, the truth of 
the theorem may be shewn. If, however, two adjacent sides of the figure 
be equal to one another, as also the other two, the lines drawn from the 
angles to the bisection of the longer diagonal, will be found to divide the 
trapezium into four triangles which are equal in area to one another. Eue. 
1, 38. 

147. Apply Eue. 1. 47, observing that the shortest side is one-half of the 
longest. 

148. Find by Bue. 1. 47, a line the square on which shall be seven times 
the square on the given line. Then the triangle which has these two lines 
containing the right angle shall be the triangle required. 

149. Apply Eue, 1. 47. 

150, Let the base BC be bisected in D, and DE be drawn perpendicular 
to the hypotenuse AC, Join AD: then Eue, 1. 47. 

151. Construct the figure, and the truth is obvious from Eue. 1. 47. 

152. See Theo. 82, p. 76, and apply Eue, 1. 47, 

153. Draw the lines required and apply Eue. 1. 47. 

154. Apply Eue. 1. 47. 

155. Apply Bue, 1. 47. 

156, Apply Bue, 1, 47, observing that the square on any line is four times 
the square on half the line. 
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157. Apply Eue. 1. 47, to express the squares of the three sides in terms 
of the squares on the perpendiculars and on the segments of AB. 

158. By Eue. 1. 47, bearing in mind that the square described on any 
line is four times the square described upon half the line. 

159. The former part is at once manifest by Eue. 1. 47. Let the diag- 
onals of the square be drawn, and the given point be supposed to coincide 
with the intersection of the diagonals, the minimum is obvious. Find its 
value in terms of the side. 

160. (a) This is obvious from Euce. 1. 13. 

(5) Apply Hue. 1. 32, 29. 

(ce) Apply Euc. 1. 5, 29. 

(d) Let AL meet the base BC in P, and let the perpendiculars from F, K 
meet BC produced in M and N respectively; then the triangles APB, FMB 
may be proved to be equal in all respects, as also APC, CKN. 

(e) Let fall DQ perpendicular on FB produced. Then the triangle DQB 
may be proved equal to each of the triangles ABC, DBF; whence the tri- 
angle DBF is equal to the triangle ABC. 

Perhaps however the better method is to prove at once that the triangles 
ABC, FBD are equal, by shewing that they have two sides equal in each tri- 
angle, and the included angles, one the supplement of the other. 

(7) If DQ be drawn perpendicular on FB produced, FQ may be proved 
to be bisected in the point B, and DQ equal to AC. Then the square on FD 
is found by the right-angled triangle FQD. Similarly, the square on KE is 
found, and the sum of the squares on FD, EK, GH will be found to be six 
times the square on the hypotenuse. 

(g) Through A draw PAQ parallel to BC and meeting DB, EC produced 
in P,Q. Then by the right-angled triangles. 

161. Let any parallelograms be described on any two sides AB, AC of a 
triangle ABC, and the sides parallel to AB, AC be produced to meet in a 
point P. Join PA. Then on either side of the base BC, let a parallelogram 
be described having two sides equal and parallelto AP. Produce AP and it 
will divide the parallelogram on BC into two parts respectively equal to the 
parallelograms on the sides. Euc. 1. 35, 36. 

162. Let the equilateral triangles ABD, BCE, CAF be described on AB, 
BC, CA, the sides of the triangle - ABC having the right angle at A. 

"Join DC, AK: then the triangles DBC, ABE are equal. Next draw DG 
perpendicular to AB and join OG: then the triangles BDG, DAG, DGC are 
equal to one another. Also draw AH, EK perpendicular to BC; the tri- 
angles EKH, EKA are equal. Whence may be shewn that the triangle ABD 
is equal to the triangle BHE, and in a similar way may be shewn that CAF 
is equal to CHE. 

The restriction is unnecessary: it only brings AD, AE into the same line. 
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6. See the figure Eue. m1. 5. 

7. This Problem is equivalent to the following: construct an isosceles 
right-angled triangle, having given one of the sides which contains the right 
mele. 

8. In the question for E read D. Construct the square on AB, and the 
property is obvious. 
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9. The sum of the squares on the two parts of any lines is least when 
the two parts are equal. 

10. A line may be found the square on which is double the square on 
the given line. ‘The problem is then reduced to:—having given the hypot- 
enuse and the sum of the sides of a right-angled triangle, construct the 
triangle. 

11. This follows from Eue. 11. 5, Cor. 

12. This problem is, in other words, Given the sum of two lines and the 
sum of their squares, to find the lines. Let AB be the given straight line, 
at B drag BC at right angles to AB, bisect the angle ABC by BD. On AB 
take AE equal to the side of the given square, and with center A and radius 
AE describe a circle cutting BD in D, from D draw DF perpendicular to AB, 
the line AB is divided in F as was required. 

13. Let AB be the given line. Produce AB to C making BC equal to 
three times the square on AB. From BA cut off BD equal to BC; then D 
is the point of section such that the squares on AB and BD are double of the 
square on AD. 

14. In the fig. Eue. rm. 7. Join BF, and draw FL perpendicular on 
GD. Half the rectangle DB, BG, may be proved equal to the rectangle 
AB, BC. 

Or, join KA, CD, KD, CK. Then CK is perpendicular to BD, And the 
triangles CBD, KBD are each equal to the triangle ABK. Hence, twice the 
triangle ABK is equal to the figure CBKD; but twice the triangle ABK 
is equal to the rectangle AB, BC; and the figure CBKD is equal to half the 
rectangle DB and CK, the diagonals of the squares on AB, BC. Where- 
fore, Xe. 

15. The difference between the two unequal parts may be shewn to be 
equal to twice the line between the points of section, 

16. This proposition is only another form of stating Eue. 1. 7. 

17. In the figure, Theo. 7, p. 69, draw PQ, PR, PS perpendiculars on 
AB, AD, AC respectively: then since the triangle PAC is equal to the 
two triangles PAB, PAD, it follows that the rectangle contained by 
PS, AC, is equal to the swn of the rectangles PQ, AB, and PR, AD. 
When is the rectangle PS, AC equal to the difference of the other two reec- 
tangles ? 

‘18. Through E draw EG parallel to AB, and through F, draw FAK 
parallel to BC and cutting EG in H. Then the area of the rectangle is 
made up of the areas of four triangles; whence it may be readily shewn 
that ¢wice the area of the triangle AFE, and the figure. AGHK is equal to 
the area ABCD. 

19. Apply Eue. 1. 11. 

20. The vertical angles at L may be proved to be equal, and each of them 
aright angle. ; 

21. Apply Eue, 11, 4, 11, 1. 47. 

22. Produce FG, DB to meet in L, and draw the other diagonal LHC, 
which passes through H, because the complements AG, BK are equal. Then 
LH may be shewn to be equal to Ff, and to Dd. 

28, The common intersection of the three lines divides each into two 
parts, one of which is double of the other, and this point is the vertex of 
three triangles which have lines drawn from it to the bisection of the bases, 
Apply Eue. mm. 12, 18. 

24, Apply Theorem 8, p. 104, and Eue., 1. 47, 

25. This will be found to be that particular case of Bue, 1, 12, in which 
the distance of the obtuse angle from the foot of the perpendicular, is half 
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of the side subtended by the right angle made by the perpendicular and the 
base produced. 

26. (1) Let the triangle be acute-angled. (Eue. 1. 13, fig. 1.) 

Let AC be bisected in E, and BE be joined; also EF be drawn perpen- 
dicular to BC. EF is equal to FC. Then the square on BE may be proved 
to be equal to the square on BC and the rectangle BD, BC. 

(2.) If the triangle be obtuse-angled, the perpendicular EF falls within 
or without the base according as the bisecting line is drawn from the obtuse 
or the acute angle at the base. 

27. This may be shewn from Theorem 3, p. 114. 

28. Let the perpendicular AD be drawn from A on the base BC. It 
may be shewn that the base BC must be produced to a point K, such that 
CE is equal to the difference of the segments of the base made by the per- 
pendicular. 

29. Since the base and area are given, the altitude of the triangle is 
known. Hence the problem is reduced to :—Given the base and altitude of 
a triangle, and the line drawn from the vertex to the bisection of the base, 
construct the triangle. 

30. This follows immediately from Eue. 1. 47. 

31. Apply Hue. u. 13. 

32. The truth of this property depends on the fact that the rectangle 
contained by AC, CB is equal to that contained by AB, CD. 

33. Let P the required point in the base AB be supposed to be known. 
Join CP. It may then be shewn that the property stated in the Problem is 
contained in Theorem 3, p. 114. 

34. This may be shewn from Eue. 1. 47; 11. 5. Cor. 

35. From C let fall CF perpendicular on AB. Then ACE is an obtuse- 
angled, and BEC an acute-angled triangle. Apply Euc. m. 12, 13; and by 
Eue. 1. 47, the squares on AC and CB are equal to the square on AB. 

36. Apply Eue. 1. 47, 1. 4; and the note p. 102 0n Eue. 1. 4. 

37. Draw a perpendicular from the vertex to the base, and apply Euce. 1. 
47; 11. 5, Cor. Enunciate and prove the proposition when the straight line 
drawn from the vertex meets the base produced. 

38. This follows directly from Euc. 11. 13, Case 1. 

39, The truth of this proposition may be shewn from Eue. 1. 47; 11. 4. 

40. Let the square on the base of the isosceles triangle be described. 
Draw the diagonals of the square, and the proof is obvious. 

41. Let ABC be the triangle required, such that the square on AB is 
three times the square on AC or BC. Produce BC and draw AD perpen 
dicular to BC. Then by Eue. 11. 12, CD may be shewn to be equal to one 
half of BC. Hence the construction. 

42. Apply Euc. 11. 12, and Theorem 88, p. 118. 

43. Draw EF parallel to AB and meeting the base in F; draw also EG 
perpendicular to the base. Then by Eue, 1. 47; 11. 5, Cor. 

44, Bisect the angle B by BD meeting the opposite side in D, and draw 
BE perpendicular to AC. Then by Eue. 1. 47; 1. 5, Cor, 

45. This follows directly from Theorem 3, p. 114. 

46. Draw the diagonals intersecting each other in P, and join OP. By 
Theo. 3, p. 114. 

47. Draw from any two opposite angles, straight lines to meet in the bi- 
section of the diagonal joining the other angles, Then by Eue. 1. 12, 13. 

48. Draw two lines from the point of bisection of either of the bisected 
sides to the extremities of the opposite side; and three triangles will be 
formed, two on one of the bisected sides and one on the other, in each of 
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which is a line drawn from the vertex to the bisection of the base. Then by 
Theo. 8, p. 114. 

49. If the extremities of the two lines which bisect the opposite sides of 
the trapezium be joined, the figure formed is a parallelogram which has itg 
sides respectively parallel to, and equal to, half the diagonals of the trape- 
zium. ‘The sum of the squares on the two diagonals of the trapezium may 
be easily shewn to be equal to the sum of the squares on the four sides of 
the parallelogram, 

50. Draw perpendiculars from the extremities of one of the parallel 
sides, meeting the other side produced, if necessary. Then from the four 
right-angled triangles thus formed, may be shewn the truth of the propo- 
sition. r 

51. In the problem, for triangle read rectangle. Let ABCD be any tra- 
pezium having the side AD parallel to BC. Draw the diagonal AC, then the 
sum of the triangles ABC, ADC may be shewn to be equal to the ‘rectangle 
contained by the altitude and half the sum of AD and BC. 

52. Let ABCD be the trapezium, having the sides AB, CD, parallel, and 
AD, BC equal. Join AC and draw AE perpendicular ‘to DC. Then by 
Eue. 1. 138. 

53. Let ABC be any triangle; AHKB, AGFC, BDEC, the squares upon 
their sides; El’, GH, KL the lines joining the angles of the squares. Pro- 
duce GA, KB, EC, and draw HN, DQ, FR perpendiculars upon them respec- 
tively : also draw AP, BM, CS perpendiculars on the sides of the triangle, 
Then AN may be proved to be equal to AM; CR to CP; and BQ to BS; 
and by Bue. 11. 12, 13. 

54, Convert the triangle into a rectangle, then Eue, 1. 14. 

55. Find a rectangle equal to the two figures, and apply Eue. m1. 14. 

56. Find the side of a square which shall be equal to the given rectangle 
See Prob. 1. p. 113. 

57. On any line PQ take AB equal to the given difference of the sides 
of the rectangle, at A draw AC at right angles to AB, and equal to the side 
of the given square; bisect AB in O and join OC; with center O and radius 
OC describe a semicircle meeting PQ in D and E. Then the lines AD, AE 
have AB for their difference, and the rectangle contained by them is equal to 
the square on AO, 

568, Apply Euc. nm. 14. 


GEOMETRICAL EXERCISES ON BOOK III. 
HINTS, &c. 


7. Eve. 11. 3, suggests the construction. 

8 The given point may be either within or without the circle, Find the 
center of the circle, and join the given point and the center, and upon this 
line describe a semicircle, a line equal to the given distance may be 
drawn from the given point to meet the are of the semicircle. When the 
point is without the circle, the given distance may meet the diameter pro- 
duced, 

9. This may be easily shewn to be a straight line passing through the 
center of the cirele. 

10. The two chords form by their intersections the sides of two isosceles 
triangles, of which the parallel chords in the circle are the bases, 
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11. The angles in equal segments are equal, and by Euc. 1. 29. If the 
chords are equally distant from the center, the lines intersect the diameter in 
the center of the circle. 

a 12. Construct the figure and the are BC may be proved equal to the are 
Cs 

13. The point determined by the lines drawn from the bisections of the 
chords and at right angles to them respectively, will be the center of the re- 
quired circle. 

14, Construct the figures: the proof offers no difficulty. 

15. On any radius construct an isosceles right-angled triangle, and pro- 
duce the side which meets the circumference. ; 

16. Join the extremities of the chords, then Eue. 1. 27; 111. 28. 

17. Take the center O, and join AP, AO, &c. and apply Eue. 1. 20. 

18. Draw any straight line intersecting two parallel chords and meeting 
the circumference. 

19. Produce the radii to meet the circumference. 

20. Join AD, and the first equality follows directly from Eue. 111. 20, 1. 82. 
Also by joining AC, the second equality may be proved in a similar way. If 
however the line AD do not fall on the same side of the center O as EK, it will 
be found that the difference, not the swm of the two angles, is equal to 2. AED. 
See note to Euce. m1. 20, p. 155. 

21. Let DKE, DBO (fig. Eue. 11. 8) be two lines equally inclined to DA, 
then KE may be proved to be equal to BO, and the segments cut off by equal 
straight lines in the same circle, as well as in equal circles, are equal to one 
another. ° 

22. Apply Eue. 1. 15, and 111. 21. 

23. This is the same as Euc, 111. 34, with the condition, that the line must 
pass through a given point. 

24. Let the segments AHB, AKC be externally described on the given 
lines AB, AC, to contain angles equal to BAC. Then by the converse to 
Eue. m1. 32, AB touches the circle AKC, and AC the circle AHB. 

25. Let ABC be a triangle of which the base or longest side is BC, and 
let a segment of a circle be described on BC. Produce BA, CA to meet the 
are of the segment in D, E, and join BD, CE. If circles be described about 
the triangles ABD, ACE, the sides AB, AC shall cut off segments similar to 
the segment described upon the base BC. 

26. This is obvious from the note to Due. 11, 26, p. 156. 

27. The segment must be described on the opposite side of the produced 
chord. By converse of Eue. 111. 32. 

28. If a circle be described upon the side AC as a diameter, the circum- 
ference will pass through the points D, E. Then Eue. ut. 21. 

29. Let AB, AC be the bounding radii, and D any point in the are BO, 
and DE, DF, perpendiculars from D on AB, AC. The circle described on 
AD will always be of the same magnitude, and the angle EAF in it, is con- 
stant :—whence the are NDF is constant, and therefore its chord EF. 

30. Construct the figure, and let the circle with center O, described on 
AH as a diameter intersect the given circle in P, Q, join OP, PE, and prove 
EP at right angles to OP. 

31. If the tangent be required to be perpendicular to a given line: draw 
the diameter parallel to this line, and the tangent drawn at the extremity of 
this diameter will be perpendicular to the given line. 

32. The straight line which joins the center and passes through the inter- 
section of two tangents to a circle, bisects the angle contained by the tan- 
gents. 
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33. Draw two radii containing an angle equal to the supplement of the 
given angle ; the tangents drawn at the extremities of these radii will contain 
the given angle. 

34. Since the circle is to touch two parallel lines drawn from two given 
points in a third line, the radius of the circle is determined by the distance 
between the two given points. 

35. It is sufficient to suggest that the angle between a chord and a tangent 
is equal to the angle in the alternate segment of the circle. Eue. rm, 82. 

36. Let AB be the given chord of the circle whose center is O. Draw 
DE touching the circle at any point E and equal to the given line; join 
DO, and with center O and radius DO describe a circle: produce the chord 
AB to meet the circumference of this circle in F; then F is the point 
required, 

37. Let D be the point required in the diameter BA produced, such that 
the tangent DP is half of DB. Join CP, C being the center. Then CPD is 
a right-angled triangle, having the sum of the base PC and hypotenuse CD 
double of the perpendicular PD. 

38. If BE intersect DF in K (fig. Eue. mm. 87). Join FB, FE, then by 
means of the triangles, BE is shewn to be bisected in K at right angles. 

89. Let AB, CD be any two diameters of a circle, O the center, and let 
the tangents at their extremities form the quadrilateral figure EFGH. Join 
KO, OF, then EO and OF may be proved to be in the same straight line, and 
similarly HO, OK. 

Nore.—This Proposition is equally true if AB, CD be any two chords 
whatever. It then becomes oulvctott to the following proposition :—The 
diagonals of the cireumseribed and inscribed quadrilaterals, intersect in the 
same point, the points of contact of the former being the angles of the lat- 
ter figure. 

40, Let © be the point without the circle from which the tangents 
CA, CB are drawn, and let DE be any diameter, also let AB, BD be 
joined, intersecting in P, then if CP be joined and’ produced to meet DE 
inG: C@is perpendicular to DE. Join DA, EB,and produce them to meet 
in I. 

Then the angles DAE, EBD being angles in a semicircle, are right 
angles; or DB, EA are drawn perpendicular to the sides of the triangle 
DEF: whence the line drawn from F through P is perpendicular to the third 
side DE. 

41. Let the chord AB, of which P is its middle point, be produced both 
ways to ©, D, so that AC is equal to BD. From C, D, draw the tangents to 
the cirele forming the tangential quadrilateral C KDR, the points of contact 
of the sides, being BE, H, F, G. Let O be the center of the circle, Join 
EH, GF, C¢ ), GO, FO, DO. Then EH and GF may be proved each parallel 
to CD, they are therefore parallel to one ‘another. Whence is proved that 
buth EF and DG bisect AB. 

42. This is obvious from Eue. 1. 29, and the note to mm, 22. p. 156. 

48. From any point A in the cireumference, let any chord AB and tan- 
gent AC be drawn. Bisect the are AB in D, and from D draw DE, DC per- 
pendiculars on the chord AB and tangent AC. Join AD, the triangles ADE, 
ADC may be shewn to be equal. 

44. Let A, B, be the given points. Join AB, and upon it describe a 
segment of a circle which shall contain an angle equal to the given angle, If 
the cirele eut the given line, there will be two points; if it only touch the 
line, there will be one; and ‘if it neither cut nor touch’ the line, the problem 
iv impossible. 
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45. {t may be shewn that the point required is determined by a perpen- 
dicular drawn from the center of the circle on the given line. 

4. Let two lines AP, BP be drawn from the given points A, B, making 
ae) angles with the tangent to the circle at the point of contact P, take any 
other point Q in the convex circumference, and join QA, QB: then by 
Prob. 4, p. 71, and Eue. 1. 21. 

a ‘Let C be the center of the circle, and E the point of contact of DF 
with the cirele. Join DC, CE, CF. 

48. Let the tangents at E, F meet in a point R. Produce RE, RF to 
meet the diameter AB produced in§$, T. Then RST is a triangle, and the 
quadrilateral RFOE may be circumscribed by a circle, and RPO may be 
proved to be one of the diagonals. 

49. Let C be the middle point of the chord of contact: produce AC, BC 
to meet the circumference in B’, A’, and join AA’, BB’. 

50. Let A be the given point, and Bthe given point in the given line CD. 
At B draw BE at right angles to CD, join AB and bisect it in F, and from F 
draw FE perpendicular to AB and meeting BE i in E. Bis the center of the 
required circle. 

51. Let O be the center of the given circle. Draw OA perpendicular to 
the given straight line; at O in OA make the angle AOP equal to the given 
angle, produce PO to meet the circumference again inQ. Then P, Q are two 
points from which tangents may be drawn fulfilling the required condition. 

52. Let C be the center of the given circle, B the given point in the cir- 
eumference, and A the other given point through which the required circle 
is to be made to pass. Join CB, the center of the circle is a point in CB 
produced. The center itself may be found in three ways. 

53. Eue. 11. 11 suggests the construction. 

54. Let AB, AC be the two given lines which meet at A, and let D be 
the given point. Bisect the angle BAC by AE, the center of the circle is in 
AK. Through D draw DF perpendicular to AE, and produce DF to G, 
making FG equal to FD. Then DG is a chord of the cirele, and the circle 
which passes through D and touches AB, will also pass through G and 
touch AC. 

55. As the center is given, the line joining this point and center of the 
given circle, is perpendicular to that diameter, through the extremities of 
which the required circle is to pass. 

56. Let AB be the given line and D the given point in it, through which 
the circle is required to pass, and AC the line which the circle is to touch, 
From D draw DE perpendicular to AB and meeting AC in C. Suppose Oa 
point in AD to be the center of the required circle. Draw OE perpendicular 
to AC, and join OC, then it may be shewn that CO bisects the angle ACD. 

57. Let the given circle be described. Draw a line through the center 
and intersection of the two lines. Next draw a chord perpendicular to this 
line, cutting off a segment containing the given angle. The circle described 
passing through one extremity of the chord and touching one of the 
straight lines, “shall also pass through the other extremity of the chord and 
touch the other line. 

58. The line drawn through the point of intersection of the two circles 
parallel to the line which joins their centers, may be shewn to be double 
of the line which joins their centers, and greater than any other straight 
line drawn through the same point and terminated by the circumferences, 
The greatest line therefore depends on the distance between the centers of 
the two circles. 

59. Apply Euc. m1. 27; 1. 6 
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60. Let two unequal circles cut one another, and let the line ABC drawn 
through B, one of the points of intersection, be the line required, such that 
AB is equal to BC. Join O, 0’ the centers of the circles, and draw OP, O'P 
perpendiculars on ABC, then PB is equal to BP’; through O’ draw O'D 
parallel to PP’; then ODO’ is a right-angled triangle, and a semicircle de- 
scribed on OO’ as a diameter will pass through the point D, Hence the syn- 
thesis. If the line ABC be supposed to move round the point B and its ex- 
tremities A, C to be in the extremities of the two circles, it is manifest that 
ABC admits of a maximum. 

61. Suppose the thing done, then it will appear that the line joining the 
points of intersection of the two circles is bisected at right angles by the line 
joining the centers of the circles. Since the radii are known, the centers of 
the two circles may be determined. 

62. Let the circles intersect in A, B; and let CAD, EBF be any parallels 
passing thpough A, B and inter cepted ‘by the circles. Join CE, AB, DF. 
Then the ficure CEFD may be proved to be a parallelogram. Whence ‘CAD 
is equal to EBF. 

63. Complete the circle whose segment is ADB; AHB being the other 
part. Then since the angle ACB is constant, being in a given segment, the 
sum of the ares DE and AHB is constant. But AHB is given, hence ED is 
also given and therefore constant. 

64. From A suppose ACD drawn, so that when BD, BC are joined, AD 
and DB shall together be double of AC and CB together. Then the angles 
ACD, ADB are supplementary, and hence the angles BCD, BDC are equal, 
and the triangle BCD is isosceles. Also the angles BCD, BDC are given, 
hence the triangle BDC is given in species. 

Again AD + DB = 2. AC + 2. BC, or CD = AC + BC. 

Whence, make the triangle bde having its angles at d, ¢ equal to that in 
the segment BDA; and make ca = ced — ch, and join ab. At A make the 
angle BAD equal to bad, and AD is the lme required. 

65. The line drawn from the point of intersection of the two lines to the 
center of the given circle may be shewn to be constant, and the center of the 
given circle is a fixed point. 

66. This is at once obvious from Eue, 11. 86. 

67. This follows directly from Eue. 11, 36. 

68. Each of the lines CE, DF may be proved parallel to the common 
chord AB. 

69. By constructing the figure and joining AC and AD, by Eue. rmx. 27, 
it may be proved that the line BC falls on BD. 

70. By constructing the figure and applying Euc. 1. 8, 4, the truth is 
manifest. 

71. The bisecting line isa common chord to the two circles; join the 
other extremities of the chord and the diameter in each circle, and the angles 
in the two segments may be proved to be equal. 

72, Apply Euc, m1. 27; 1, 82, 6. 

78. Draw a common tangent at C the point of contact of the circles, and 
prove AC and CB to be in the same straight line. 

74. Let A, B, be the centers, and C the point of contact of the two cir- 
cles; D, BE the points of contact of the circles with the common tangent DE, 
and CF a tangent common to the two circles at C, meeting DF in Ek. Join 
DC, CE. Then DF, FC, FE may be shewn to be equal, and FC to be at right 
angles to AB, 

75. The line must be drawn to the extremities of the diameters which are 
on opposite sides of the line joining the centers. 
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76. The sum of the distances of the center of the third circle from the 
centers of the two given circles, is equal to the sum of the radii of the given 
circles, which is constant. 

77. Let the circles touch at C either externally or internally, and their 
diameters AC, BC through the point of contact will either coincide or be in 
the same straight line. OCDE any line through C will cut off similar segments 
from the two circles. For joining AD, BE, the angles in the segments DAC, 
EBC are proved to be equal. 

The remaining segments are also similar, since they contain angles which 
are supplementary to the angles DAC, EBC, 

78. Let the line which joins the centers of the two circles be produced 
to meet the circumferences, and let the extremities of this line and any other 
line from the point of contact be joined. From the center of the larger 
circle draw perpendiculars on the sides of the right-angled triangle inscribed 
within it. 

79. In general, the locus ofa point in the circumference of a circle which 
rolls within the circumference of another, is a curve called the Hypocycloid ; 
but to this there is one exception, in which the radius of one of the circles is 
double that of the other: in this case, the locus is a straight line, as may be 
easily shewn from the figure. 

80. Let A, B be the centers of the circles. Draw AB cutting the circum- 
ferences in C, D. On AB take CE, DF each equal to the radius of the re- 
quired circle: the two circles described with centers A, B, and radii AB, BF, 
respectively, will cut one another, and the point of intersection will be the 
‘center of the required circle. 

81. Apply Euc. 11. 31. 

82. Apply Hue. 11. 21. 

83. (1) When the tangent is on the same side of the two circles. Join 
C, C’ their centers, and on CC’ describe a semicircle. With center C’ and 
radius equal to the difference of the radii of the two circles, describe another 
circle cutting the semircle in D: join DC’ and produce it to meet the cir- 
cumference of the given circle in B. Through C draw CA parallel to DB 
and join BA; this line touches the two circles. 

(2) When the tangent is on the alternate sides. Having joined ©, C’; 
on CO’ describe a semicircle ; with center C, and radius equal to the swm of 
the radii of the two circles describe another circle cutting the semicircle in 
D, join CD cutting the circumference in A, through C draw CB parallel to CA 
and join AB. 

84. The possibility is obvious. The point of bisection of the segment 
intercepted between the convex circumferences will be the center of one of 
the circles: and the center of a second circle will be found to be the point 
of intersection of two circles described from the centers of the given circles 
with their radii increased by the radius of the second circle. The line passing 
through the centers of these two circles will be the locus of the centers of 
all the cireles which touch the two given circles. 

85. At any points P, R in the circumferences of the circles, whose centers 
are A, B, draw PQ, RS, tangents equal to the given lines, and join AQ, BS. 
These being made the sides of a triangle of which AB is the base, the vertex 
of the triangle is the point required. 

86. In each circle draw a chord of the given length, describe circles 
concentric with the given circles touching these chords, and then draw a 
straight line touching these circles. 

87. Within one of the circles draw a chord cutting off a segment equal 
to the given segment, and describe a concentric circle touching the chord: 
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then draw a straight line touching this latter circle and the other given 
circle. 

88. The tangent may intersect the line joining the centers, or the line 
produced. Prove that the angle in the segment of one circle is equal to the 
angle in the corresponding segment of the other circle. 

89. Join the centers A, B; at C the point of contact draw a tangent, 
and at A draw AF cutting the tangent in F, and making with CF an angle 
equal to one-fourth of the given angle. From F draw tangents to the 
circles. 

90. Let C be the center of the given circle, and D the given point in the 
given line AB. At D draw any line DE at right angles to AB, then the 
center of the circle required is in the line AE. Through C draw a diameter 
FG parallel to DE, the circle described passing through the points E, F, @ 
will be the circle required. 

91. Apply Eue. ri. 18. 

92. Let A, B, be the two given points, and © the center of the given 
cirele. Join AC, and at C draw the diameter DCE perpendicular to AC, and 
through the points A, D, E describe a circle, and produce AC to meet the 
circumference in F.  Bisect AF in G, and AB in H, and draw GK, HK, per- 
pendiculars to AF, AB respectively, and intersecting in K. Then K is the 
center of the circle which passes through the points A, B, and bisects the 
circumference of the circle whose center is C. 

98. Let D be the given point and EF the given straight line. (fig. Eue. 
1t. 32.) Draw DB to make the angle DRF equal to that contained in the 
alternate segment. Draw BA at right angles to EF, and DA at right angles’ 
to DB and meeting BA in A. Then AB is the diameter of the circle. 

94, Let A, B be the given points, and CD the given line. From E the’ 
middle of the line AB, draw EM perpendicular to AB, meeting CD in M, 
and draw MA. In EM take any point I’: draw FH to make the given angle 
with CD; and draw FG equal to FH, and meeting MA produced in G, 
Through A draw AP parallel to FG; and CPK parallel to FH. Then P is 
the center, and © the third defining point of the circle required: and AP 
may be proved equal to CP by means of the triangles GMF, AMP; and 
IMF, OMP, Eue. vr. 2, Also CPK the diameter makes with CD the angle 
KCD equal to FHD, that is, to the given angle. 

95. Let A, B be the two given points, join AB and bisect AB in C, and 
draw CD perpendicular to AB, then the center of the required circle will be 
in CD. From O the center of the given circle draw CFG parallel to CD, 
and meeting the circle in F and AB produced in G, At F draw a chord FF’ 
equal to the given chord. Then the circle which passes through the points 
at B and F, passes also through F". 

96. Let the straight line joining the centers of the two circles be pro- 
duced both ways to meet the circumference of the exterior cirele. 

97. Let A be the common center of two circles, and BCDE the chord 
such that BE is double of CD. From A, B draw AF, BG perpendicular to 
BE. Join AC, and produce it to meet BG in G, Then AC may be shewn 
to be equal to OG, and the angle CBG being a right angle, is the angle in the 
semicircle described on OG as its diameter. 

98. The lines joining the common center and the extremities of the 
chords of the circles, may be shewn to contain unequal angles, and the 
agles at the centers of the circles are double the angles at the circumfer- 
ences, it follows that the segments containing these unequal angles are not 
similar. 

99. Let AB, AC be the straight lines drawn from A, a point in the outer 
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eircle to touch the inner circle in the points D, E, and meet the outer circle 
again at B, C. Join BC, DE. Prove BC double of DE. 

Let O be the center, and draw the common diameter AOG intersecting 
SC in F, and join EF. Then the figure DBFE may be proved to be a paral- 
ielogram. 

100, This appears from Eue. m1. 14. 

101. The given point may be either within or without the circle. Draw 
a chord in the circle equal to the given chord, and describe a concentric 
circle touching the chord, and through the given point draw a line touching 
tbis latter circle. 

102. The diameter of the inner circle must not be less than one-third of 
the diameter of the exterior circle. 

103. Suppose AD, DB to be the tangents to the circle AEB containing 
the given angle. Draw DC to the center C and join CA, CB. Then the 
triangles ACD, BCD are always equal: DC bisects the given angle at D and 
the angle ACB. The angles CAB, CBD, being right angles, are constant, 
and the angles ADC, BDC are constant, as also the angles ACD, BCD; also 
AC, CB the radii of the given circle. Hence the locus of D is a circle whose 
center is C and radius CD, 

104. Let C be the center of the inner circle; draw any radius CD, at D 
draw a tangent CE equal to CD, join CE, and with center © and radius CE 
describe a circle and produce ED to meet the circle again in F, 

105. Take C the center of the given circle, and draw any radius CD, at 
’ D draw DE perpendicular to DC and equal to the length of the required tan- 
gent; with center C and radius CE describe a circle. 

106. This is manifest from Euc. m1. 36. 

107. Let AB, AC be the sides of a triangle ABC. From A.draw the 
perpendicular AD on the opposite side, or opposite side produced. The 
semicircles described on AB, BC both pass through D. Euce. 11. 31. 

108. Let A be the right angle of the triangle ABC, the first property 
follows from the preceding Theorem 87. Let DE, DF be drawn to K, F 
the centers of the circles on AB, AC and join EF, Then ED may be 
proved to be perpendicular to the radius DF of the circle on AC at the 

oint D. 

. 109. Let ABC be a triangle, and let the arcs be described on the sides 
externally containing angles, whose sum is equal to two right angles. It is 
obvious that the sum of the angles in the remaining segments is equal to 
four right angles. These ares may be shewn to intersect each other in one 
point D, Let a, 6, ¢ be the centers of the circles on BC, AC, AB. Join 
ab, be, ca; Ab, bC, Ca; aB, Be, eA; bD, cD, aD. Then the angle cba may 
be proved equal to one-half of the angle AJC. Similarly, the other two an- 
gles of abe. 

110. It may be remarked, that generally, the mode of proof by which, in 
pure geometry, three lines must, under specified conditions, pass through the 
game point, is that by reductio ad absurdum. This will for the most part 
require the converse theorem to be first proved or taken for granted. 

The converse theorem in this instance is, ‘If two perpendiculars drawn 
from two angles of a triangle upon the opposite sides, intersect in a point, the 
line drawn from the third angle through this point will be perpendicular to 
the third side.” 

The proof will be formally thus: Let EHD be the triangle, AC, BD two 
perpendiculars intersecting in F. If the third perpendicular EG do not pass 
through F, let it take some other position as EH; and through F draw EFG 
tomeet AD in G. ‘Then it has been proved that EG is perpendicular to AD: 
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whence the twe angles EHG, EGH of the triangle EGH are equal to two 
right angles ;—which is absurd. 

111. The circle described on AB asa diameter will pass throngls E and 
D. Then Hue. rm. 36. 

112. Since all the triangles are on the same base and have equal vertical 
angles, these angles are in the same segment of a given circle. 

The lines bisecting the vertical angles may be shewn to pass through the 
extremity of that diameter which bisects the base. 

113. Let AC be the common base of the triangles, ABC the isosceles 
triangle, and ADC any other triangle on the same base AC and between the 
same parallels AC, BD. Describe a circle about ABC, and let it eut AD in 
E and join EC. Then, Hue. 1. 17; ur. 21. 

114. Let ABC be the given isosceles triangle having the vertical angle at 
C, and let FG be any given line.. Required to find a point P in FG such 
that the distance PA shall be double of PC. Divide AC in D so that AD is 
double of DC, produce AC to E and make AE double of AC. On DE describe 
a circle cutting FG in P, then PA is double of PC. This is found by shew- 
ing that AP? = 4. PO’. 

115. On any two sides of the triangle, describe segments of circles each 
containing an angle equal to two-thir ds of a right angle, the point of inter- 
section of the ares within the triangle will be the point required, such that 
three lines drawn from it to the angles of the triangle shall contain equal 
angles. Eue, m1. 22. 

116. Let A be the base of the tower, AB its altitude, BC the height of 
the flagstaff, AD a horizontal line drawn from A. If a circle be described 
passing through the points B, C, and touching the line AD in the point E: BE 
will be the point required. Give the analysis. 

117. If the ladder be supposed to be raised in a vertical plane, the locus 
of the middle point may be shewn to be a quadrantal are of which the radius 
is half the length of the ladder. 

118. The line drawn perpendicular to the diameter from the other ex- 
tremity of the tangent is parallel to the tangent drawn at the extremity of 
the diameter. 

119. Apply Bue. 11. 21, 

120. Let A, B, C, be the centers of the three equal circles, and let them 
intersect one another in the point D: and let the circles whose centers are 
A, B intersect each other again in E; the circles whose centers are B, C in 
F; and the circles whose centers are C, Ain G. Then FG is perpendicular 
to DE; DG to FC; and DF to GE. Since the circles are equal, and all pass 
through the same point D, the centers A, B, C are in a cirele about D whose 
radius is the same as the radius of the given cireles. Join AB, BC, CA; 
then these will be perpendicular to the chords DE, DF, DG, Again, the 
figures DAGC, DBFC are equilateral, and hence FG is parallel to AB; that 
is, perpendicular to DE. Similarly for the other two cases. 

121, Let E be the center of the circle which touches the two equal circles 
whose centers are A, B. Join AR, BE which pass through the points of 
contact F, G. Whence AE is equal to EB. Also CD the common chord 
bisects AB at right angles, and therefore the perpendicular from E on AB 
coincides with CD. 

122. Let three cireles touch each other at the point A, and from A let a 
line ABCD be drawn cutting the circumferences in B, C, D. Let 0, 0’, 0” 
be the centers of the circles, join BO, CO’, DO”, these lines are parallel ta 
one another, Eue, 1. 5, 28. 

123. Prooeed as in Theorem 90, supra. 
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124. The three tangents will be found to be perpendicular to the sides of 
the triaagle formed by joining the centers of the three circles. 

125. With center A and any radius less than the radius of either of the 
equal circles, describe the third circle intersecting them in Cand D, Join 
BC, CD, and prove BC and CD to be in the same straight line. 

126. Let ABC be the tr iangle required; BC the given base, BD the given 
difference of the sides, and B AC the given vertical angle. Join CD and draw 
AM perpendicular to CD. Then MAD is half the vertical angle and AMD a 
right angle: the angle BDC is therefore given, and hence D is a point in the 
are of a given segment on BC. Also since BD is given, the point D is given, 
and therefore the sides BA, AC are given. Hence the synthesis. 

127. Let ABC be the required triangle, AD the line bisecting the vertical 
angle and dividing the base BC into the segments BD, DC. About the tri- 
angle ABC describe a circle and produce AD to meet the circumference in 
K, then the arcs BE, EC are equal. 

128. Analysis. Let ABC be the triangle, and let the circle ABC be 
described about it: draw AF to bisect the vertical angle BAC and meet the 
circle in F, make AV equal to AC, and draw OV to meet the circle in T; 
join TB and TF, cutting AB in D; draw the diameter FS cutting BC in R, 
DR cutting AF in E; join AS, and draw AK, AH perpendicular to FS and 
BC. Then shew that AD is half the sum, and DB half the difference of the 
sides AB, AC. Next, that the point F in which AF meets the circumscribing 
circle is given, also the point E where DE meeis AF is given. The poiu:ts 
A, K, R, E are in a circle, Eue. 111. 22. 

Hence, KF. FR = AF. FE, a given rectangle; and the segment KR, 
which is equal to the perpendicular AH, being given, RF itself is given. 
Whence the construction. 

129. On AB the given base describe a circle such that the segment AEB 
shall contain an angle equal to the given vertical angle of the triangle. 
Draw the diameter EMD cutting AB in M at right angles). At Dm ED, 
make the angle EDC equal to half the given difference of the angles at the 
base, and let DC meet the circumference of the circle in 0. Join CA, CB; 
ABO is the triangle required. For, make CF equal to CB, and juin FB cut. 
ting CD i. G. 

130. Let ABC be the triangle, AD the perpendicular on BC. With 
center A, and AC the less side as radius, describe a circle cutting the 
base BC in E, and the longer side AB in G, and BA produced in KF, and 
join AE, EG, "FC. Then the angle GFC being half the given angle, BAC 
is given, and the angle BEG equal to GFC is also given. Likewise BE 
the difference of the “segments of the base, and BG ‘the difference of the 
sides, are given by the problem. Wherefore the triangle BEG is given 
(with two solutions). Again, the angle EGB being given, the angle AGE, 
and hence its equal AEG is given; and hence the vertex A is given, and 
likewise the line AE equal to AC the shortest side is given. Hence the 
construction. 

131. Let ABC be the triangle, D, E the hbisections of the sides AO, 
AB. Join CE, BD intersecting in F. ’Bisect BD in G and join EG. Then 
EF, one-third ‘of KG is given, and BG one-half of BD is also given. Now 
EG is parallel to AC; and the angle BAC being given, its equal opposite 
angle BEG is also given. Whence the segment of the circle containing 
the angle BEG is also given. Hence F is a given point, and FE a given 
line, whence E is in the ‘circumference of the given circle about F whose 
radius is FE. Wherefore E being in two given circles, it is itself their given 


intersection. 
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132. Of all triangles on the same base and having equal vertical angles, 
that triangle will be the greatest whose perpendicular from the vertex on the 
base is a maximum, and the greatest perpendicular is that which bisects the 
base. Whence the triangle is isosceles. 

133. Let AB be the given base and ABC the sum of the other two sides ; 
at B draw BD at right angles to AB and equal to the given altitude, produce 
BD to E making DE equal to BD. With center A and radius AC describe 
the circle CFG, draw FO at right angles to BE and find in it the center O of 
the circle which passes through B and E and touches the former circle in the 
point F. The centers A, O being joined and the line produced, will pass 
through F. Join OB. Then AOB is the triangle required. 

134. Since the area and bases of the triangle are given, the altitude is 
given. Hence the problem is—given the base, the vertical angle and the 
altitude, describe the triangle. 

135. Apply Eue. m1. 27. 

136. The fixed point may be proved to be the center of the circle. ; 

137. Let the line which bisects any angle BAD of the quadrilateral, meet 
the circumference in E, join EC, and prove that the angle made by producing 
DC is bisected by EC. 

138, Draw the diagonals of the quadrilateral, and by Eue. 111. 21, 1. 29. 

139. From the center draw lines to the angles: then Eue. 111. 27. 

140. The centers of the four circles are determined by the intersections 
of the lines which bisect the four angles of the given quadrilateral. Join 
these four points, and the opposite angles of the quadrilateral so formed are 
respectively equal to two right angles. 

141, Let ABCD be the required trapezium inscribed in the given circle 
(fig. Eue. 111, 22.) of which AB is given, also the sum of the remaining three 
sides and the angle ADC. Since the angle ADC is given, the opposite angle 
ABC is known, and therefore the point C and the side BC. Produce AD 
and make DE equal to DC and join EC. Since the sum of AD, DC, CB is 
given, and DC is known, therefore the sum of AD, DC is per and likewise 
AC, and the angle ADC. Also the angle DEC being half of the angle ADC 
is given. Whence the segment of the circle which contains AEC is given, 
also AE is given, and hence the point E, and consequently the point D. 
Whence the construction. 

142. Let ADBC be the inseribed quadrilateral; let AC, BD produced 
meet in O, and AB, CD produced meet in P, also let the tangents from O, P 
meet the circles in K, II respectively. Join OP, and about the triangle PAC 
describe a circle cutting PO in G and join AG. Then A, B, G, O may be 
shewn to be points in the circumference of a circle. Whence the sum of the 
squares on OH and PK may be found by Eue, 111, 86, and shewn to be equal 
to the square on OP, 

148. This will be manifest from the equality of the two tangents drawn to 
a circle from the same point. 

144. Apply Eue. 11. 22, 

145, A cirele can be described about the figure AECBF, 

146. Apply Eue. 11, 22, 82. 

147. Apply Euc. 111. 21, 22, 32. 

148. Apply Eue, ut. 20, and the angle BAD will be found to be equal to 
BAD and CBD, 

149, Let A, B, C, D be the angular points of the inscribed quadrilateral, 
and KB, F, G, H those of the circumscribed one whose points of contact with the 
circle are at A, B,C, D, Draw the diagonals AC, BD ; join EO, OG, O being 
the center of the circle, and prove EQ to be in the same straight line with OG, 


;* 
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150. Apply Eue. m1. 22. 

151. Join the center of the circle with the other extremity of the line 
perpendicular to the diameter. 

152. Let AB be a chord parallel to the diameter FG of the circle, 
fig. Theo. 1, p. 160, and H any point in the diameter. Let HA and HB 
be joined. Bisect FG in O, draw OL perpendicular to FG cutting AB 
in K, and join HK, HL, OA. Then the square on HA and HF may be 
proved equal to the squares on FH, HG by Theo. 3, p. 114; Euce. 1. 47; 
Euc. 1. 9. 

153. Let A be the given point (fig. Euc. mr. 86, Cor.) and suppose AFC 
meeting the circle in F, C, to be bisected in F, and let AD be a tangent 
drawn from A. Then 2, AF? > AF.AC= AD? but AD is given, hence 
also AF isgiven. To construct. Draw the tangent AD. On AD describe a 
semicircle AGD, bisect it in G; with center A and radius AG, describe a cir- 
cle cutting the given circle in F. Join AF and produce it to meet the cir- 
cumference again in C. 

154. Let the chords AB, CD intersect each other in E at right angles. 
Find F the center, and draw the diameters HEFG, AFK and join AC, CK, 
BD. Then by Euce. 1. 4. 5; m1. 35. : 

155. Let E, F be the points in the diameter AB equidistant from the 
center O; CED any chord; draw OG perpendicular to CED, and join FG, 
OC. The sum of the squares on DF and FC may be shewn to be equal to 
twice the square on FE and the rectangle contained by AE, EB by Euc. 1. 
“hs ls Det Ii, OD. 

156. Let the chords AB, AC be drawn from the point A, and let a chord 
FG parallel to the tangent at A be drawn intersecting the chords AB, AC in 
D and E, and join BC. Then the opposite angles of the quadrilateral BDEC 
are equal to two right angles, and a circle would circumscribe the figure. 
Hence by Eue. 1. 36. . X 

157. Let the lines be drawn as directed in the enunciation. Draw the 
diameter AE and join CE, DE, BE; then AC? + AD? and 2. AB? may be 
each shewn to be equal to the square of the diameter. 

158. Let QOP cut the diameter AB in O. From € the center draw CH 
perpendicular to QP. Then CH is equal to OH, and by Eue. 11. 9, the squares 
on PO, OQ are readily shewn to be equal to twice the square on CP. 

159. From P draw PQ perpendicular on AB meeting it in Q. Join AC, 
CD, DB. Then circles would circumscribe the quadrilaterals ACPQ and 
BDPQ, and then by Eue. 11. 36. 

160. Describe the figure according to the enunciation; draw AE the 
diameter of the circle, and let P be the intersection of the diagonals of the 
parallelogram. Draw EB, EP, EC, EF, EG, EH. Since AE is a diameter 
of the circle, the angles at F, G, H, are right angles, and EF, EG, EH are 
perpendiculars from the vertex upon the bases of the triangles EAB, EAC, 
EAP. Whence by Eue. 11. 13, and theorem 3, page 114, the truth of the 
property may be shewn. 

161. If FA be the given line (fig. Euc. 1. 11), and if FA be produced to 
C; AC is the part produced which satisfies the required conditions. 

162. Let AD meet the circle in G, H, and join BG, GC. Then BGC isa 
right-angled triangle and GD is perpendicular to the hypotenuse, and the 
rectangles may be each shewn to be equal to the square on BG. ue, m1. 
85; u. 5; 1.47. Or, if EC be joined, the quadrilateral figure ADCE may 
be circumscribed by a circle. Eue. 111. 31, 22, 36, Cor. 

163. On PC describe a semicircle cutting the given one in E, and draw EF 
perpendicular to AD; then F is the point required, 

15 
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164. Let AB be the given straight line. Bisect AB in C and on AB as 
a diameter describe a circle; and at any point D in the circumference, draw 
a tangent DE equal to a side of the given square; join DC, EC, and with cen- 
ter C and radius CE describe a circle cutting AB produced in F. From F 
draw FG to touch the circle whose center is C in the point G. 

165. Let AD, DF be two lines at right angles to each other, O the center 
of the circle BFQ; A any point in AD from which tangents AB, AC are 
drawn ; then the chord BC shall always cut FD in the same point P, 
jwherever the point A is taken in AD. Join AP; then BAC is an isosceles 
triangle, 
and FD. DE + AD? = AB? = BP. PC + AP?= BP. PC + AD? + DP’, 

wherefore BP. PC = FD. DE — DP’. 
The point P, therefore, is independent of the position of the point A; and is 
consequently the same for all positions of A in the line AD, 

166. The point E will be found to be that point in BC, from which two 
tangents to the circles described on AB and CD as diameters, are equal, 
Eue. 11. 36. 

167. If AQ, A'P’ be produced to meet, these lines with AA’ form a 
right-angled triangle, then Bue. 1. 47. 
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5. Ler AB be the given line. Draw through C the center of the given 
circle the diameter DCE. Bisect AB in F and join FC. Through A, B draw 
AG, BH parallel to FC and meeting the diameter in G, H: at G, H draw 
GK, HL perpendicular to DE and meeting the circumference in the points 
K, L; join KL; then KL is equal and parallel to AB. 

6. Trisect the circumference and join the centei with the points of tri- 
section. 

7. See Eue. tv. 4, 5. 

8. Let a line be drawn from the third angle to tne point of intersection of 
the two lines; and the three distances of this point from the angles may be 
shewn to be equal. 

9, Let the line AD drawn from the vertex A of the equilateral triangle, 
cut the base BC, and meet the circumference of the circle in D. Let DB, 
DC be joined: AD is equal to DB and DC. If on DA, DE be taken equal to 
DB, and BE be joined; BDE may be proved to be an equilateral triangle, 
also the triangle ABE may be proved equal to the triangle CBD. 

The other case is when the line does not cut the base. 

, 10, Let a cirele be described upon the base of the equilateral triangle, 
and let an equilateral triangle be inscribed in the circle. Draw a diameter 
from one of the vertices of the inscribed triangle, and join the other ex- 
tremity of the diameter with one of the other extremities of the sides of the 
inscribed triangle. The side of the inscribed triangle may then be proved to 
be equal to the perpendicular in the other triangle 

11. The line joining the points of bisection, is parallel to the base of the 
triangle and therefore cuts off an equilateral triangle from the given triangle. 
By Eue, 111, 21; 1. 6, the truth of the theorem may be shewn. 

12. Let a diameter be drawn from any angle of an equilateral tri- 
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angle inscribed in a circle to meet the circumference. It may be proved that 
the radius is bisected by the opposite side of the triangle. 

13. Let ABC be an equilateral triangle inseribed in a circle, and let AB’C' 
be an isosceles triangle inscribed in the same circle, having the same vertex 
A. Draw the diameter AD intersecting BC in E, and BC’ in EF’, and let 
B'C’ fall below BC. Then AB, BE, and AB’, B’E’, are respectively the 
semi-perimeters of the triangles. Draw B’F perpendicular to BC, and cut 
oif AH equal to AB, and join BH. If BF can be proved to be greater than 
BH, the perimeter of ABC is greater than the perimeter of AB’C’. Next let 
B'C’ fall above BC. 

14. The angles contained in the twosegments of the circle, may be shewn 
to be equal, then by joining the extremities of the ares, the two remaining 
sides may be shewn to be parallel. 

15. It may be shewn that four equal and equilateral triangles will form an 
equilateral triangle of the same perimeter as the hexagon, which is formed 
by six equal and equilateral triangles. 

16. Let the figure be constructed. By drawing the diagonals of the hex- 
agon, the proof is obvious. 

17. By Eue. 1. 47, the perpendicular distance from the center of the cir- 
cle upon the side of the inscribed hexagon may be found. 

18. The alternate sides of the hexagon will fall upon the sides of the 
triangle, and each side will be found to be equal to one-third of the side of 
the equilateral triangle. 

19. A regular duodecagon may be inscribed in a circle by means of the 
equilateral triangle and square, or by means of the hexagon. The area of the 
duodecagon is three times the square of the radius of the circle, which is the 
square of the side of an equilateral triangle inscribed in the same circle. 
Theorem 1, p. 196. 

20. In general, three straight lines when produced will meet and form a 
triangle, except when all three are parallel or two parallel are intersected by 
the third. This Problem includes Eue. rv. 5, and all the cases which arise 
from producing the sides of the triangle. The circles described touching a 
side of a triangle and the other two sides produced, are called the eserbed 
circles. 

21. This is manifest from Eue, 11. 21. 

22. The point required is the center of the circle which circumscribes the 
triangle. See the notes on Eue. ur. 20, p. 155. 

23. If the perpendiculars meet the three sides of the tr iangle, the point is 
within the triangle, Euc. rv. 4. If the perpendieulars meet the base and the 
two sides produced, the point is the center of the eseribed circle. 

24. This is manifest from Eue. 11. 11, 18. 

25. The base BC is intersected by the perpendicular AD, and the side 
AC is intersected by the perpendicular BE. From Theorem 1. p. 160; the 
are AF is proved equal to AE, or the arc FE is bisected in A. In the same 
manner the arcs FD, DE, may be shewn to be bisected in BC. 

26. Let ABC be a triangle, and let D, E be the points where the inscribed 
circle touches the sides AB, AC. Draw BE, CD intersecting each other in O, 
Join AO, and produce it to meet BC in F. Then F is the point where the 
inseribed circle touches the third side BC. If F be not the point of contact, 
let some other point G be the point of contact. Through D draw DH paral- 
lel to AC, and DK parallel to BC. By the similar triangles, CG may be 
proved equal to CF, or G the point of contact coincides with F, the point 
where the line drawn from A through O meets BC, 
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27. In the figure, Euc. rv. 5. Let AF bisect the angle at A, and be p> 
duced to meet thé circumference in G. Join GB, GC and find the center H 
of the circle inscribed in the triangle ABC. The lines GH, GB, GC are 
equal to one another. 

28. Let ABC be any triangle inscribed in a circle, and let the perpen- 
diculars AD, BE, CF intersect in G. Produce AD to meet the circumference 
in H, and join BH, CH. Then the triangle BHC may be shewn to be equal 
in all respects to the triangle BGO, and the circle which circumscribes one 
of the triangles will also cireumscribe the other. Similarly may be shewn 
by producing BE and CF, &e. 

29. First. Prove that the perpendiculars Aa, Bb, Ce pass through the 
same point O, as Theo. 112, p. 158. Secondly. That the triangles Acb, Bea, 
Cab are equiangular to ABC. Eue. m1. 21. Thirdly. That the angles of 
the triangle abe are bisected by the perpendiculars; and lastly, by means of 
Prob. 4, p. 71, that ab + be + ca is a minimum. 

30. The equilateral triangle can be proved to be the least triangle which 
can be circumscribed about a circle. 

31. Through C draw CH parallel to AB and join AH. Then HAC the 
difference of the angles at the base is equal to the angle HFC. Eue. ur. 21, 
and HFC is bisected by FG. 

32. Let F, G, (figure, Eue. tv. 5,) be the centers of the circumscribed 
and inscribed cireles; join GF, GA, then the angle GAF which is equal to 
the difference of the angles GAD, FAD, may be shewn to be equal to half 
the difference of the angles ABC and ACB. 

33. This Theorem may be stated more generally, as follows : 

Let AB be the base of a triangle, AEB the locus of the vertex; D the 
bisection of the remaining are ADB of the cireumscribing circle; then the 
locus of the center of the inscribed circle is another circle whose center is 
D and radius DB. For join CD: then P the center of the inscribed circle 
isin CD. Join AP, PB; then these lines bisect the angles CAB, CBA, and 
DB, DP, DA may be proved to be equal to one another. 

34. Let ABC be a triangle, having C a right angle, and upon AC, BC, let 
semicircles be described ; bisect the hypotenuse in D, and let fall DE, DF per- 
pendiculars on AC, BC respectively, and produce them to meet the cireum- 
ferences of the semicircles in P, Q; then DP may be proved to be equal to DQ. 

35. Let the angle BAC be a right angle, fig. Euc. 1v. 4. Join AD. 
Then Euce. 11. 17, note p. 155. 

86. Suppose the triangle constructed, then it may be shewn that the dif- 
ference between the hypotenuse and the sum of the two sides is equal to the 
diameter of the inseribed cirele. 

37. Let P, Q be the middle points of the ares AB, AC, and let PQ be 
joined, cutting AB, AC in DE; then AD is equal to AE. Find the center 
O and join OP, QO, 

38. With the given radius of the circumscribed circle, describe a circle. 
Draw BC cutting off the segment BAC containing an angle equal to the 
given vertical angle. Biseect BC in D, and draw the diameter EDF: Join 
FB, and with center F and radius FB deseribe a circle: this will be the locus 
of the centers of the inscribed circle (see Theorem 29, supra.) On DE take 
DG equal to the given radius of the inscribed circle, and through G draw 
GH parallel to BC, and meeting the locus of the centers in H. H is the 
center of the inscribed circle. 

39. This may readily be effected in almost a similar way to the preceding 
Problem. 

40, With the given radius describe a circle, then by Buc. 11. 84, 
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41. Let ABC be a triangle on the given base BC and having its vertical 
sngle A equal to the given angle. Then since the angle at A is constant, A 
is a point in the are of a segment of a circle described on BC. Let D be 
the center of the circle inscribed in the triangle ABC. Join DA, DB, 
DC: then the angles at B, 0, A, are bisected. Euc. iv. 4. Also since the 
angles of each of the triangles ABC, DBC are equal to two right angles, it 
follows that the angle BDC is equal to the angle A and half the sum of the 
angles B and C. But the sum of the angles B and C can be found, because 
A is given. Hence the angle BDC is known, and therefore D is the locus of 
the vertex of a triangle described on the base BC and having its vertical 
angle at D double of the angle at A. 

42. Suppose the parallelogram to be rectangular and inscribed in the 
given triangle and to be equal in area to half the triangle; it may be shewn 
that the parallelogram is equal to half the altitude of the triangle, and that 
there is a restriction to the magnitude of the angle which two adjacent sides 
of the parallelogram make with one another. 

43. Let ABC be the given triangle, and A’B’C’ the other triangle, to the 
sides of which the inscribed triangle is required to be parallel. Through 
any point a in AB draw ad parallel to A’B’ one side of the given triangle, 
and through a, 6 draw ac, be respectively parallel to AC, BC. Join Ac and 
produce it to meet BC in D; through D draw DE, DF, parallel to ca, cd, 
respectively, and join EF. Then DEF is the triangle required. 

44, This point will be found to be the intersection of the diagonals of the 
given parallelogram. 

45. The difference of the two squares is obviously the sum of the four 
triangles at the corners of the exterior square. 

46. (1) Let ABCD be the given square: join AC, at A in AC, make 
the angles CAE, CAF, each equal to one-third of a right angle, and 
join EF. , 

(2.) Bisect AB any side in P, and draw PQ parallel to AD or BC, then 
at P make the angles as in the former case. 

47. Each of the interior angles of a regular octagon may be shewn to be 
equal to three-fourths of two right angles, and the exterior angles made by 
preducing the sides, are each equal to one-fourth of two right angles, or one- 
half of a right angle. 

48. Let the diagonals of the rhombus be drawn; the center of the in- 
scribed circle may be shewn to be the point of their intersection. 

49, Let ABCD be the required square. Join O, O’ the centers of the 
circles and draw the diagonal AEC cutting OO’ in E. Then E is the middle 
point of OO’ and the angle AKO is half a right angle. 

50. Let the squares be inscribed in, and circumscribed about a circle, aud 
let the diameters be drawn, the relation of the two squares is manifest. 

51. Let one of the diagonals of the square be drawn, then the isosceles 
right-angled triangle which is half the square, may be proved to be greater 
than any other right-angled triangle upon the same hypotenuse. 

52. Take half of the side of the square inscribed in the given circle, this 
will be equal to a side of the required octagon, At the extremities on the 
same side of this line make two angles each equal to three-fourths of two 
right angles, bisect these angles by two straight lines, the point at which they 
meet will be the center of the circle which cireumscribes the octagon, and 
either of the bisecting lines is the radius of the circle. 

53. First shew the possibility of a circle circumscribing such a figure, 
and then determine the center of the circle. 

54. By constructing the figures and drawing lines from the center of the 
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circle to the angles of the octagon, the areas of the eight triangles may be 
easily shown to be equal to eight times the rectangle contained by the radius 
of the circle, and half the side of the inscribed square, 

55. Let AB, AC, AD, be the sides of a square, a regular hexagon and 
octagon respectively inscribed in the circle whose center is O. Produce AC 
to E making AE equal to AB; from E draw EF touching the circle in I’, and 
prove EF to be equal to AD. 

56. Let the circle required touch the given circle in P, and the given line 
in Q. Let C be the center of the given circle and C' that of the required 
circle. Join CC’, C’Q, QP; and let QP produced meet the given circle in 
R, join RC and produce it to meet the given line in V. Then RCV is per- 
pendicular to VQ. Hence the construction. 

57. Let A, B be the centers of the given circles and CD the given straight 
line. On the side of CD opposite to that on which the circles are situated, 
draw a line EF parallel to CD at a distance equal to the radius of the smaller 
circle. From A the center of the larger circle describe a concentric circle 
GH with radius equal to the difference of the radii of the two circles. Then 
the center of the circle touching the circle GH, the line EF, and passing 
through the center of the smaller circle B, may be shewn to be the center 
of the cirele which touches the cireles whose centers are A, B, and the 
line CD. 

58. Let AB, CD be the two lines given in position, and E the center of 
the given circle. Draw two lines FG, HI parallel to AB, CD respectively 
and external to them, Describe a circle passing through E and touching 
FG, HI. Join the centers BE, O, and with center O and radius equal to the 
dilference of the radii of these circles describe a circle ; this will be the cir- 
cle required. 

59. Let the cirele ACF having the center G, be the required circle touch- 
ing the given circle whose center is B, in the point A, and cutting the other 
given circle in the point C. Join BG, and through A draw a line perpen- 
dicular to BG; then this line is a common tangent to the circles whose cen- 
ters are B, G. Join AC, GC. Hence the construetion. 

60. Let C be the given point in the given straight line AB, and D the 
center of the given circle. Through C draw a line CE perpendicular to AB; 
on the other side of AB, take CE equal to the radius of the given circle. 
Draw ED, and at D make the angle EDF equal to the angle DEC, and pro- 
duce EC to meet DF. This gives the construction for one case, when the 
given line does not cut or touch the other cirele. 

61. This is a particular case of the general problem: To describe a circle 
passing through a given point and touching two straight lines given in 
position. 

Let A be the given point between the two given lines which when pro- 
duced meet in the point B. Bisect the angle at B by BD, and through A 
draw AD perpendicular to BD and produce it to meet the two given lines in 
6, E, Take DF equal to DA, and on CB take CG such that the rectangle 
contained by CF, CA is equal to the square of CG. The cirele described 
through the points F, A, G, will be the cirele required. Deduce the particu- 
lar case when the given lines are at right angles to one another, and the 
given point in the line which bisects the angle at B, If the lines are para’ 
\el, when is the solution possible ? : 

62. Let A, B, be the centers of the given cireles, which touch externally 
in E; and let © be the given point in that whose center is B. Make CD 
equal to AK and draw AD; make the angle DAG equal to the angle ADG; 
then G is the center of the circle required, and GC its radius, 
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63. If the three points be such as when joined by straight lines a 
triangle is formed; the points at which the inscribed circle touches the 
sides of the triangle, are the points at which the three circles touch one 
another. Euc. ry. 4. Different cases arise from the relative position of the 
three points. 

64. Bisect the angie contamed by the two lines at the point where 
the bisecting line meets the circumference, draw a tangent to the circle 
and produce the two straight lines to meet it. In this triangle inscribe a 
eircle. 

65. From the given angle draw a line through the center of the circle, 
and at the point where the line intersects the circumference, draw a tangent 
to the circle, meeting two sides of the triangle. The circle inscribed within 
this triangle will be the circle required. ¥ 

66. Let the diagonal AD cut the are in P, and let O be the center 
of the inscribed circle. Draw OQ perpendicular to AB. Draw PE a tan- 
gent at P meeting Ab produced in E: then BE is equal to PD. Join 
PQ, PB. Then AB may be proved equal to QE. Hence AQ is equal to BE 
or DP. 

67. Suppose the center of the required circle to be found, let fall two 
perpendiculars from this point upon the radii of the quadrant, and join the 
center of the circle with the center of the quadrant and produce the line 
to meet the are of the quadrant. If three tangents be drawn at the three 
points thus determined in the two semicircles and the are of the quad- 
rant, they form a right-angled triangle which circumscribes the required 
circle. 

68. Let AB be the base of the given segment, C its middle point. Let 
DCE be the required triangle having the sum of the base DE and perpen- 
dicular CF equal to the given fine. Produce CF to H, making FH equal to 
DE. Join HD and produce it, if necessary, to meet AB produced in K. 
Then CK is double of DF. Draw DL perpendicular to CK. 

69. From the vertex of the isosceles triangle let fall a perpendicular 
on the base. Then, in each of the triangles so formed, inscribe a circle, 
Eue. tv. 4; next inscribe a circle so as to touch the two circles and the two 
equal sides of the triangle. This gives one solution: the probiem is in- 
determinate. 

70. If BD be shewn to subtend an are of the larger circle equal to 
one-tenth of the whole circumference :—Then BD is a side of the decagon 
in the larger circle. And if the triangle ABD can be shewn to be 
inscriptible in the smaller circle, BD will be the side of the inscribed pen- 
tagon. 

“tL. It may be shewn that the angles ABF, BFD stand on two ares, one 
of which is three times as large as the other. 

72. It may be proved that the diagonals bisect the angles of the penta- 
gon; and the five-sided figure formed by their intersection, may be shewa 
to be both equiangular and equilateral. 

73. The figure ABCDE is an irregular pentagon inscribed in a circle, 
it may be shewn that the five angles at the circumference stand upon 
arcs whose sum is equal to the whole circumference of the circle; Euc. 
tH. 20, 

44. If a side CD (figure, Eue. tv. 11) of a regular pentagon be pro- 
duced to K, the exterior angle ADK of the inscribed quadrilateral figure 
ABCD is equal to the angle ABC, one of the interior angles of the pen- 
tagon. From this a construction may be made for the method of folding the 


ribbon. 
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75. In the figure, Euc. rv. 10, let DC be produced to meet the circum. . 
ference in F', and join FB. Then FB is the side of a regular pentagon in- 
scribed in the larger circle, D is the middle of the are subtended by the 
adjacent side of the pentagon. Then the difference of FD and BD is equal 
to the radius AB. Next, it may be shewn, that FD is divided in the same 
manner in C as AB, and by Eue. 1. 4, 11, the squares on FD and DB are 
three times the square on AB, and the rectangle of FD and DB is equal to 
the square on AB. 

76. If one of the diagonals be drawn, this line with three sides of the 
pentagon forms a quadrilateral figure of which three consecutive sides are 
equal. The problem is reduced to the inscription of a quadrilateral in a 
square. 

"7. This may be deduced from Eue. ry. 11. 

78. The angle at A the center of the circle (fig. Euc. rv. 10.) is one- 
tenth of four right angles, the are BD is therefore one-tenth of the cireum- 
ference, and the chord BD is the side of a regular decagon inscribed in the 
larger circle. Produce DC to meet the circumference in F and join BF, 
then BF is the side of the inscribed pentagon, and AB is the side of the in- 
scribed hexagon. Join FA. Then FCA may be proved to be an isosceles 
triangle and FB is a line drawn from the vertex meeting the base produced. 
If a perpendicular be drawn from F on BC, the difference of the squares on 
FB, FC may be shewn to be equal to the rectangle AB, BC, (Euc. 1. 47; 1. 
5, Cor.); or the square on AC, 

79. Divide the circle into three equal sectors, and draw tangents to the 
middle points of the ares, the problem is then reduced to the inscription of a 
circle in a triangle. 

80. Let the inscribed circles whose centers are A, B touch each other in 
G, and the circle whose center is C, in the points D, E; join A, D; A, EB; 
at D, draw DF perpendicular to DA, and EF to EB, meeting in F, Let F, G 
be joined, and FG be proved to touch the two circles in G whose centers 
are A and B. 

81. The problem is the same as to find how many equal cireles may be 
placed round a circle of the same radius, touching this circle and each other, 
The number is six. 

82. This is obvious from Eue. rv. 7, the side of a square circumscribing 
a circle being equal to the diameter of the circle, 

83. Each of the vertical angles of the triangles so formed, may be proved 
to be equal to the difference between the exterior and interior angle of the 
heptagon. 

84. Every regular polygon can be divided into equal isosceles triangles 
by drawing lines from the center of the inscribed or cireumscribed circle to 
the angular points of the figure, and the number of triangles will be equal 
to the number of sides of the polygon, If a perpendicular FG be let fall 
from F (figure, Bue. tv. 14) the center on the base CD of FCD, one of these 
triangles, and if GF be produced to H till FH be equal to FG, and HC, HD 
be joined, an isosceles triangle is formed, such that the angle at H is half 
the angle at I. Biseet HC, HD in K, L, and join KL; then the triangle 
HKL may be placed round the vertex H, twice as many times as the triangle 
CFD round the vertex F. 

85. The sum of the ares on which stand the Ist, 8rd, 5th, &e. angles, 
is equal to the sum of the ares on which stand the 2nd, 4th, 6th, &a 
angles, 

86. The proof of this property depends on the fact, that an isosceles 
triangle has a greater area than any scalene triangle of the same perimeter. 
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6. In the figure Euc. v1. 23, let the parallelograms be supposed to be 
rectangular. 

Then the rectangle AC : the rectangle DG :: BC: CG, Eue. vr. 1. 

and the rectangle DG : the rectangle CF :: CD: EC, 
whence the rectangle AC : the rectangle CF :: BC. CD: CG. EC. 

In a similar way it may be shewn that the ratio of any two parallelograms 
is as the ratio compounded of the ratios of their bases and altitudes. 

7. Let two sides intersect in O, through O draw POQ parallel to the base 
AB. Then by similar triangles, PO may be proved equal toOQ: and POFA, 
QOEB are parallelograms: whence AE is equal to FB. 

8. Apply Euc. vi. 4; v. 7. 

9. Let ABC be a scalene triangle, having the vertical angle A, and sup- 
pose ADE an equivalent isosceles triangle, of which the side AD is equal to 
AE. Then Euce. vi. 15,16, AC. AB= AD. AE, or AD?. Hence AD is a 
mean proportional between AC, AB. KEuce. vi. 8. 

10. The lines drawn making equal angles with homologous sides, divide 
the triangles into two corresponding pairs of equiangular triangles; by Euc. 
vi. 4, the proportions are evident. 

11. By constructing the figure, the angles of the two triangles may easily 
be shewn to be respectively equal. 

12. A circle may be described about the four-sided figure ABDC. By 
Bue. 1. 18; Hue. m1. 21, 22. The triangles ABC, ACE may be shewn to be 
equiangular. 

18. Apply Eue. 1. 48; 1. 5. Cor. vi. 16. 

14, This property follows as a corollary to Euc. v1. 23, for the two tri- 
angles are respectively the halves of the parallelograms, and are therefore in 
the ratio compounded of the ratios of the sides which contain the same or 
equal angles: and this ratio is the same as the ratio of the rectangles by the 
sides. 

15. Let ABC be the given triangle, and let the line EGF cut the base BC 
inG, Join AG. Then by Euc. vi. 1, and the preceding theorem (14,) it 
may be proved that AC is to AB as GE is to GF. 

16. The two means and the two extremes form an arithmetic series of 
four lines whose successive differences are equal; the difference therefore 
between the first and the fourth, or the extremes, is treble the difference be- 
tween the first and the second. 

17. This may be effected in different ways, one of which is the following. 
At one extremity A of the given line AB draw AC making any acute angle 
with AB and join BC; at any point D in BC draw DEF parallel to AC cut- 
ting AB in E and such that EF is equal to ED, draw FC cutting AB in G, 
Then AB is harmonically divided in E, G. 

18. In the figure Eue. vi. 13. If E be the middle point of AC; then AE 
or EC is the arithmetic mean, and DB is the geometric mean, between AB 
and BC. If DE be joined and BF be drawn perpendicular on DE; then DF 
may be proved to be the harmonic mean between AB and BC. 

19. Inthe fig. Euc. vr. 13. DB is the geometric mean between AB and 
BO, and if AC be bisected in E, AE or EC isthe arithmetic mean. 

The next is the same as—To find the segments of the hypotenuse of 
a right-angled triangle made by a perpendicular from the right angle, 

15” 
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having given the difference between half the hypotenuse and the perpen 
dicular. 

20. Let the line DF drawn from D the bisection of the base of the tri- 
angle ABC, meet AB in E, and CA produced in F. Also let AG drawn 
parallel to BC from the vertex A, meet DF in G. Then by means of the 
similar triangles; DF, FE, FG, may be shewn to be in harmonic progres- 
sion. 

21. Ifa triangle be constructed on AB so that the vertical angle is bi- 
sected by the line drawn to the point C. By Euc. vi. A, the point required 
may be determined. 

22. Let DB, DE, DCA be the three straight lines, fig. Euc. rt. 87; let 
the points of contact B, E be jomed by the straight line BC cutting DA in G, 
Then BDE is an isosceles triangle, and DG is a line from the vertex to a 
point G in the base. And two values of i” square of BD may be found, 
one from Theo. 37, p. 118: Eue. ur. 35; 1. 2; and another from Eue. 111. 
36; 0.1. From these may be deduced, ‘hat the rectangle DC, GA, is equal 
to the rectangle AD, CG. Whence the, "ke. 

23. Let ABCD be a square and AC its diagonal. On AC take AE 
equal to the side BC or AB: join BE and at E draw EF perpendicular to 
AC and meeting BC in F. Then EC, the difference between the diagonal 
AC and the side AB of the square, is less than AB; and CE, EF, FB may 
be proved to be equal to one another: also CE, EF are the adjacent sides 
of a square whose diagonal is FC, On FC take FG equal to CE and join 
EG. Then, as in the first square, the difference CG between the diagonal 
FO and the side EC or EF, is less than the side EC. Hence EC, the differ- 
ence between the diagonal and the side of the given square, is contained 
twice in the side BC with a remainder CG: and CG is the difference be- 
tween the side CE and the diagonal CF of another square. By proceeding 
in a similar way, CG, the difference between the diagonal CF and the side 
CK, is contained twice in the side CE with a remainder: andthe same rela- 
tions may be shewn to exist between the difference of the diagonal and the 
side of every square of the series which is so constructed. Hence, there- 
fore, as the difference of the side and diagonal of every square of the series 
is contained twice in the side with a remainder, it follows that there is no 
line which exactly measures the side and the diagonal of a square. 

24, Let the given line AB be divided in C, D. On AD describe a semi- 
cirele, and on CB describe another semicircle intersecting the former in P; 
draw PE perpendicular to AB; then BE is the point required. 

25. Let AB be equal to a side of the given square. On AB describe a 
semicircle ; at A draw AC perpendicular to AB and equal to a fourth pro- 
portional to AB and the two sides of the given rectangle. Draw CD parallel 
to AB meeting the circumference in D., Join AD, BD, which are the re- 
quired lines. 

26, Let the two given lines meet when produced in A, At A draw AD 
perpendic vular to AB, and AE to AC, and such that AD is to AE in the given 
ratio. Through D, E, draw DF, EF, respectively parallel to AB, AC and 
meeting each other in F. Join AF and produce it, and the perpendiculars 
drawn from any point of this line on the two given lines will always be in 
the given ratio. 

27. The angles made by the four lines at the point of their divergence, 
remain constant. See Note on Euc. vi. A, p. 295, 

28. Let AB be the given line from which it is required to cut off a part 
BC such that BC shall be a mean proportional between the remainder AC 
and another given line. Produce AB to D, making BD equal to the other 
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given line. On AD describe a semicircle, at B draw BE perpendicular to 
AD. Bisect BD in O and with center O and radius OB describe a semi- 
circle, join OE cutting the semicircle on BD in F, at F draw FC perpendicular 
to OE and meeting AB in C. Cis the point of division, such that BC is a 
mean proportional between AC and BD. 

29. Find two squares in the given ratio, and if BF be the given line 
(figure, Euc. vi. 4), draw BE at right angles to BF, and take BC, CE 
respectively equal to the sides of the squares which are in the given ratio. 
Join EF, and draw CA parallel to EF: then BF is divided in A as re-j 
quired. j 

30. Produce one side of the triangle through the vertex and make the 
part produced equal to the other side. Bisect this line, and with the vertex 
of the triangle as center and radius equal to half the sum of the sides, de- 
scribe a circle cutting the base of the triangle. 

31. Ifa circle be described about the given triangle, and another circle 
upon the radius drawn from the vertex of the triangle to the center of the 
circle, as a diameter, this circle will cut the base in two points, and give two 
solutions of the problem. Give the Analysis. 

32. This problem is analogous to the preceding. 

33. Apply Euc. vi. 8, Cor. 17. 

34. Describe a circle about the triangle, and draw the diameter through 
the vertex A, draw a line touching the circle at A, and meeting the base BC 
produced in D. Then AD shall be a mean proportional between DC and DB. 
Eue. 11. 36. 

35. In BC produced take CE a third proportional to BC and AC; on CE 
describe a circle, the center being O; draw the tangent EF at E equal to 
AC; draw FO cutting the circle in T and T’; and lastly draw tangents at 
T, T’ meeting BC in P and P’. These points fulfil the conditions of the 
problem. 

By combining the proportion in the construction with that from the sim- 
ilar triangles ABC, DBP, and Euc. m1. 86, 37: it may be proved that 
CA.PD=CP?. The demonstration is similar for P’D’. 

36. This property may be immediately deduced from Euc. vr. 8, Cor. 

37. Let ABC be the triangle, right-angled at C, and let AE on AB be 
equal to AC, also let the line bisecting the angle A, meet BCin D. Join DE. 
Then the triangles ACD, AED are equal, and the triangles ACB, DEB equi- 
angular. 

38. The segments cut off from the sides are to be measured from the 
right angle, and by similar triangles are proved to be equal; also by similar 
triangles, either of them is proved to be a mean proportional between the 
remaining segments of the two sides. 

39. First prove AC*: AD?:: BC: 2. BD; then 2. AC?: AD?:: BC: BD, 
whence 2. AC?— AD?: AD?:: BC— BD: BD, 

and since 2. AC? — AD? = 2. AC? —-(AC? + DO?) = AC? — CD?, 
the property is immediately deduced. 

40. The construction is suggested by Eue. 1. 47, and Eue. yr. 31. 

41, See Note Euc. vi. A, p. 295. The bases of the triangles CBD, 
ACD, ABC, CDE may be shewn to be respectively equal to DB, 2. BD, 
3. BD, 4. BD. 

42, (1) Let ABC be the triangle which is to be bisected by a line drawn 
parallel to the base BC. Describe a semicircle on AB, from the center D 
draw vE perpendicwar to AB meeting the circumference in E, join EA, and 
with center A and radius AK describe a circle cutting AB in F, the line 
drawn from F parallel to BC, bisects the triangle. The proof depends on 
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Eue. vr. 19; 20, Cor. 2. (2) Let ABC be the triangle, BC being the base. 
Draw AD at right angles to BA meeting the base producedin D. Bisect BO 
in E, and on ED describe a semicircle, from B draw BP to touch the semi- 
cirele in P. From BA cut off BF equal to BP, and from F draw FG perpen- 
dicular to BC. The line FG bisects the triangle. Then it may be proved 
that BFG: BAD:: BE: BD, and that BAD: BAC:: BD: BC; whence it 
follows that BFG: BAC:: BE: BC oras 1: 2. 

43. Let ABC be the given triangle which is to be divided into two parts 
having a given ratio, by a line parallel to BC. Describe a semicircle on AB 
and divide AB in D in the given ratio; at D draw DE perpendicular to AB 
and meeting the circumference in E; with center A and radius AE describe 
a circle cutting AB in F: the line drawn through F parallel to BC is the line 
required. In the same manner a triangle may be divided into three or more 
parts having any given ratio to one another by lines drawn parallel to one of 
the sides of the triangle. 

44. Let these points be taken, one on each side, and straight lines be 
drawn to them; it may then be proved that these points severally bisect the 
sides of the triangle. 

45. Let ABC be any triangle and D be the given point in BC, from which 
lines are to be drawn which shall divide the triangle into any number (sup- 
pose five) equal parts. Divide BC into five equal parts in E, F, G, H, and 
draw AE, AF, AG, ATI, AD, and through FE, F, G, H draw EL, FM, GN, HO 
parallel to AD, and join DL, DM, DN, DO; these lines divide the triangle 
into five equal parts. 

By a similar process, a triangle may be divided into any number of parts 
which have a given ratio to one another. 

46. Let ABC be the larger, abe the smaller triangle, it is required to 
draw a line DE parallel to AC cutting off the triangle DBE equal to the 
triangle abe. On BC take BG equal to bc, and on BG describe the triangle 
BGH equal to the triangle abe. Draw HK parallel to BC, join KG; then the 
triangle BGK is equal to the triangle abe. On BA, BC take BD to BE in the 
ratio of BA to BC, and such that the rectangle contained by BD, BE shall be 
equal to the rectangle contained by BK, BG. Join DE, then DE &% parallel 
to AC, and the triangle BDE is equal to abe. 

47. Let ABCD be any rectangle, contained by AB, BC, 

Then AB? : AB. BC:: AB: BC, 
and AB. BC: BC?:: AB: BC, 
whence AB*?:; AB. BC :: AB. BC : BC?” 
or the rectangle contained by two adjacent sides of a rectangle, is a mean 
proportional between their squares. 

48. In a straight line at any point A, make Ac equal to Ad in the 
given ratio. At A draw AB perpendicular to eAd, and equal to a side 
of the given square. On ed describe a semicircle cutting AB in 6; and 
join de, bd; from B draw BC parallel to de, and BD parallel to dd; then 
AC, AD are the adjacent sides of the rectangle. For, CA is to AD 
as cA to Ad, Bue. vi, 2; and CA, AD = AB*, CBD being a right-angled 
triangle. ns 

49, From one of the given points two straight lines are to be drawn per- 
pendicular, one to each of any two adjacent sides of the parallelogram ; and 
from the other point, two lines perpendicular in the same manner to each of 
the two remaining sides. When these four lines are drawn to intersect one 
another, the figure so formed may be shewn to be equiangular to the given 
parallelogram, 
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50. It is nranifest that this is the general case of Prop. 4, p. 198. 

If the rectangle to be cut off be two-thirds of the given rectangle ABCD, 

Produce BC to E so that BE may be equal to a side of that square which 
fs equal to the rectangle required to be cut off; in this case, equal to two- 
thirds of the rectangle ABCD. On AB take AF equal to AD or BC; bisect 
FB in G, and with center G and radius GH, describe a semicircle meeting 
AB, and AB produced, in Hand K. On CB take CL equal to AH and draw 
IM, LM parallel to the sides, and HBLM is two-thirds of the rectangle 
ABCD. 

51. Let ABCD be the parallelogram, and CD be cut in P and BC pro- 
duced in Q. By means of the similar triangles formed, the property may be 
proved. 

52. The intersection of the diagonals is the common vertex of two tri- 
angles which have the parallel sides of the trapezium for their bases. 

53. Let AB be the given straight line, and C the center of the given 
circle ; through C draw the diameter DCE perpendicular to AB. Place in 
the circle a line FG which has to AB the given ratio; bisect FG in H, 
join CH, and on the diameter DCE, take CK, CL each equal to CH; 
either of the lines drawn through K, L, and parallel to AB is the line re- 
quired. 

54. Let C be the center of the circle, CA, CB two radii at right angles 
to each other; and let DEFG be the line required which is trisected in the 
points EK, F. Draw CG perpendicular to DH and produce it to meet the 
circumference in K; draw a tangent to the circle at K; draw CG, and pro- 
duce CB, CG to meet the tangent in L, M, then MK may be shewn to be 
treble of LK. : 

55. The triangles ACD, BCE are similar, and CF is a mean proportional 
between AC and CB. ‘ 

56. Let any tangent to the circle at E be terminated by AD, BC tangents 
at the extremity of the diameter AB. Take O*the center of the circle and 
join OC, OD, OE; then ODC is a right-angled triangle and OE is the perpen- 
dicular from the right angle upon the hypotenuse. 

57. This problem only differs from problem 59, infra, in having the given 
point without the given circle. 

58. Let A be the given point in the circumference of the circle, C its 
center. Draw the diameter ACB, and produce AB to D, taking AB to Bb 
in the given ratio: from D draw a line to touch the circle in E, which is the 
point required. From A draw AF perpendicular to DK, and cutting the 
cicele in G. 

59. Let A be the given point within the circle whose center is C, and 
let BAD be the line required, so that BA is to AD in the given ratio. Join 
AC and produce it to meet the circumference in E, F. Then EF is a diam- 
eter. Draw BG, DH perpendicular on EF: then the triangles BGA, DHA 
are equiangular. Hence the construction. 

60. Through E one extremity of the chord EF, let a line be drawn parallel 
to one diameter, and intersecting the other. Then the three angles of the 
two triangles may be shewn to be respectively equal to one another. 

61. Let AB be that diameter of the given circle which when produced 
is perpendicular to the given line CD, and let it meet that line in C; and 
let P be the given point: it is required to find D in CD, so that DB 
may be equal to the tangent DI. Make BC: CQ:: CQ: CA, and join 
PQ; bisect PQ in E, and draw ED perpendicular to PQ meeting CD in 
D; then D is the point required. Let O be the center of the circle, draw 
the tangent DF; and join OF, OD, QD, PD. The QD may be shewz 
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to be equal to DF and to DP. When P coincides with Q, any point D in CD 
fulfils the conditions of the problem; that is, there are innumerable solu- 
tions. 

62. It may be proved that the vertices of the two triangles which are 
similar in the same segment of a circle, are in the extremities of a chord 
parallel to the chord of the given segment. 

63. For let the circle be described about the triangle FAC, then by the 
converse to Bue. m1, 82; the truth of the proposition is manifest. 

64. Let the figure be constructed, and the similarity of the two triangles 
will be at once obvious from Euc. 11. 82; Hue. 1. 29. 

65. In the are AB (fig. Euc. ry. 2) let any point K be taken, and 
from K let KL, KM, KN be drawn perpendicular to AB, AC, BC respec- 
tively, produced if necessary, also let LM, LN be joined, then MLN may be 
shewn to be a straight line. Draw AK, BK, CK, and by Buc. 111. 81, 22, 
21; Hue. 1. 14. 

66. Let AB a chord in a circle be bisected in C, and DE, FG two chords 
drawn through C; also let their extremities DG, FE be joined intersecting 
CB in H, and AC in K; then AK is equal to HB. Through H draw MEL 
parallel to EY meeting FG in M, and DE produced in L. Then by means of 
the equiangular triangles, HC may be proved to be equal to CK, and hence 
AK is equal to HB. 

67. Let A, B be the two given points, and let P be a point in the locus 
so that PA, PB being joined, PA is to PB in the given ratio. Join AB and 
divide it in C in the given ratio, and join PC. Then PC bisects the angle 
APB. Ene. vi. 8. Again, in AB produced, take AD to AB in the given 
ratio, join PD and produce AP to EB, then PD bisects the angle BPE. Eue. 
vi. A. Whence CPD is a right angle, and the point P lies in the cireumfer- 
ence of a circle whose diameter is CD. 

68, Let ABC be a triangle, and let the line AD bisecting the vertical 
angle A be divided in E, 80 ‘that BC: BA + AC: : AE: ED, By Eue. vi. 
8, may be deduced BC: BA + AC:: AC: AD. Whence may be proved that 
CE bisects the angle ACD, and by Eue. rv. 4, that E is the center of the in- 
scribed circle. 

69. By means of Eue. tv. 4, and Eue. vr. C, this theorem may be shewn 
to be true. 

70. Divide the given base BC in D, so that BD may be to DC in the ratio 
of the sides. At B, D draw BB’, DD’ perpendicular to BC and equal to BD, 
DC respectively. Join B'D' and produce it to meet BC produced in 0: 
With center O and radius OD, describe a circle. From A any point in the 
circumference join AB, AC, AO. Prove that AB is to AC as BD to DC, — 
Or thus, If ABC be one of the triangles. Divide the base BC in D so that 
BA is to AC as BD to DC. Produce BC and take DO to OC as BA to AC; 
then O is the center of the circle, 

71, Let ABC be any triangle, and from A, B let the perpendiculars AD, 
BE on the opposite sides intersect in P: and let AF, BG drawn to F, G the 
bisections of the opposite sides, intersect in Q. Also let FR, GR be drawn 
perpendicular to BC, AC, and meet in R: then R is the center of the cireum- 
scribed circle. Join PQ, QR; these are in the same line. 

Join FG, and by the equiangular triangles) GRF, APB, AP is 
proved double of FR. And AQ is double of QF, and the alternate 
angles PAQ, QFR are equal. Hence the triangles APQ, RFQ are equi- 
angular, 

72. Let C, C’ be the centers of the two circles, and let CC’ the line 
joining the centers intersect the common tangent PP’ in T. Let the 
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line joining the centers cut the circles in Q, Q', and let PQ, P’Q’ be joined ; 
then PQ is parallel to P’Q’. Join CP, C’P’, and then the angle QPT may 
be proved to be equal to the alternate angle Q'P’T. 

73. Let ABC be the triangle, and BC its base ; let the circles AFB, AFC 
be described intersecting the base in the point I’, and their diameters AD, 
AE, be drawn; then DA: AE::BA: AC. For join DB, DF, EF, EC, the 
triangles DAB, EAC may be proved to be similar. 

74. If the extremities of the diameters of the two circles be joined by two 
straight lines, these lines may be proved to intersect at the point of contact 
of the two circles; and the two right-angled triangles thus formed may be 
shewn to be similar by Eue. ur. 34. 

75. This follows directly from the similar triangles. 

76. Let the figure be constructed as in Theorem 4, p. 150, the tri- 
angle EAD being right-angled at A, and let the circle inscribed in the 
triangle ADE touch AD, AE, DE in the points K, L, M respectively. 
Then AK is equal to AL, each being equal to the radius of the inscribed 
cirele. Also AB is equal to GC, and AB is half the perimeter of the tri- 
angle AED. 

Also if GA be joined, the triangle ADE is obviously equal to the 
difference of AGDE and the triangle GDE, and this difference may be 
proved equal to the rectangle contained by the radii of the vther two 
circles. 

77. From the centers of the two circles let straight lines be drawn 
to the extremities of the sides which are opposite to the right angles 
in each triangle, and to the points where the circles touch these sides. 
Eue. vi. 4. 

78. Let A, B be the two given points, and C a point in the circumference 
of the given circle. Leta circle be described through the points A, B, C 
and cutting the circle in another point D. Join CD, AB, and produce them 
to meet in E. Let EF be drawn touching the given circle in F'; the circle 
described through the points A, B, F, will be the circle required. Joining 
AD and CB, by Hue. 11. 21, the triangles CEB, AED are equiangular, and 
by Eue. vi. 4, 16, 11. 36, 37, the given circle and the required circle each 
touch the line EF in the same point, and therefore touch one another. When 
does this solution fail ? 

Various cases will arise according to the relative position of the two 
points and the circle. 

79. Let A be the given point, BC the given straight line, and D the 
center of the given circle. Through D draw CD perpendicular to BO, 
meeting the circumference in E, F. Join AF, and take FG to the 
diameter FE, as FC is to FA.- The circle described passing through the 
two points A, G and touching the line BC in B is the circle required. 
Let H be the center of this circle; join HB, and BF cutting the 
circumference of the given circle in K, and join EK. Then the tri- 
angles FBC, FKE being equiangular, by Euc. vr. 4, 16, and the con- 
struction, K is proved to be a point in the circumference of the circle 
passing through the points A, G, B. And if DK, KH be joined, DKH 
may be proved to be a straight line: — the straight line which joins the 
centers of the two circles, and passes through a common point in their 
circumferences. 

80. Let A be the given point, B, C the centers of the two given 
circles. Let a line drawn through B, C meet the circumferences of 
the circles in G, F; E, D, respectively. In GD produced, take the 
point H, so that BH is to CH as the radius of the circle whose center 
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is B to the radius of the circle whose center is C. Join AH, and take 
KH to DH as GH to AH. Through A, K describe a circle ALK touching 
the circle whose center is B, in L. Then M may be proved to be a point 
in the circumference of the circle whose center is C. For by joining HL 
and producing it to meet the circumference of the circle whose center is B 
in N; and joining BN, BL, and drawing CO parallel to BL, and CM parallel 
to BN, the line HN is proved to cut the circumference of the circle whose 
center is B in M, O; and CO, CM are radii. By joining GL, DM, M may be 
proved to be a point in the circumference of the circle ALK. And by pro- 
ducing BL, CM to meet in P, P is proved to be the center of ALK, and BP 
joining the centers of the two circles passes through L the point of contact. 
Hence also is shewn that PMC passes through M, the point where the circles 
whose centers are P and C touch each other. 

Nore. If the given point be in the cireumference of one of the circles, 
the construction may be more simply effected thus : 

Let A be in the circumference of the circle whose center is B. Join BA, 
and in AB produced, if necessary, take AD equal to the radius of the circle 
whose center is C; join DC, and at C make the angle DCE equal to the angle 
CDE, the point E determined by the intersection of DA produced and CE, is 
the center of the circle. 

81. Let AB, AC be the given lines and P the given point. Then if O be 
the center of the required circle touching AB, AC, in R, §, the line AO will 
bisect the given angle BAC. Let the tangent from P meet the circle in Q, 
and draw OQ, OS, OP, AP. Then there are given AP and the angle OAP. 
Also since OQP is a right angle, we have OP? — QO? = OP? — OS? = PQ? a 
given magnitude. Moreover the right-angled triangle AOS is given in 
species, or OS to OA is a given ratio. Whence in the triangle AOP there is 
given, the angle AOP, the side AP, and the excess of OP? above the square 
of a line having a given ratio to OA, to determine OA. Whence the con- 
struction is obvious. 

82. Let the two given lines AB, BD meet in B, and let C be the cen- 
ter of the given circle, and let the required circle touch the line AB, and 
have its center in BD, Draw CFE perpendicular to HB intersecting the 
circumference of the given circle in F, and produce CE, making EF 
equal to the radius CF. Through G draw GK parallel to AB, and 
meeting DB in K. Join CK, and through B, draw BL parallel to KC, 
meeting the circumference of the circle whose center is Cin Lj; join 
CL and produce CL to meet BD in O. Then O is the center of the 
circle required. Draw OM perpendicular to AB, and produce EC to 
meet BD in N. Then by the similar triangles, OL may be proved equal 
to OM. 

83. (1) In every right-angled triangle when its three sides are in Arith- 
metical progression, they may be shewn to be as the numbers 5, 4, 8. On 
the given line AC describe a triangle having its sides AC, AD, DC in this 
proportion, bisect the angles at A, C by AE, CE meeting in E, and through 
E draw EF, EG parallel to AD, DC meeting in I’ and G. 

(2) Let AC be the sum of the sides of the triangle, fig. Fue. v1. 18. Upon 
AC deseribe a triangle ADC whose sides shall be in continued proportion. 
Bisect the angles at A and © by two lines meeting in E. From E draw BF, 
EG parallel to DA, DC respectively. 

84. Describe a cirele with any radius, and draw within it the straight 
line MN cutting off a segment containing an angle equal to the given 
angle, Bue, 11. 84. Divide MN in the given ratio in P, and at P draw 
PA perpendicular to MN and meeting the circumference in A. Join 
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AM, AN, and on AP or AP produced, take AD equal to the given perpen- 
dicular, and through D draw BC parallel to MN meeting AM, AN, or these 
lines produced. Then ABC shall be the triangle required. 

85. Let PAQ be the given angle, bisect the angle A by AB, in AB find 
D the center of the inscribed circle, and draw DC perpendicular to AP. In 
DB take DE such that the rectangle DE, DC is equal to the given rectangle. 
Describe a circle on DE as diameter meeting AP in F, G; and AQ in I’, G’. 
Join FG’, and AFG’ will be the triangle. Draw DH perpendicular to FG’ 
and join GD’. By Eue. vi. C, the rectangle FD, DG’ is equal to the ree- 
tangle ED, DK or CD, DE. 

86. On any base BC describe a segment of a circle BAC containing an 
angle equal to the given angle. From D the middle point of BC draw DA 
to make the given angle ADC with the base. Produce AD to E so that AE 
is equal to the given bisecting line, and through E draw FG parallel to BC. 
Join AB, AC and produce them to meet FG in F and G. 

87. Employ Theorem 70, p. 310, and the construction becomes 
obvious. 

88. Let AB be the given base, ACB the segment containing the vertical 
angle; draw the diameter AB of the circle, and divide it in E, in the given 
ratio; on Ali as a diameter, describe a circle AFH; and with center B and 
a radius equal to the given line, describe a circle cutting AFE in F. Then 
AF being drawn and produced to meet the circumscribing circle in C, and 
CB being joined, ABC is the triangle required. For AF is to FC in the 
given ratio. ‘ 

89. The line CD is not necessarily parallel to AB. Divide the base AB 
in C, so that AC is to CB in the ratio of the sides of the triangle. 

Then if a point E in CD ean be determined such that when AK, CE, EB, 
are joined, the angle AKB is bisected by CE, the problem is solved. 

90. Let ABC be any triangle having the base BC. On the same base 
describe an isosceles triangle DBC equal to the given triangle. Bisect BC 
in E, and join DE, also upon BC describe an equilateral triangle. On 
FD, FB, take EG to EH as EF to FB; also take EK equal to EH and 
join GH, GK; then GHK is an’ equilateral triangle equal to the tri- 
angle ABC. 

91. Let ABC be the required triangle, BC the hypotenuse, and FHKG 
the inscribed square: the side HK being on BC. Then BC may be proved 
to be divided in H and K, so that HK is a mean proportional between BH 
and KC. 

92. Let ABC be the given triangle. On BC take BD equal to one of the 
given lines, through A draw AE parallel to BC. From B draw BE to meet 
AE in E, and such that BE is a fourth proportional to BC, BD, and the other 
given line. Join EC, produce BE to I, making BI’ equal to the other given 
line, and join FD: then FBD is the triangle required. 

93. By means of Euc. vi. C, the ratio of the diagonais AC to BD 
may be found to be as AB. AD + BC. CD to AB. BE + AD. DC, figure, 
Eue. vi. D. 

94. This property follows directly from Eue. v1. C. 

95. Let ABC be any triangle, and DEF the given triangle to which the 
inscribed triangle is required to be similar. Draw any line de terminated by 
AB, AC, and on de towards AC describe the triangle def similar to DEF, 
join Bf, aud produce it to meet AC in FY. Through F” draw F'D" parallel 
to fd, ¥’E’ parallel to fe, and join D’E’, then the triangle D’E'F’ is similar 
to DEF. 

96. The square inscribed in a right-angled triangle which has one of 
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its sides eninciding with the hypotenuse, may be shewn to be less 
than that wien has two of its sides coinciding with the base and perpen- 
dicular. 

97. Let BCDE be the square on the side BC of the isosceles triangle 
ABC. Then by Eue. vr. 2, FG is proved parallel to ED or BC. 

98. Let AB be the base of the segment ABD, fig. Euc. 111. 80.  Bisect 
AB in C, take any pomet E in AC and make CF equal to CE: upon EF de- 
scribe a square EFGH : from C draw CG and produce it to meet the are of 
the segment in K. 

99. Take two points on the radii equidistant from the center, and on the 
line joining these points, describe a square; the lines drawn from the center 
through the opposite angles of the square to meet the circular are, will de- 
termine two points of the square inscribed in the sector, 

100. Let ABCDE be the given pentagon. On AB, AE take equal dis- 
tances AF’, AG, join FG, and on FG describe a square FGKH. Join AH 
and pr oduce it to meet a side of the pentagon in L. Draw LM parallel to 
FH meeting AE in M. Then LM is a side of the inscribed square. 

101. Let ABC be the given triangle. Draw AD making with the base 
BC an angle equal to one of the given angles of the parallelogram. Draw 
AQ parallel to BC and take AD to AE in the given ratio of the sides. Join 
BE eutting AC in F. 

102. The locus of the intersections of the diagonals of all the rectangles 
inscribed in a sealene triangle, is a straight line drawn from the bisection of 
the base to the bisection of the shorter side of the triangle, 

108. This parallelogram may be proved to be a square, 

104, Analysis. Let ABCD be the given rectangle, and EFGH that to 
be constructed. Then the diagonals of EFGH are equal and bisect each 
other in P the center of the given rectangle. About EPF describe a circle 
mecting BD in K, and join KE, KF. Then since the rectangle EFGH is 
given in species, the angle EPF formed by its diagonals is given: and hence 
also the opposite angle EKF of the inscribed quadrilateral PEKF is given. 
Also since KP bisects that angle, the angle PKE is given, and its supple- 
ment BKE is given. And in the same way KF is parallel to another given 
line; and hence EF is parallel to a third given line. Again, the angle EPF 
of the isosceles triangle EPF is given; and hence the quadrilateral EPFK 
is given in species. 

105. In the figure Eue. mr. 80; from © draw CB, CF making with CD, 
the angles DCE, DCF each equal to ‘the angle CDA or CDB, and meeting the 
arc ADB in Eand F. Join EF, the segment of the cirele described upon 
EF and which passes through ©, will be similar to ADB, 

106. The square inscribed in the circle may be shewn to be equal to 
twice the square on the radius; and five times the square inscribed in the 
semicircle to four times the square on the radius. 

107. The three triangles formed by three sides of the square with seg- 
ments of the sides of the given triangle, may be proved to be similar. 
Whence by Eue. vi. 4, the truth of the property. 

108. By constructing the figure, it may be shewn that twice the square 
inseribed in the quadrant is equal to the square on the radius, and that five 
times the square inserfbed in the semicircle is equal to four times the square 
on the radius. Whence it follows that, &e. 

109. By Eue. ¥. 47, and Bue, vi. 4, it may be shewn, that four times the 
aquare on the radius is equal to fifteen times the square of one on the equal 
sides of the triangle. 

110, Constructing the figure, the right-angled triangles SCT, ACB 


ON BOOK VI. 355 


may be proved to have a certain ratio, and the triangles ACB, CPM in the 
same way, may be proved to have the same ratio. 

111. Let BA, AC be the bounding radii, and D a point in the are of a 
quadrant. Bisect BAC by AE, and draw through D, the line HDGP perpen- 
dicular to AE at G, and meeting AB, AC, produced in H, P. From H draw 
HM to touch the circle of which BC is a quadrantal are; produce AH, 
making HL equal to HM, also on HA, take HK equal to HM. Then K, L, 
are the points of contact of two circles through D which touch the bounding 
radii, AB, AC. 

Join DA. Then, since BAC is a right angle, AK is equal to the radius 
of the circle which touches BA, BC in K, K’; and similarly, AL is the radius 
of the circle which touches them in L, L’. Also, HAP being an isosceles 
triangle, and AD drawn to the base, AD* is shewn to be equal to AK . KL. 
Euce, 111. 86; mu. 5, Cor. 

112. Let K, F, G be the centers of the circles inscribed in the triangles 
ABC, ADB, ACD. Draw EH, FK, GL perpendiculars on BC, BA, AC 
respectively, and join CE, EB; BF, FA; CG, GA. Then the relation be- 
tween R, 7, r’, or EH, FK, GL may be found from the similar triangles, and 
the property of right-angled triangles. 

113. The two hexagons consist each of six equilateral triangles, and the 
ratio of the hexagons is the same as the ratio of their equilateral triangles. 

114. The area of the inscribed equilateral triangle may be proved to be 
equal to half of the inscribed hexagon, and the circumscribed triangle equal 
to four times the inscribed triangle. 

115. The pentagons are similar figures, and can be divided into the same 
number of similar triangles. Eue. vi. 19. 

116. Let the sides AB, BC, CA of the equilateral triangle ABC touch the 
circle in the points D, E, F, respectively. Draw AE cutting the circumfer- 
ence in G; and take O the center of the circle and draw OD: draw also 
HGK. touching the cirele in G. The property may then be shewn by the 
similar triangles AHG, AOD. 
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EXAMINATION PAPERS IN EUCLID 


FOR 


FIRST AND SECOND CLASS 
Wrovinctal Ceachers’ Certificates 


FOR THE 


INTERMEDIATE EXAMINATION IN HIGH SCHOOLS AND COLLEGIATE INSTITUTES 
AND FOR 


STUDENTS MATRICULATING IN THE DIFFERENT UNIVERSITIES AND 
COLLEGES. 


To this Edition of Potts’ Euclid the Publishers have added specimens 
of the Examination Papers of different Universities, and also the Exam- 
ination Papers for First and Second Class Provincial Teachers’ Certifi- 
cates, and for the Intermediate Examination of the High Schools and 
Coliegiate Institutes. Besides showing the amount of Euclid required 
at the Examinations indicated, these papers will be valuable to the 
student in enabling him to test his knowledge by different standards. 

The Papers are arranged in the following order ; 

University of Toronto. 

University of Queen’s College, Kingston. 
University of McGill College, Montreal. 
University of London. 

University of Edinburgh. 

First Class Provincial Certificates. 
Second Class Provincial Certificates. 
Intermediate Examination. 


UNIVERSITY OF TORONTO. 
+» MATRICULATION—1873. 
HONORS, 
1. If astraight line falls on two parallel straight lines, it makes the 
alternate angles equal to one another, and the exterior angle 


equal to the interior and opposite upon the same side, and also 
the two interior angles upon the same side together equal to 


two right angles. 
Vary the order of the proof in this proposition by proving the last 
statement first. 
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If a straight line falling upon two other straight lines, makes the 
interior angles upon the same side together equal to two right 
angles, the two straight lines shall be parallel to one another. 

Can this be inferred immediately from the 12th axiom? Give the 
reasons for your answer. 


Any two sides of a triangle are together greater than the third side. 
A straight line is the shortest distance between two given points. 


In any right-angled triangle, the square which is described upon 
the sile subtending the right angle, is equal to the squares 
described upon the sides which contain the right angle. 


Any two parallelograms being described on two sides of any 
triangle, to describe on the third side a parallelogram equal 
to their sum. 


To describe a square that shall equal a given rectilineal figure. 


To divide a given straight line into two parts such that their 
rectangle is equal to a given rectilineal figure. 


What limitation must there be to the magnitude of the given figure ? 


If a straight line drawn through the centre of a circle bisect a 
straight line in it which does not per through the centre, it 
shall cut it at right angles; and, if it cut it at right angles, it 
shall bisect it. 

Describe three circles of given radii which shall touch each other 
externally two and two. 


In the above show that the common tangents meet in one point, 
with which as centre, acircle may be described passing through 
the three points of contact. 


What proposition of Euclid does this correspond to ? 


If pe lines within a circle intersect in one point the rectangle 
un 


1 
er fhe segments is constant. 


What limitation must be made to render the converse true? Prove 
the converse when true. 


The opposite angles of any quadrilateral figure inscribed in a circle 
are together equal to two right angles. Deduce—The angle 
in a semicircle is a right angle. (Prop. 31, Bk. IIT.) 


To describe an isosceles triangle having each of the angles at the 
base double of the third angle. 

A tangent to a circle is drawn at an angular point of an inscribed 
regular pentagon, and a side produced through that point ; 
show that a straight line making equal intercepts on the 


tangent and the side produced, is parallel to the tangent at 
one of the adjacent angular points. 


To describe a circle about a given equilateral pentagon. 
With an angular point of a given pentagon as centre, and a side as 
radius, describe a second circle ; show that the tangent to the 


first circle at a point of intersection of the circles meets the 
common diameter ata point without the second circle, 


he 2 ee 
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12. In the above show that the distance from the above point to the ™ 
centre of the first circle is greater than the diameter of the 
second circle. 


UNIVERSITY OF TORONTO. 
JUNIOR AND SENIOR MATRICULATION—1875. 


*.* Junior Matriculants will omit questions 15 and 16, and Senior 
Matriculants 12 and 13. 


1. Define the terms axiom, postulate, scholium, corollary. 


2. If two triangles have two sides of the one equal to two sides of the 
other, each to each, but the angle contained by the two sides of 
the one greater than the angle contained by the two sides equal 
to them, of the other, the base of that which has the greater 
angle shall be greater than the base of the other. 


3. If aside of any triangle be produced, the exterior angle is equal to 
the two interior and opposite angles ; and the three interior 
angles of every triangle are together equal to two right angles, 


4. Triangles on equal bases and between the same parallels are equal 
~ to one another. 
5. If the square described on one of the sides of a triangle be equal to 
the squares described on the other two sides of it, the angle 
contained by these two sides is a right angle. 


6. lf the diagonals of a quadrilateral bisect each other, it is a paralle- 
logram ; if the bisecting lines are equal, it is rectangular ; if the 
lines bisect at right angles it is equilateral. 

7. If astraight line be divided into two equal, and also into two un- 
equal parts, the squares on the two unequal parts are together 
double of the square on half the line and of the square on the 
line between the points of section. 

8. Divide a straight line into two parts, so that the rectangle contain- 
ed by the whole and one of the parts may be equal to the square 
on the other part. 

9, In the Algebraic solution of the preceding problem, we obtain a 
quadratic equation which gives two values of the unknown 
quantity. nunciate the Geometrical proposition which corres- 
ponds to the other root. 


10, Thesum of the squares on the diagonals of a parallelogram is equal 
to the sum of the squares on the sides, 


11, The opposite angles of a quadrilateral inscribed in a circle are to- 
gether equal to two right angles. 


12, The straight lines bisecting the sides of a triangle at right angles 
meet in a point. 
13. Construct a triangle, having given the middle points of sides. 


14, Describe a circle about a given equilateral and equiangular pentagon, 
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EXAMINATION PAPERS IN EUCLID. 


From a given straight line to cut off any part required. 


Similar triangles are to one another in the duplicate ratio of their 
homologous sides. 


McGILL COLLEGE, MONTREAL. 


FIRST YEAR’S EXHIBITIONS, SEPT, 1l6ru, 1875. 
TIME—THREE HOURS, 


Construct an isosceles triangle which shall have each of the angles 
at the base double the vertical angle. 


Given any three straight lines intersecting one another, describe all 
the circles which will touch the three lines, 


If two chords of a circle intersect within the circle, the rectangles 
contained under their segments are equal. 

(a) Prove that the rectangles are equal, also if the point of inter- 
section be outside the circle. 


In equal circles, the arcs upon which equal angles stand are equal 
whether the angles be at centres or circumferences. 


(a) Two parallel chords in a circle intersect equal ares. 


If one circle touch another internally, the straight line which joins 
their centres being produced shall pass through a point of con- 
tact. 

Cut a given straight line so that the rectangle under the whole line 
and one part shall be equal to the square of the other. Show 
that the latter is the greater segment. 

The rectangle under the sum and difference of two lines is equal 
to the difference 6f their squares. 

The square on the hypothenuse of a right-angled triangle is equal 
to the sum of the square on the two sides, 

If a perpendicular be let fall from the vertex of a triangle on the 
base, the difference of the pee of the sides is equal to the 
difference of the squares of the segments of the base. 


UNIVERSITY OF LONDON. 
EXAMINATION FOR THE GILCHRIST SCHOLARSHIP, JUNE, 1875. 
TIME—THREE, HOURS, 


In an isosceles triangle, show that the right line which bisects the 
vertical angle bisects the base, and is perpendicular to the base, 

(tiven a finite line of any length, bisect it, and atthe point of bisec- 
tion erect a perpendicular to it. 

One side of a triangle being supposed longer than another, show 
that the angle opposite to it is greater than that opposite to the 
other, 
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EXAMINATION PAPERS IN EUCLID. Vv 


In a parallelogram, prove the equality of each pair of opposite angles, 
and also of each pair of opposite sides, 


Two or more parallelograms being supposed to have a common base, 
and to be between the same parallels, show that they are equal 
in area. 


On a given finite right line of any length as base, construct a rect- 
angle which shall be equal in area to a given square. 


A finite right line of any length being supposed cut equally and 
unequally, show that the rectangle under the unequal parts, 
with the square on the interval between the points of section, 
is equal to the square on half the line, 


In a circle of any radius, show that every diameter subtends a right 
angle at every point on the circumference, 


Of all cords of a circle passing through a common point inside the 
circle, show that the longest passes through, and that the 
shortest is perpendicular to that passing through the centre. 


From a given point outside a given circle, show that two tangents 
of equal length, and equally inclined to the right line connect- 
ing the point and centre, can be drawn to the centre. 


A tangent and cord being supposed drawn at any point of a circle, 
show that either angle between them is equal to that in the 
alternate segment of the circle as divided by the cord, 


In a given circle inscribe a triangle equiangular to a given triangle, 
and having an assigned vertex at a given point on the circle. 


UNIVERSITY OF EDINBURGH. 
M.A. PASS EXAMINATION—1875. 
TIME—TWO HOURS. 


Define parallels and-a parallelogram. 

Parallelograms on the same base and between the same parallels 
are equal. 

You have employed an axiom which is not in all circumstances a 
necessary truth in Euclid’s method of dealing with equality, 
What is it, and how is it objectionable? - 

To describe a square equal to a given rectilineal figure. 

If the rectilineal figure be a rectangle whose sides are 3} and 14, 
find the side of the square. 

If from any point without acircle, two straight lines be drawn, one 
of which cuts the circle, and the other touches it, the rectangle 
contained by the whole line which cuts the circle, will be equal 
to the square on the line which touches it. 

To describe a circle about a given square. Again, to describe a 
square about this circle. 

Compare the areas of the two squares. 
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: EXAMINATION PAPERS IN EUCLID. 


Equal parallelograms which have one angle of the one equal to one 
ra of the other, have the sides about the equal angles recipro- 
cally proportional ; and equal parallelograms which have not one 
angle of the one equal to one angle of the other have not the 
sides reciprocally proportional. 


Give a definition of an angle which shall»include angles greater 
than two right angles. For what proposition in the Sixth 
Book of Euclid is such a definition imperative ? 


Enumerate the cases in which two triangles can be proved to be 
equal in all respects from three things in each given equal, 
enunciating the case which corresponds to Euclid VI. -7. 


The sides of a triangle are 20, 13, 11. Find its area by means of 
Euclid Il. 12, also find the radii of the inscribed and of one 
described circle, : 


QUEEN’S COLLEGE, KINGSTON—1875-6. 
JUNIOR MATHEMATICS, 


In an isosceles triangle, if a line be drawn from the vertex to any 
point in the base, the difference of the squares of one of the 
sides, and of the line thus drawn, is equal to the rectangle under 
the segments of the base. 


Show how this proposition may be applied to prove Euclid 35, B. iii. 
Inscribe a circle in a given triangle. 


Eucl, 10, B. iv. Show from this proposition—Ist, how to describe 
on a given base an isosceles triangle having the third angle 
treble of each of the angles at the base ; 2nd, how to divide a 
right angle into five equal parts. 


If a straight line be drawn from the vertex of a triangle to the base 
bisecting the vertical angle, the segments of the base shall have 
the same ratio to one another which the sides of the triangle 
have, ‘ 

State the different cases in which triangles are proved by Euclid 
to be similar, 


From what a ig would you prove that triangles which have 
one angle of the one equal to one angle of the other are as the 
rectangles contained by the sides about these angles / 


FIRST-CLASS PROVINCIAL CERTIFICATES—1871. 
TIME—THREE HOURS. 


In obtuse angled triangles, if a perpendicular be drawn from either 
of the acute angles to the opposite side produced, the square of 
the side pibtendians the obtuse angle is greater than the squares 
of the sides containing the obtuse angle, by twice the rectangle 
contained by the side on which, when produced, the perpen- 
dicular falls, and the straight line intercepted, without the 

-triangle, between the perpendicular and the obtuse angle. 
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EXAMINATION PAPERS IN EUCLID. Vel ; 


2. To draw a straight line from a given point, either without or in the 
circumference, which shall touch a given circle. 

3. To inscribe a circle in a given square. 

4. Ina circle the angle in a semicircle is a right angle ; but the angle 
in a segment greater than a semicircle is less than a right angle; 
and the angle ina segment less than a semicircle is greater 
than a right angle. 

5. If two triangles which have two sides of the one proportional to 
two sides of the other, be joined at one angle so as to have their 
homologous sides parellel to one another, the remaining sides 
shall be in a straight line. 

6. To find a mean proportional between two given straight lines. 

DEDUCTIONS. 

7. Let B A Cand D EF be two triangles, which have the sides, A, 
AC, equal to ED, EF, each to each, and also the angle A B© 
equal to the angle EDF. Then, if the angle BAC be net 
equal to DE F, the angles A C B and E F D shall be together 
equal to two right angles. ‘ 

Let A CB bea triangle, right-angled at C; and let AB=2 AC. 
Prove that if the angle B A C be bisected by A D meeting B C 
inD, AD=2DC. 

9, The side B C of atriangle A B C is bisected at D, and the angles 
ADB, AD Care bisected by the straight lines D E, D F, meet- 
ing A B, AC at E, F, respectively. Show that E F is parallel 

: to BC. 

10. In any triangle, if 2 be the base, s the sum of the sides, # the per- 
pendicular let fall upon the base from the opposite angle, andr 

. the radius of the inscribed circle, prove that 6:53:73. 
Note—In the above paper, the book work and two of the deductions 
will be regarded as a full paper, counting 100; and the per centage of 
marks, necessary by the regulations of the Council of Public Instruc- 

” tion, in order that a candidate be ranked of a certain grade, will be taken 

on the value of the paper thus reduced. 
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FIRST-CLASS PROVINCIAL CERTIFICATES—1872 
TIME—TWO AND A HALF HOURS. 


1. If astraight line touch a circle, and from*the point of contact a 
straight line be drawn cutting the circle, the angles which this 
line makes with the lines touching the circle shall be equal te 
the angles which are in the alternate segments of the circle. 

2. To inscribe acircle in a given triangle. 

Equal triangles which have one angle of the one equal to one angle 
of the other, have their sides about the equal angles reciprocally 
proportional. 

4, Similar triangles are to one another in the duplicate ratio of their 

homologous sides. 

5. Inany right-angled triangle, any rectilineal figure described on the 
side subtending the right angle is equal to the similar and simi- 
larly described figures on the sides containing the right angle. 
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EXAMINATION PAPERS IN EUCLID. 


Two circles cut each other, and through the points of section are 
drawn two parallel lines, terminated by the circumferences, 
Prove that these lines are equal. 


Let A C and B D, the diagonals of a quadrilateral figure A B C D, 
intersect in E. Then if A B be parallel to CD, the circles de- 
— about the triangles A B Eand C D E shall touch one 
another. 


Divide a triangle into two equal parts by a straight line at right 
angles to one of the sides. 


FIRST-CLASS PROVINCIAL CERTIFICATES—1873. 
TIME—TWO HOURS AND THREE-QUARTERS. 


Let AB, BC, CA, the sides of a triangle ABC, be 4ft., 5 ft., and 
6 ft., respectively ; and let BD be the perpendicular let fall 
from B on AC. Enunciate a proposition of Enclid, from which 
the length of AD can be deduced, and find AD, . 


What is meant by the distance of aline from a point? 
Straight lines in a circle which are equally distant from the centre 
are equal to one another. 


To describe an isosceles triangle, having each of the angles at the 
base double at the third angle. (The candidate may assume the 
construction to be made ; A being the centre of the later circle, 
BD the line placed in that circle, and ACD the triangle in the 
smaller circle. The proof may then be proceeded with, so far 
as to show that the lines DB and DC are equal to one another ; 
it need not be carried further.) 


If two triangles have one angle of the one equal to one angle of 
the other, and the sides about two other angles proportionals ; 
then, if each of the remaining angles be less than a right angle, 
the triangles shall be equiangular to one another. 


If two triangles, which have two sides of the one proportional to 
two sides of the other, be joined at an angle so as to have their 
homologous sides parallel to one another, the remaining sides 
shall be in a straight line. 


If BD be the diagonal of a parallelogram, ABCD ; and the straight 
lines, DE, DF,,be let fall perpendicular on BC and BA, respect- 
ively ; prove that the sum of the rectangles CB.BE and AB, 
BF is equal to the square DB. : 


From B, the vertex of Penge A BC, = 
let fall BD perpendicular to AC. 
Gut off BE- BA ; and let EF, at - D a. 
right angles to BO, meet BD pro- g@& / 
duced in F, Let fall FG a aye Ke 
lar to BA produced. Prove that 
BG =BC, 


_* / 


G 


EXAMINATION PAPERS IN EUCLID. ie 


8 If EA arid BD, straight lines drawn from the extrem- 0; 
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posite sides be equal to one another, prove that 

the perpendicular let fall from C on the line 4 / \D 

drawn throagh A parallel to BD, is equal to the ~.__- 
_ perpendicular let fall from C on the line drawn , 

through B parallel to EA. Bars ws 
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FIRST-CLASS PROVINCIAL CERTIFICATES—1874. 
TIME—THREE HOURS, 


In eg circles equal straight lines cut off equal circumferences, 
the greater equal to the greater, and the less to the less. 


To describe a circle about a given equilateral and equiangular 
pentagon. 


To find a mean proportional between two given straight lines. 


What is meant by duplicate ratio? Write down two whole 
numbers which are in the duplicate ratio of 4 to 4. 


What are similar rectilineal figures? 


Similar triangles are to one another in the duplicate ratio of their 
homologous sides. . 


In any right-angled triangle, any rectilineal figure described on the 
side subtending the right angle is equal to the similar and sim- 
ilarly described figures on the sides containing the right angle. 

To describe a triangle, of which the base, the vertical angle, and 
the sum of the two sides are given. 


From A the vertex of the triangle ABC, inwhich each of the angles 
ABC and ACB is less than a right angle, A D is let fall per- 
pendicular on the base BC. Produce BC to E, making C E 
equal to AD: and let F be a point in AC, such that the 
triangle B F E is equal to the triangle ABC. Prove that F is 
one of the angular points of a square inscribed in the triangle 
ABC, with one of its sides on BC. 


Let E be the point of intersection of the diagonals of a quadrila- 
teral figure A BCD, of which any two opposite angles are 
together equal to two right angles. Produce BC to G, making 
C G equal to EA ; and produce A D to F, making DF equal 
to BE, Prove that if EG and EF be joined, the triangles 
EDF and ECG are equal to one another. 


ities of the base of a triangle to points in the op- Vi \ 
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FIRST-CLASS PROVINCIAL CERTIFCATES—1875. 
TIME—THREE HOURS. 


If two triangles have two angles of the one equal to two angles of 
the other, each to each, and one side equal to one side, namely, 
the sides adjacent to the equal angles in each, then shall the 
other sides be equal each, 


From a given circle to cut off a segment, which shall contain an 
angle equal to a given rectilineal angle. 


EXAMINATION PAPERS IN EUCLID, 


If the angle of a triangle be divided into two equal angles by a 
straight line which also cuts the base, the segments of the base 
shall have the same ratio which the other sides of the triangles 
have to one another, | 

The sides about the equal angles of equiangular triangles are~pro- 
portionals ; and those which are opposite to the equal angles 
are homologous sides. . 

If the similar rectilineal figures similarly described upon four 
straight lines be proportiona's, those straight lines shall be 
proportionals, 

Any rectangle is half the rectangle contained by the diameters of 
the squares on its adjacent sides, 

Through a given point within a given circle, to draw a straight 
line such that one of the parts of it intercepted between that 
point and the circumference shall be double of the other. 

If, from any point in a circular arc, perpendiculars be let fall on 
its bounding radii, the distance of their feet is invariable. 


————————————— 


FIRST-CLASS PROVINCIAL CERTIFICATES—1876. 4 
TIME—THREE HOURS. 
N.B.—Algebraic symbols must not be used. 

(2) The straight line drawn at angles to the diameter of a circle from 
the extremity of it, falls without the circle; and no straight 
line can be drawn from the extremity, between that straight 
line and the circumference, so as not to cut the circle. (I11.16.) 

(4) Draw a common tangent to two given circles. How many can | 


be drawn? (Afppolonius. ) Se 
(2) The opposite angles of any quadrilateral figure inseribed in a 
cirele are together equal to two right angles, (ITI. 22.) 


(4) If straight lines be drawn from any point on the cireumference 
of a circle perpendicular to the sides of an inscribed triangle, 
their feet are in the same straight line. (M/. F, Jacobi. ) 

(a) If the chord of a circle be divided into two segments by a point 
in the chord, or inthe chord produced, the rectangle contained 
by these segments will be equal to the difference of the squares 
on the radius and on the line joining the given point with the 
centre of the circle, What propositions in Euclid follow ; 
immediately from this ? 

(4) Describe a circle which shall pass throngh a given point and 
touch two straight lines givenin position. ( A fo/lomius. ) 

(a) To describe an isoceles triangle, having each of the angles at 
the base double of the third angle. (IV. 10.) 

(’) Construct a triangle having each of the angles at the base equal 
to seven times the third angle. 

(a) If the vertical angle of a triangle be bisected by a straight line 
which also cuts the base, the segments of the base have the 
same ratio which the other sides of the triangle have to one 
another ; and, if the segments of the base have the same ratio 
which the other sides of the triangle have to one another, the 
straight line drawn from the vertex to the point of section — 
shall bisect the vertical angle. (VI. 3.) 

(4) The point in which the bisectors of the external angles of a 
triangle meet the opposite sides, lie in a straight line. 
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SECOND CLASS PROVINCIAL CERTIFICATES—187], 
TIME—TWO HOURS AND A HALF. 


1, If two triangles have two sides of the one equal to two sides of 
the other, each to each, but the angle contained by the two 
sides of the one greater than the angle contained by the two 
sides equal to them of the other, the base of that which has the 
greater angle shall be greater, than the base of the other. 

2. To describe a parallelogram equal to a given rectilineal figure, 
and having an angle equal to a given rectilineal angle, 

3. Ifa straight line be divided into any two parts, the squares 
on the whole line and on one of the parts, are equal to twice 
the rectangle contained by the whole and that part, together 
with the square on the other part. 

To describe a square that shall be equal to a given rectilineal figure. 

If a straight line touch a circle, and from the point of contact a 
straight line be drawn, cutting the circle, the angles which 
this line makes with the line touching the circle shall be equal 
to the angles which are in the alternate segments of the circle. 

DEDUCTIONS. 

6. If from a point D in 4 C, the base of the triangle A B C, which 

® has the two sides 8 4 and BC equal to one another, DZ be 
let fall perpendicular on BC, the angle 4 2 C shall be double 

.of the angle EDC. 

7. Straight lines which respectively bisect two opposite angles of a 
parallelogram are either parallel or coincident. 

8. If from B, the vertex of the triangle 4 4C, which has the two 
sides AZ and AC equal to one another, the straight line 
B D be drawn to a point D in the base AC, AL*=BD2+AD, 
DC. 

9. Draw a straight line to touch each of two given circles. 

Notr.—It is recommended to the local examiners, that, in the 
above paper, the book work and two of the deductions be regarded as a 
full paper counting 100; and that the percentage of marks, necessary 
by the regulations of the Council of Public Instruction in order that a 
candidate be ranked of a certain grade, be taken on the value of a paper 
thus reduced, 
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SECOND CLASS PROVINCIAL CERTIFICATES.—1873. 
TIME—TWO HOURS AND A HALF, 
Nore.—Candidates who take only Book I. will confine themselves 


_ to the first seven questions. Those who take Books I, II, will omit 


questions 3 and 4, : 
1. Define a dine, a straight line, a plane rectilineal angle, a right angle, a 
circle, a square. 
2. (a) Distinguish a Postu/ate from an Axion. 
(2) State any two of Euclid’s Postulates, 
(c) Complete the enunciation of Euclid’s 12th Axiom: ‘If a 
straight line meet two straight lines, so as to make,” &c, 
(Zz) Enunciate the Proposition in which the 12th Axiom is first 
made use of. 


xii EXAMINATION PAPERS IN EUCLID, 


3 If two triangles have two sides of the one equal to two sides of the 
other, each to each, and have also the angles contained by those 
sides equal to one another they shall also have their bases, or 
third sides, equal. 

4. If two triangles have two sides of the one equal to two sides of the 
other, each to each, and have likewise their bases equal, the 
angle which is contained by the two sides of the one shall be 
equal to the angle which is contained by the two sides, equal to 
them, of the other. -f 


5. Iftwo triangles have two angles of the one equal to angles of the 


other, each to each, and one side equal to one side, namely, either 
the side adjacent to the equal angles, &c. (26, 1.) [Take the 
case in which the sides supposed equal are those which are oppo- 
site to equal angles. } 
6. If from D, a point in AB, the base of an isosceles triangle ABC, per- 
pendiculars DE and DF be let fall on the equal sides AC and BC, 
the sum of these perpendiculars shall be equal to the perpendicu- 
lar let fall from either extremity of the base on the opposite side. 


7. From a given point E, it is required to draw a straight line which 


shall divide a given parallelogram into two equal parts. 


8. Ifastraight line be divided into any two parts, the rectangle cdh- 
tained by the whole and one of the parts is equal to the rectangle 
contained by the two parts, together with, &c. (3, II.). ~ 


g. Ifastraight line be bisected and produced to any point, the square 


on the whole line thus produced, and the square on the part of it | 


produced, are together, &c. (10, II.).—Complete the enuncia- 
tion, and give the construction necessary to prove the Proposition, 
with all the reasoning necessary in order that the construction 
may be made. 

10. Let the sides AB, BC, and CA, of a triangle ABC be 6ft., 8ft., and 
7 ft. respectively: and AD be let fall perpendicular on BC, Apply 
any Proposition in the Second Book of Euclid to determine the 
length of BD. 
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SECOND CLASS PROVINCIAL CERTIFCATES—1874. 
TIME—TWO AND THREE QUARTER HOURS. 


Norr,—Candidates who take only Book I. will confine themselves to 
the first seven questions. Those who take Books I. and II, will omit 
questions I, 2 and 3. 


1. When is one straight line said to be f pendicular to another ? 
To draw a straight line perpendicular to a given straight line of 
unlimited length, from a given point without it, 


2. Ifone side of a triangle be produced, the exterior angle shall be 
greater than cither of the interior opposite angles, 


3. Iftwo triangles have two angles of the one equal to two angles of 
the other, each to each ; and one side equal to one side, namely, 
sides which are opposite to equal angles in each ; then shall the 
other sides be equal, each to each. 
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4. What are paraélel straight lines ? 

Ifa straight line, falling on two other straight lines, make the 
alternate angles equal to one another, the two straight liues shall 
be parallel to one another, 

5. What is a parallelogram ? 

Parallelograms on equal bases, and between the same parallels, 
are equal to one another. 

6. If two isosceles triangles be on the same base, and on the same side 
of it, the straight line which joins their vertices, will, if produced, 
cut the base at right angles. 

7, Let ABC be a triangle, in which the angle ABC is a right angle, 
From AC cut off AD equal to AB, and join BD. Prove that the 
angle BAC is equal to twice the angle CBD. 

8. If a straight line be divided into two equal parts and also into two 
unequal parts, the rectangle contained by the uneqnal parts, 
together with the square on the line between the points of section, 
is equal to, &c. (5. II.). 

9. In every triangle, the square on the side subtending an acute angle is 
less than the squares on the sides containing that angle, by, &c. 
(13 {1.). (It will be sufficient to take the case in which the 
perpendicular falls within the triangle). 

10. Todescribe a square that shall be equal to a given rectilineal figure. 

11. The square on any straight line drawn from the vertex of \an isosceles 
triangle to the base is less than the square on a side of a triangle 
by the rectangle contained by the segments of the base, 


SECOND CLASS PROVINCIAL CERTIFICATES—1875. 
TIME—TWO HOURS AND THREE-QUARTERS, 


NoTe.— Those students who take only Book I. will confine them- 
selves to the first seven questions. Those who take Books I. and II. will 
omit the questions marked with an asterisk (*), namely, (1) and (2). 

*r, If one side of a triangle be produced, the exterior angle is greater 
than either of the interior opposite angles. 

*2, If two triangles have two angles of the one equal to two angles of the 
other, each to each, and one side equal to one side, namely, the 
sides opposite to equal angles, then shall the other sides be equal, 
each to each. 

3. Ifa straight line falling on two other straight lines make the alternate 
angles equal to each other, these two straight lines shall be 
parallel. 

4. Ifa straight line fall upon two parallel straight lines, it makes the 
two interior angles upon the same side together equal to two 
right angles. 

5. Assuming Proposition XXXII., deduce the corollary: ‘‘all the 
exterior angles of any rectilineal figure, made by producing the 
sides successively in the same direction, are together equal to 
four right angles.” 
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If a straight line, drawn parallel to the base of a triangle, bisect one 
of the sides, it shall bisect the other also. 


Let ABC and ADC be two triangles on the same base AC and between 
the same parallels AC and BD. Prove, that, if the sides AB and 
BC be equal to one another, their sum is less than the sum of the 
sides AD and DC. 


If a straight line be divided into any two parts, the rectangles con- 
tained by the whole and each of the parts are together equal to 
the square on the whole line. 


If a straight line be bisected and produced to any point, the rect- | 
angles contained by the whole line thus produced, and the part of 
it produced, together with, &c. (6, ii.) 

Divide a straight line into two parts, such that the sum of their 
squares may be the least possible. 


TIME—THREE HOURS, 


N.B.—Algebraic symbols must not be used, Candidates who take Book II, 


Values. 


will omit Questions 1, 2 and 3, marked *. 


16\*1, The angles at the base of an isoceles triangle are equal to one 
another ; and if the equal sides be produced, the angles on 
the other side of the base shall be equal to one another. 

3 Where does Euclid require the second part of this theorem? — 

16\*2. If two triangles have two sides of the one equal to two sides 
of the other, each to each, but the angle contained by two 4 
sides of one of them greater than the angle contained by the 
two sides equal to them, of the other, the base of that which 4 
has the greater angle shall be greater than the base of the 
other. 

6) Why the restriction “ Of the two sides DE, DF, let DE, be | 
the side which is not greater than the other”? 

16|*3. If two triangles have two angles of the one equal to two 
angles of the other, each to each, and have also the sides 
adjacent to the equal “LH in each, equal to one another, 
then shall the other sides be equal, each to each ; and also the 
third angle of the one to the third angle of the other, (Prove 
by superposition. ) 

3 What propositions in Book I, are thus proved ? 

16) 4. If a straight line fall on two parallel straight lines, it makes 

the alternate angles equal to one another, and the exterior ¢ 
angle equal to the interior and opposite angle on the same 
| side ; and also the two interior angles on the same site — 
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together equal to two right angles. 
8 What objections may be taken to the twelfth axiom ? 
2 What is its converse? j 
o In any right-angled triangle, the square which is described on 
the side subtending the , angle is equal to the squares _ 
| described on the sides which contain the right angle. 
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12}.  Praye also by dissection and superposition. 

18| 6. Draw through a given point between two straight lines not 
parallel a straight line which shall be bisected at that point. 

18, 7. The perpendiculars from the angles of a triangle on the oppo- 
site sides meet in a point. 

20| 8, Given the lengths of the lines drawn from the angles of a tri- 
angle to the points of bisection of the opposite sides, con- 
struct the triangle. 

20| 9. Ifastraight line be divided into two parts, the square on the 
whole line is equal to the squares on the parts, together with 
twice the rectangle contained by the parts. 

20/10. In every triangle, the square on the side subtending an acute 
angle is less than the squares on the sides containing that angle 
by twice the rectangle contained by either of these sides, and 
the straight line intercepted between the perpendicular let fall 
on it from the opposite angle, and the acute angle. 
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Distinguish accurately Axiom and Postulate, Problem and Theorum, 
Direct and Indirect Demonstration. 

To bisect a given rectilineal angle, that is to divide into two equal 
angles. 


Explain the meaning of the phrase ‘‘ on the side remote from A.” 


Why is this limitation necessary ? ; 

Any two sides of a triangle are together greater than the third side. 

Prove this proposition without producing a side. The difference be- 
tween any two sides is /ess than the third side. 

The opposite sides and angles of a parallelogram are equal to one an- 
other, and the diameter bisects the parallelogram, that is, divides 
it into two equal parts. 

The middle point of the greatest side in a right-angled triangle is 
equally distant from the three angles. 

Equal triangles on the same base and on the same side of it, are be- 
tween the same parallels. 

The line joining the middle points of any two sides of a triangle is 
parallel to the third side and equal to half of it. 

If a triangle and parallelogram be on the same base and between the 
same parallels, the parallelogram shall be double of the triangle. 

AD and B © are the only parallel sides in the quadrilateral A D B C, 
F is the middle point of DC. Show that the triangle AFB is 
half the quadrilateral. 

If a straight line be divided into two equal, and also into two un- 
equal parts, the squares on the two unequal parts are together 
double of the square n half the line and of the square of the line 
between the points of section. 

Divide a straight line into two parts so that the square on one of them 
shall be equal to twice the square on the other. 

Given half the perimeter of gn isosceles triangle, and its vertical angle 

equal to one-third of a right angle, construct the triangle. 


